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An Extremal Property of the Regular Simplex 199
Michael Schmuckenschläger
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The Convex Geometry
and Geometric Analysis Program

MSRI, Spring 1996

During the last ten years the integral geometry of convex bodies has undergone
a dramatic revitalisation, brought about by the introduction of methods, results
and, most importantly, new viewpoints, from probability theory, harmonic anal-
ysis and the geometry of finite-dimensional normed spaces. The principal goal
of this program was to bring together researchers from several different fields,
Classical Convex Geometry, Geometric Functional Analysis, Computational Ge-
ometry and related areas of Harmonic Analysis. The main reason for doing so
was that research in these areas has found considerable overlap in recent years.
Several problems and classes of problems have been come upon independently
from different directions, and techniques from some areas have been found im-
portant in others. This goal was achieved beyond even our most optimistic
expectations.

As well as an introductory workshop, consisting of four lecture series with
an educational format, the program included one full-scale research workshop
and two concentrations of visitors, in addition to the regular activity during
the principal five months. About 190 mathematicians attended the program in
some capacity or other and there were over 150 lectures and seminars during the
period. These were of several types. There was a regular educational seminar,
two or three times a week which enabled participants to become acquainted
with material from other fields. Three or four lectures a week dealt with recent
research by members, and there was a “young research seminar” (roughly once
a week) which gave postdocs and students a chance to describe their work in an
informal atmosphere.

MSRI provided an unique environment in which to bring together such a
group of people. The spectacular scenery served as a fitting backdrop to the
immensely invigorating mathematical atmosphere.

The articles in this collection present recent research in the areas covered by
the program. All this research was either completed at MSRI or presented in

ix
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lectures during the program. The full list of lectures is included in the next few
pages, in order to give some indication of the scope of the program. Since this
volume takes the place of the regular GAFA seminar series for the year 1995–96,
we have also included a list of lectures given in that seminar.

We would like to express our sincere thanks to Silvio Levy for his careful
preparation of the manuscript of these proceedings.

Keith Ball
Vitali Milman
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SEMYON ALESKER

1. Introduction and Statement of Main Results

Let K̄ = (K1,K2, . . . ,Ks) be an s-tuple of compact convex subsets of Rn.
For any continuous function F : Rn −→ C, consider the function

MK̄F : Rs
+ −→ C , where Rs

+ = {(λ1, . . . , λs) | λj ≥ 0} ,

defined by

(MK̄F )(λ1, . . . , λs) =
∫
Ps

i=1 λiKi

F (x) dx. (∗)

This defines an operator MK̄ , which we will call a Minkowski operator. Denote
by A(Cn) the Frechet space of entire functions in n variables with the usual
topology of the uniform convergence on compact sets in Cn, and Cr(Rn) the
Frechet space of r times differentiable functions on Rn with the topology of the
uniform convergence on compact sets in Rn of all partial derivatives up to the
order r (1 ≤ r ≤ ∞).

The main results of this work are Theorems 1 and 3 below.

Theorem 1.

(ı) If F ∈ A(Cn) , then MK̄F has a (unique) extension to an entire function
on Cs and defines a continuous operator from A(Cn) to A(Cs) (see Theorem 3
below).
(ıı) If F ∈ Cr(Rn), then MK̄F ∈ Cr(Rs

+) (it is smooth up to the boundary) and
again MK̄ defines a continuous operator from Cr(Rn) to Cr(Rs

+).

Corollary 2. If F is a polynomial of degree d, then MK̄F is a polynomial of
degree at most d + n.

Indeed, we can assume F to be homogeneous of degree d. Then MK̄ is an entire
function, which is homogeneous of degree d + n, hence it is a polynomial.

In fact, this corollary is well known and it is a particular case of the Pukhlikov–
Khovanskii Theorem ([P-Kh]; see another proof below).

1



2 SEMYON ALESKER

Theorem 3. Assume that a sequence F (m) ∈ A(Cn) (or Cr(Rn), respectively),
m ∈ N is such that

F (m) −→ F in A(Cn) (or Cr(Rn)).

Let K
(m)
i , Ki, i = 1, 2, . . . , s, m ∈ N be convex compact sets in Rn, and suppose

K
(m)
i −→ Ki in the Hausdorff metric for every i = 1, . . . , s. Then

MK̄(m)F (m) −→ MK̄F

in A(Cs) (or Cr(Rs
+)).

Remarks. 1. It follows from Theorem 1 that, if K is a compact convex set, D is
the standard Euclidean ball and γn is the standard Gaussian measure in Rn, then
γn(K + ε·D) is an entire function of ε and the coefficients of the corresponding
power expansion are rotation invariant continuous valuations on the family of
compact convex sets (see the related definitions in Section 4).

2. There is a different simpler proof of Theorem 1 in the case when all the Ki

are convex polytopes. However, the standard approximation argument cannot
be applied automatically, since Theorem 3 on the continuity does not follow from
that simpler construction even for polytopes.

In Section 4 we present another proof of the Pukhlikov–Khovanskii Theorem.

2. Preliminaries

Before proving these theorems, let us recall some facts, which are probably
quite classical, but we will follow Gromov’s work [G] (see also [R]).

A function f : Rn −→ R is called convex if for all x, y ∈ Rn and µ ∈ [0, 1],

f(µx + (1− µ)y) ≤ µf(x) + (1− µ)f(y);

f is called strictly convex if

f(µx + (1− µ)y) < µf(x) + (1− µ)f(y)

whenever x 6= y and µ ∈ (0, 1). Define a Legendre transform of the convex
function f (which is also called a conjugate function of f)

Lf(y) := sup
x∈Rn

((y, x)− f(x)).

Then Lf is a convex function and −∞ < Lf ≤ +∞ . A set Kf := {y ∈ Rn |
Lf(y) < +∞} is called the effective domain of Lf . Obviously, Kf is a convex
set. For any convex set K, we will denote the relative interior of K by IntK.
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Lemma 4.

(ı) Let f : Rn −→ R be a strictly convex C2-function. Then Kf is a convex set
and the gradient map ∇f : Rn −→ Rn is a one-to-one map of Rn onto IntKf .
(ıı) If f1, f2 are as in (ı), then for all λ1 , λ2 > 0,

Im(∇(λ1f1 + λ2f2)) = λ1 Im(∇f1) + λ2 Im(∇f2).

Proof. (ı) The injectivity of ∇f immediately follows from the strict convexity
of f .

For any x0, x ∈ Rn,

f(x) ≥ f(x0) + (∇f(x0), x− x0).

Hence Lf(∇f(x0)) = (∇f(x0), x0)− f(x0) < ∞ and Im(∇f) ⊂ Kf . In order to
check that Im(∇f) ⊂ IntKf , let us choose any a ∈ ∂Kf and assume that there
exists b ∈ Rn such that ∇f(b) = a. Without loss of generality, one may assume
that a = 0 = b and f(0) = 0. Then f(x) ≥ 0 for all x ∈ Rn.

Since Kf is convex and 0 ∈ ∂Kf , one can find a unit vector u ∈ Rn such that
λu 6∈ Kf for all λ > 0. Consider a new convex function on R1

φ(t) := inf {f(y + tu) | y ⊥ u}.
Clearly, φ(t) ≥ 0 everywhere and φ(0) = 0.

Case 1. Assume that there exists t0 > 0 such that φ(t0) > 0. Then, by the
convexity of φ, φ(t) ≥ φ(t0)

t0
t for t ≥ t0 and for t ≤ 0. Hence

Lφ
(

φ(t0)
t0

)
≤ sup

{
φ(t0)

t0
t− φ(t)

∣∣∣ t ∈ [0, t0]
}

< ∞.

But for the Legendre transform of f , one has

Lf
(

φ(t0)
t0

u
)

= sup
x∈Rn

((
φ(t0)

t0
u, x

)
− f(x)

)

= sup
s∈R, y⊥u

((
φ(t0)

t0
u, su + y

)
− f(su + y)

)

= sup
s∈R

(
φ(t0)

t0
s− φ(s)

)
= Lφ

(
φ(t0)

t0

)
< ∞.

Thus φ(t0)
t0

u ∈ Kf , and this contradicts the choice of u.

Case 2. Assume that φ(t) = 0 for all t ≥ 0. Let us show that this case is
impossible ( this will finish the proof of part (ı) of Lemma 4 ). It would follow
from the fact that f(x) −→∞ as x −→∞.

If the last statement is false, then there exists a sequence of vectors xk −→∞
such that |f(xk)| ≤ C (where C is some constant ). Passing to a subsequence,
we may assume that

xk

|xk| −→ u ∈ Rn,
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where | · | denotes the Euclidean norm in Rn. Since f is strictly convex, f(0) =
0 and ∇f(0) = 0 by assumption, then f(u) > 0. Also, for all x ∈ Rn,

f(x) ≥ f(u) + (∇f(u), x− u).

Substituting x = 0 or x = xk, we obtain

(∇f(u), u) ≥ f(u) > 0,

f(xk) ≥ f(u) + (∇f(u), xk − u).

The last inequality can be rewritten

f(xk) ≥ f(u)− (∇f(u), u) + |xk|
(
∇f(u),

xk

|xk|
)

.

But (∇f(u), xk

|xk| ) −→ (∇f(u), u) > 0, hence f(xk) −→ ∞, which contradicts
our assumptions.

(ıı) Under conditions of the lemma λ1f1 + λ2f2 is also a strictly convex func-
tion. By the part (ı),

Im(∇fi) = IntKfi for i = 1, 2.

Then easily

Im(λ1∇f1 + λ2∇f2) ⊂ λ1 IntKf1 + λ2 IntKf2 ⊂

Int(λ1Kf1 + λ2Kf2) ⊂ Int(Kλ1f1+λ2f2) = Im(∇(λ1f1 + λ2f2)).

Hence all the sets in the above sequence of inclusions coincide. ¤

Lemma 5. [G] Let K ⊂ Rn be an open bounded convex set , let µ be the Lebesgue
measure in Rn. Define

f(x) := log
∫

K

exp(x, y) dµ(y). (1)

Then f is a strictly convex C∞-function and Im(∇f) = K.

Now let Ki, 1 ≤ i ≤ s be compact convex subsets of Rn. For every i, fix a point
ai ∈ Ki. Let µi denote (dim Ki)-dimensional Lebesgue measure supported on
span(Ki − ai). Define

fi(x) := (x, ai) +
∫

Ki−ai

exp(x, y) dµi(y).

For every i, fi(x) depends only on the orthogonal projection of x on span(Ki−ai).
Moreover, fi is a convex function on Rn and strictly convex on span(Ki − ai).
Then it is easy to see that Kfi ⊂ ai + span(Ki− ai). Thus, by Lemmas 5 and 4,

Im∇fi = IntKi = IntKfi .
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Corollary 6. Let Ki, fi, 1 ≤ i ≤ s be as above, λi > 0. Then

Im

(
∇

( s∑

i=1

λifi

))
=

s∑

i=1

λi IntKi.

Proof. It is sufficient to consider all λi = 1. Set L := span
(∑

i(Ki − ai)
)
.

Without loss of generality, we may assume that L = Rn. Then obviously the
function f :=

∑
fi is strictly convex on Rn, and by Lemma 4, Im∇f = IntKf

is an open and convex set. Clearly,

Im∇f ⊂
∑

Im∇fi =
∑

IntKi =
∑

IntKfi = Int
(∑

Kfi

)

(the last equality holds for general convex bounded subsets of Rn). One can
easily see that

∑
Kfi

⊂ Kf , hence

Im∇f ⊂
∑

IntKi ⊂ IntKf = Im∇f. ¤

3. Proofs of Theorems 1 and 3

Proof of Theorem 1. For every Ki, choose fi : Rn −→ R as above. Then
∇fi = ( ∂fi

∂y1
, . . . , ∂fi

∂yn
), and the Jacobian of the gradient map equals the Hessian

of fi,

H(fi) =
(

∂2fi

∂yp∂yq

)n

p,q=1

,

which is a non-negative definite matrix, since fi is convex.
We have for λi > 0,

∫
P

λiKi

F (x) dx =
∫

Rn

F
(∑

λi∇fi(y)
)

det
(
H

(∑
λifi(y)

))
dy. (2)

Write for simplicity Hi(y) = H(fi(y)), so that the last expression is
∫

Rn

F
(∑

λi∇fi(y)
)

det
(∑

λiHi(y)
)

dy

=
∑

j1, ..., jn

λj1 . . . λjn

∫

Rn

F
(∑

λi∇fi(y)
)

D(Hj1(y), . . . , Hjn(y)) dy, (3)

where D(Hj1(y), . . . , Hjn(y)) denotes the mixed discriminant of non-negative
definite symmetric matrices Hj1(y), . . . ,Hjn(y). But it is well known that the
mixed discriminant of such matrices is nonnegative (see, e.g., [Al]).

Let us substitute F ≡ 1 into (2). We obtain

vol
(∑

λiKi

)
=

∑

j1,...,jn

λj1 . . . λjn

∫

Rn

D(Hj1(y), . . . , Hjn(y)) dy.

Hence
∫
Rn D(Hj1(y), . . . , Hjn(y)) dy = V (Kj1 , . . . , Kjn) (the right hand side de-

notes the mixed volume of Kj1 , . . . , Kjn ; see, e.g., [B-Z], [Sch]).
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Observe that the integrand in (3) makes sense also for λi < 0, if F ∈ Cr(Rn)
and for all complex λi, if F ∈ A(Cn). We only have to check the convergence of
the integral for such λi and its convergence after taking partial derivatives with
respect to λi. Then Theorem 1 (ı) and(ıı) will be proved.

Let us show that for the integral in (3), and the same proof works for the
partial derivatives with respect to the λi.

Since Im(∇fi) ⊂ Ki, there exists a constant C, such that
∥∥∑

λi∇fi(y)
∥∥ ≤

C ·∑ |λi| for all y ∈ Rn, where ‖·‖ is some norm in Cn (or in Rn). By the
continuity of F , F

(∑
λi∇fi

)
is bounded by some constant K(R) if

∑ |λi| ≤
R and y ∈ Rn. Hence
∫ ∣∣F (∑

λi∇fi(y)
)
D

(
Hj1(y), . . . ,Hjn

(y)
)∣∣ dy

≤ K(R)
∫

Rn

D(Hj1(y), . . . , Hjn
(y)) dy

= K(R)V (Kj1 , . . . , Kjn) < ∞. ¤

Remark. We have actually shown that, if F ∈ Cr(Rn), then the equality
(2) gives us a smooth extension of MK̄F (λ1 . . . , λn) from Rs

+ to Rs. It turns
out that this extension is natural in some sense, i.e. it does not depend on
the choice of the functions fi. Indeed, assume that we have two such exten-
sions MK̄F and M ′̄

K
F corresponding to fi and f ′i . Choose a sequence of poly-

nomials {Pm} approximating F uniformly on compact sets in Rn. Then for
corresponding extensions, we have MK̄Pm −→ MK̄F and M ′̄

K
Pm −→ M ′̄

K
F

uniformly on compact sets in Rs. By Corollary 2, MK̄Pm and M ′̄
K

Pm are poly-
nomials and since they coincide on Rs

+, they coincide everywhere on Rs. Hence
MK̄Pm ≡ M ′̄

K
Pm on Rs and MK̄F ≡ M ′̄

K
F .

Proof of Theorem 3. Step 1. It is sufficient to prove the continuity of
MK̄F separately with respect to F and K̄ = (K1, . . . , Ks), because MK̄F =
M(F ; K1, . . . ,Ks) can be considered as a map M : L1 ×Ks −→ L2, where L1

and L2 are Frechet spaces, L1 = A(Cn) or Cr(Rn), L2 = A(Cs) or Cr(Rs), and
K is the space of compact convex subsets of Rn with the Hausdorff metric. Since
M is linear with respect to the first argument F ∈ L1, and Ks is locally compact
(by the Blaschke’s selection theorem), then M is continuous as a function of two
arguments ( it is an easy and well known consequence of the Banach–Steinhaus
theorem, which says that if L1, L2 are Frechet spaces, T is a locally compact
topological space and M : L1 × T −→ L2 is linear with respect to the first
argument and continuous with respect to each argument separately, then M is
continuous as a function of two variables).

Step 2. Let K1, . . . , Ks be fixed, F (m) −→ F . Using formula (2) and simple
estimates as in the proof of Theorem 1, one can easily see that MK̄F (m) −→
MK̄F .
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Step 3. Now suppose F ∈ A(Cn) (respectively, Cr(Rn)) is fixed, K
(m)
i −→

Ki as m −→∞ for all i = 1, . . . , s. Let us choose a
(m)
i ∈ K

(m)
i , ai ∈ Ki. Define

fi(y) = (ai, x) + log
∫

Ki−ai

exp(x, y) dµi(x),

f
(m)
i (y) = (a(m)

i , x) + log
∫

K
(m)
i −a

(m)
i

exp(x, y)dµ
(m)
i (x),

where µi, µ
(m)
i are measures as in the discussion after Lemma 5 with Ki, K

(m)
i

instead of K. By (3), MK̄(m)F (λ1, . . . , λs) =
∑

j1,...,jn

λj1 . . . λjn

∫

Rn

F
(∑

λi∇f
(m)
i (y)

)
D(H(m)

j1
(y), . . . , H(m)

jn
(y)) dy

and MK̄F (λ1, . . . , λs) =
∑

j1,...,jn

λj1 . . . λjn

∫

Rn

F
(∑

λi∇fi(y)
)
D(Hj1(y), . . . ,Hjn(y)) dy.

Since all Ki, K
(m)
i are uniformly bounded, there exists a large Euclidean ball

U containing all these sets. As in the proof of Theorem 1, if
∑ |λi| ≤ R, then

|MK̄(m)F (λ1, . . . , λs)| ≤
∑

j1,...,jn

Rn max
x∈R·U

|F (x)|·V (K(m)
j1

, . . . , K
(m)
jn

)

≤ (
max

x∈R·U
|F (x)|)·

( ∑

j1,...,jn

Rn vol(U)
)

≤ K(R)· max
x∈R·U

|F (x)|,

where K(R) is some constant depending on R.
The same estimate holds for MK̄F . Hence, for every ε > 0, one can choose a

polynomial Pε approximating F on the set R·U , such that for all i, m, λi with∑ |λi| ≤ R we have

|MK̄(m)(F − Pε)(λ1, . . . , λs)| < ε, (5)

|MK̄(F − Pε)(λ1, . . . , λs)| < ε. (6)

But by Corollary 2, the degrees of MK̄(m)Pε and MK̄Pε are independent of m.
Obviously, by the definition (∗) in the Introduction, MK̄(m)Pε converges to MK̄Pε

uniformly on compact sets in the non-negative orthant Rs
+. Hence because of

the boundedness of their degrees, MK̄(m)Pε −→ MK̄Pε in Rs (respectively, Cs).
This and (5) and (6) imply that, for large m,

|MK̄(m)F (λ1, . . . , λs)−MK̄F (λ1, . . . , λs)| < 3ε

whenever
∑ |λi| ≤ R.

A similar argument can be applied to prove uniform convergence of partial
derivatives of MK̄(m)F on compact sets. ¤



8 SEMYON ALESKER

4. Polynomial Valuations

We are now going to present another proof of the Pukhlikov–Khovanskii The-
orem. They introduced in [P-Kh] the notion of the polynomial valuation, gener-
alizing the classical translation invariant and translation covariant valuations.

Let Λ be an additive subgroup of Rn. Denote by P(Λ) the set of all polytopes
with vertices in Λ. We will assume that span Λ = Rn.

Definition. (a) A function φ : P(Λ) −→ R is called a valuation, if for all
P1, P2 ∈ P(Λ), such that P1 ∪ P2 and P1 ∩ P2 belong to P(Λ) we have

φ(P1 ∪ P2) + φ(P1 ∩ P2) = φ(P1) + φ(P2). (7)

(b) The valuation φ is called fully additive if, for every finite family of polytopes
P1, . . . , Pk in P(Λ) such that the intersection

⋂
i∈σ Pi over every nonempty sub-

set σ ⊂ {1 . . . k} and their union
⋃k

i=1 Pi lie in P(Λ), the following equation
holds:

φ
( k⋃

i=1

Pi

)
=

∑

σ⊂{1,...,k}, σ 6=∅
(−1)|σ|+1 φ

( ⋂

i∈σ

Pi

)
, (8)

where |σ| is the cardinality of σ.
Obviously, for k = 2, (8) is equivalent to (7). We will consider only fully

additive valuations; however it is true that, if Λ = Rn, then every valuation on
P(Λ) is fully additive (see [V], [P-S] ). But it is not known to the author whether
this holds in the general case. In the definitions (a) and (b) one can replace P(Λ)
by the set of all convex compact sets K. If φ is continuous with respect to the
Hausdorff metric on K, then (a) implies (b) [Gr].

(c) The valuation φ : P(Λ) −→ R is called polynomial of degree at most d,
if for every fixed K ∈ P(Λ), φ(K + x) is a polynomial of degree at most d with
respect to x ∈ Λ.

Examples. 1. Let µ be any signed locally finite measure on Rn. Then φ(K) :=
µ(K) is a fully additive valuation.

2. The mixed volume

φ(K) = V (K[j], A1, . . . , An−j),

where K[j] means that K occurs j times, and Al are fixed convex compact sets,
is known to be a fully additive translation invariant continuous valuation.

3. Let Λ = Zn ⊂ Rn be an integer lattice, and let f be a polynomial of degree d.
Then for K ∈ P(Λ),

φ(K) :=
∑

x∈K∩Zn

f(x)

is a fully additive polynomial valuation of degree d.
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4. Let Λ = Zn, let Ω be a subset of Rn, which is invariant with respect to
translations to vectors in Zn, and let K and f be as in example 3. Then φ(K) :=∫

K∩Ω
f(x) dx is also a fully additive polynomial valuation of degree d.

For more information about valuations, especially those which are translation
invariant and translation covariant, see the surveys [Mc-Sch] and [Mc2].

Theorem 6. [P-Kh] Let φ : P(Λ) −→ R be a fully additive polynomial valuation
of degree d. Fix K1, . . . , Ks ∈ P(Λ). Then φ

(∑
i λiKi

)
is a polynomial in

λi ∈ Z+ of degree at most d + n. Moreover , if Q ·P(Λ) = P(Λ), then it is a
polynomial in λi ∈ Q+.

Remark. For translation invariant valuations this theorem was proved in [Mc1],
and our proof uses some constructions of that work.

Lemma 7. (Well known; see, e.g., [GKZ, p. 215].) Let P ⊂ Rn be a polytope.
Then there exists a family of k-simplices {Sα}α∈I , 0 ≤ k ≤ n, such that
(ı)P =

⋃
α∈I Sα;

(ıı) each vertex of each Sα is a vertex of P ;
(ııı) every two Sβ and Sγ intersect in a common face;
(ıv) for all β and γ, Sβ

⋂
Sγ ∈ {Sα}α∈I .

Lemma 8. Let K1, . . . , Ks be polytopes in Rn. Then for all λi ≥ 0, 1 ≤ i ≤ s,
the set K(λ̄) :=

∑
i λiKi has a decomposition

K(λ̄) =
⋃

α∈I

Sα(λ̄),

where Sα(λ̄) are polytopes (not necessarily simplices) such that
(ı) they satisfy (ı)− (ıv) in Lemma 7;
(ıı) if for some λ̄0, λ0

i > 0, and α, β, γ ∈ I, Sα(λ̄0) ∩ Sβ(λ̄0) = Sγ(λ̄0), then for
all λ̄ = (λi), λi ≥ 0 we have Sα(λ̄) ∩ Sβ(λ̄) = Sγ(λ̄);
(ııı) each Sα(λ̄) has the form

Sα(λ̄) =
∑

i

λiSi,α

where Si,α are simplices with vertices in Ki, independent of λ̄ and dim Sα(λ̄) =∑
i dim(λiSi,α) (note that dim(λiSi,α) = dim Si,α for λi > 0).

Proof. Because of the homogeneity it is sufficient to prove the lemma only for
λi ≥ 0,

∑
λi = 1. Consider in Rs ⊕ Rn a convex polytope

P :=

{
(µ1, . . . , µs; x) | µi ≥ 0,

s∑

i=1

µi = 1, x ∈
∑

i

µiKi

}

Now apply Lemma 7 to P =
⋃

α Sα. Set

Sα(λ̄) := Sα ∩ {(µ1, . . . , µs;x) | µi = λi for all i} .

One can easily check that Sα(λ̄) satisfy all the properties in Lemma 8. ¤
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Lemma 9. Let P ∈ P(Λ). Then φ(N ·P ) is a polynomial in N ∈ Z+ of degree
at most d + n.

Proof. By Lemma 7, P =
⋃

α∈I Sα, where the Sα are simplices. Hence

φ(N ·P ) =
∑

σ⊂I, σ 6=∅
(−1)|σ|−1φ

(
N ·

( ⋂
α∈σ

Sα

))

But for fixed σ, there exists γ ∈ I such that
⋂

α∈σ Sα = Sγ . So we have to show
that for every simplex ∆ ∈ P(Λ), φ(N ·∆) is a polynomial of degree at most
d + n.

Fix ∆ and write k = dim ∆. The proof will be by induction in k. If k = 0,
then ∆ = {v} is a point and φ(N ·{v}) = φ({0}+ Nv) is a polynomial of degree
at most d by the definition of the polynomial valuation.

Let k > 0. For simplicity of notation we will assume that k = n. In an
appropriate coordinate system ∆ has the form ∆ = a + ∆̃, where a ∈ Rn,
∆̃ = {(x1, . . . , xn) | 0 ≤ x1 ≤ . . . ≤ xn ≤ 1}. Thus

N ·∆̃ = {(x1, . . . , xn) | 0 ≤ x1 ≤ . . . ≤ xn ≤ N} .

N ·∆̃ can be represented as a disjoint union

N ·∆̃ =
⋃

z∈Zn∩((N−1)·∆̃)

(
(z + Q̃) ∩ (N ·∆̃)

) ⋃
(N ·∆′), (9)

where Q̃ := {(x1, . . . , xn) | 0 ≤ xi < 1 for all i} and

∆′ = {(x1, . . . , xn) | 0 ≤ x1 ≤ . . . ≤ xn−1 ≤ xn = 1} .

Of course, (z + Q̃) ∩ (N ·∆̃) is not a compact polytope, so φ is not defined on
it. But we can define φ on this set in the following natural way. First, for
τ ⊂ {1, . . . , n}, denote Fτ :=

{(x1, . . . , xn) | 0 ≤ xi ≤ 1 for all i ∈ {1, . . . , n}, and xj = 1 for all j ∈ τ}
Clearly, Fτ is an (n− |τ |)-dimensional face of the unit cube [0 , 1]n. Now define

φ
(
(z + Q̃) ∩ (N ·∆̃)

)
:=

∑

τ⊂{1,...,n}
(−1)|τ |φ

(
(z + Fτ ) ∩ (N ·∆̃)

)
.

Since in (9) we have a disjoint union,

φ(N ·∆) = φ(N ·a + N ·∆′) +
∑

z∈Zn∩((N−1)·∆̃)

φ
(
N ·a + (z + Q̃) ∩N ·∆̃

)
. (10)

Every z ∈ Zn ∩ (
(N − 1)·∆̃)

has the form z = (zi)n
i=1, where

z1 = · · · = zj1 < zj1+1 = · · · = zj2 < · · · < zjl−1+1 = · · · = zjl
≤ N − 1, (11)

and jl = n.
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Set for 1 ≤ i ≤ j ≤ n, Ti,j :=

{(x1, . . . , xn) | 0 ≤ xi ≤ xi+1 ≤ . . . ≤ xj ≤ 1 and xl = 0 for l < i or l > j} .

For a sequence 0 < j1 < · · · < jl−1 < n, denote (as in [Mc1] ) Tj1...jl−1 :=
T0j1 + · · · + Tl−1, n. Now let T̃j1...jl−1 := Tj1...jl−1 ∩ Q̃. So if z belongs to Zn ∩
(N − 1) ·∆̃ and satisfies (11), then obviously (z + Q̃) ∩ N ·∆̃ = z + T̃j1...jl−1 .
Define Sj1...jl−1(N) = {z ∈ Zn | z satisfies (11) }. Then (10) can be rewritten:

φ(N ·∆) = φ(N ·a + N ·∆′)

+
∑

0<j1<···<jj−1<n

( ∑

z∈Sj1...jl−1 (N)

φ(N ·a + z + T̃j1...jl−1)

)
. (12)

By the inductive hypothesis, φ(N ·a + N ·∆′) is a polynomial in N ∈ Z+ of
degree at most d + n. Now fix 0 < j1 < · · · < jl−1 < n. Then φ(x + T̃j1...jl−1)
is a polynomial in x of degree at most d, let us denote it q(x). It is sufficient to
show that

∑
z∈Sj1...jl−1 (N) q(N ·a + z) is a polynomial in N ∈ Z+ of degree at

most d + n.
We can write q(N ·a + z) =

∑d
t=0 N tqt(z), where qt(z) is a polynomial of

degree at most d − t. Recall that for any z ∈ Sj1...jl−1(N) and m = 1, . . . l − 1,
zjm−1+1 = . . . = zjm . So set wm := zjm . We have 0 ≤ w1 < w2 < . . . < wl ≤
N − 1. Actually, qt(z) is a polynomial in the vector w = (w1, . . . , wl) ∈ Rl. We
will show that

f(N) :=
∑

0≤w1<w2<···<wl≤N−1

qt(w)

is a polynomial in N ∈ Z+ of degree at most deg qt+l (note that, if N ≤ l−1 the
sum is extended over an empty set and for such an N , we just define f(N) := 0).
This and (12) will imply that φ(N ·∆) is a polynomial of degree at most d + n.

In order to prove that f(N) is a polynomial of degree g, it is sufficient to show
that f(N + 1)− f(N) is a polynomial of degree g − 1.

Let us apply induction in l. If l = 1,

f(N + 1)− f(N) = qt(N) for N ≥ 0, (13)

and the lemma follows.
Assume that l > 0. We have

f(N + 1)− f(N) =
∑

0≤w1<···<wl−1<wl=N

qt(w).

We may assume qt to be a monomial qt(w) = wα1
1 . . . wαl

l , αj ≥ 0. Hence

f(N + 1)− f(N) = Nαl ·
∑

0≤w1<···<wl−1≤N−1

wα1
1 . . . w

αl−1
l−1 .

By the inductive hypothesis, the last sum is a polynomial of degree at most
l − 1 +

∑n−1
1 αj . Hence f(N) is a polynomial of degree at most l +

∑n
1 αj . ¤
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Proof of Theorem 6. Using the same notation as previously, we have to show
that φ(K(λ̄)) is a polynomial in λi ∈ Z+ of degree at most d + n. By Lemma 8
and the full additivity of φ,

φ(K(λ̄)) = φ

( ⋃

α∈I

Sα(λ̄)

)
=

∑

σ⊂I, σ 6=∅
(−1)|σ|+1φ

( ⋂

β∈σ

Sβ(λ̄)

)
.

Fix some σ ⊂ I, σ 6= ∅. By Lemma 8 (ıı) there exists γ ∈ I, such that⋂
β∈σ Sβ(λ̄) = Sγ(λ̄) for every vector λ̄ with nonnegative coordinates.
So it is sufficient to show that for any γ, φ(Sγ(λ̄)) is a polynomial. But

Sγ(λ̄) =
∑s

i=1 λi ·Sγ,i as in Lemma 8 (ııı).
Suppose that for 1 ≤ i ≤ p, dim Sγ,i > 0 and for i > p, dim Sγ,i = 0, i.e.

Sγ,i = {vi} is a point for i > p.
Define ∆i := Sγ,i − vγ,i, where vγ,i is some vertex of Sγ,i. So Sγ(λ̄) =∑p
i=1 λi∆i +

∑p
i=1 λivγ,i +

∑
i>p λiui. By Lemma 8 (ııı),

dim Sγ(λ̄) =
∑

i

dim(λi∆i).

This implies that
∑

λi∆i is, in fact, a direct sum of the λi∆i. So we have to
check that

φ

( s⊕

i=1

(λi∆i) +
l∑

j=1

µjuj

)

is a polynomial in λi, µj ∈ Z+ of degree at most d + n, where the uj are fixed
integer vectors.

Let L1 =
⊕s−1

j=1 span∆j , L2 = span∆s. For any polytopes K1, K2, Ki ⊂
Li, i = 1, 2, consider the polynomial φ(K1 ⊕K2 + x), which we will denote by
WK1⊕K2(x). Obviously, all the previous definitions of the valuation and the
polynomial valuation can be formulated not only for the real valued functions
on P(Λ), but also for the vector valued functions with values in a linear space
(and even in an abelian semigroup). The proofs of all the previous lemmas of
Section 4 will work without any change.

Then obviously WK1⊕K2(x) is a fully additive polynomial valuation with re-
spect to each argument K1 and K2, with values in the linear space of polynomials
in x (here we use the fact that the sum of K1 and K2 is direct). Hence by Lemma
9 (applied in the vector valued case), WK1⊕N ·K2(x) is a polynomial in N (at
the moment we are not interested in its degree). In particular, this implies that
φ(K1 ⊕ N ·K2 + x) is a polynomial in N and x, where N ∈ Z+, x ∈ Λ. Then
obviously if we decompose WK1⊕N ·K2 with respect to the powers in N , then its
coefficients will be polynomial valued fully additive polynomial valuations with
respect to K1 (now K2 is fixed). Applying an inductive argument in s, we see
that

φ

( s⊕

i=1

(λi∆i) +
l∑

j=1

µjuj

)
(14)
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is a polynomial in λi, µj ∈ Z+.
Let us estimate its degree. If λi and µj are fixed,

φ

( s⊕

i=1

(t·λi∆i) +
l∑

j=1

t·µjuj

)

is a polynomial in t ∈ Z+ of degree at most d+n by Lemma 9. Hence the degree
of (14) cannot be bigger than d + n.

Now consider the case Q ·P(Λ) = P(Λ). Let K1, . . . , Ks ∈ P(Λ). For
any natural number m, φ

(∑s
i=1 λi( 1

mKi)
)

is a polynomial in λi ∈ Z+, hence
φ
(∑s

i=1 λiKi

)
is a polynomial in λi ∈ 1

m ·Z+ for any m ∈ N. Consequently, it is
a polynomial in λi ∈ Q+. ¤

Remarks. 1. The valuation φ can be defined not only on polytopes, but on
the family of all convex compact sets. If φ is continuous with respect to the
Hausdorff metric, then it is called a continuous valuation (this implies its full
additivity, see [Gr] ). If a continuous valuation is polynomial of degree at most
d, then for all convex compact sets K1, . . . , Ks, the function φ

(∑
i λiKi

)
is a

polynomial in λi ∈ R+ of degree at most d+n. This can be deduced immediately
from Theorem 6 using approximation by polytopes.

2. We would like to recall here some results in the same spirit due to Khovanskii
[Kh1, Kh2].

Let A and B be finite subsets of an abelian semigroup G. Denote by N ∗ A

the sum of N copies of the set A. Let χ : G −→ C be a multiplicative character,
i.e. χ(x + y) = χ(x)·χ(y). Let f(N) denote the sum of values of the character
χ over all elements of the set B + N ∗A.

Theorem 10. [Kh2] For sufficiently large N , the function f(N) is a quasi-
polynomial in N , i .e. for large N , the function f(N) =

∑
qN
i Pi(N), where qi

are values of the character χ on the set A, and Pi are polynomials of degree
strictly less than the number of points in A, in which the value of χ is equal
to qi.

Now let A and B be finite subsets of an abelian group G. Denote by G(A) the
subgroup of the group G consisting of the elements of the form

∑
niai, where

ai ∈ G,ni ∈ Z and
∑

ni = 0. Now take χ ≡ 1, then f(N) is equal to the
cardinality of the set B + N ∗A .

Theorem 11. [Kh1] Let G be the lattice Zn ⊂ Rn and assume that G(A) = Zn.
Then for large N , the function f(N) is a polynomial of degree at most n and the
coefficient of Nn is equal to the volume of the convex hull of A.

The methods of [Kh1] and [Kh2] in fact imply the following more general versions
of these theorems:
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Theorem 10′. Let G and χ be as in Theorem 10, and let B, A1, . . . , As be finite
subsets of G. Let f(N1, . . . , Ns) be the sum of values of the character χ over all
the elements of the set B +N1 ∗A1 + · · ·+Ns ∗As. Then if all the Ni, 1 ≤ i ≤ s,

are sufficiently large, f(N1, . . . , Ns) is a quasi-polynomial .

Theorem 11′. Let B, Ai, 1 ≤ i ≤ s be finite subsets of the lattice Zn ⊂ Rn and
G

(⋃
Ai

)
= Zn. Then, if all the Ni, 1 ≤ i ≤ s are sufficiently large, the cardinal-

ity of
∑

Ni ∗Ai is a polynomial of degree at most n, whose homogeneous compo-
nent of degree n is equal to the polynomial vol (N1 · conv A1 + · · ·+Ns · conv As).

As we were informed by Prof. Khovanskii, these facts were known to him (un-
published).
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Localization Technique on the Sphere and the
Gromov–Milman Theorem on the Concentration

Phenomenon on Uniformly Convex Sphere

SEMYON ALESKER

Abstract. We give a simpler proof of the Gromov–Milman theorem on
concentration phenomenon on uniformly convex sphere. We also outline
Rohlin’s theory of measurable partitions used in the proof.

The purpose of this note is to present a localization technique for the sphere Sn

on an example of the Gromov–Milman theorem [Gr-M] about the concentration
phenomenon on uniformly convex spheres. This result was obtained in [Gr-M] in
a some more general setting. Our approach follows the same general reasoning,
but is simpler and more direct than the original approach. We also outline
Rohlin’s theory of measurable partitions, which is used in the proof. Note that
the terminology of “localization” was introduced for Rn by L. Lovász and M.
Simonovits [L-S1, L-S2]. [Gr-M] did not use such terminology and also did not
put the scheme of localization explicitly.

Note. K. Ball has informed us recently that he, jointly with R. Villa, found
an extremely short proof of the Gromov–Milman theorem for uniformly convex
sphere as an application of the Prekopa–Leindler inequality (see, e.g., [P]).

1. Related Definitions and Formulation of the
Gromov–Milman Theorem

Definition 1.1. Let us say that a finite dimensional normed space X =
(Rn+1, ‖·‖) has modulus of convexity at least δ(ε) > 0 for ε > 0, if for all vectors
x, y ∈ X such that ‖x‖ = ‖y‖ = 1 and ‖x− y‖ ≥ ε we have ‖x+y

2 ‖ ≤ 1− δ(ε).
We may assume δ(ε) to be a monotone increasing function of positive ε.

Denote by K(X) := {x ∈ X : ‖x‖ ≤ 1} the unit ball of X and by S(X) := {x ∈
X : ‖x‖ = 1} the unit sphere of X.

Work partially supported by a BSF Grant.
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For any subset A ⊂ S(X), let us denote Â :=
⋃

0≤t≤1 t ·A. Now define
a probability measure µ̂ on S(X) induced by the standard Lebesgue measure
voln+1 on Rn+1 : for any Borel subset A ⊂ S(X), let

µ̂(A) := voln+1(Â)/ voln+1 K(X).

We will prove the following theorem, due to Gromov and Milman [Gr-M].

Theorem 1.1. Let δ(ε) be the modulus of convexity of the normed (n + 1)-
dimensional space X and let µ̂ be the probability measure on S(X) as above.
Then, for every Borel set A ⊂ S(X) such that µ̂(A) ≥ 1

2 , and every ε > 0,

µ̂(Aε) ≥ 1− exp(−a(ε)n),

where Aε := {x ∈ S(X) : dist(x, A) ≤ ε}, dist(x,A) := infy∈A ‖x − y‖, a(ε) :=
δ((ε/8)− θn), where θn is such that δ(θn) = 1− (1/2)1/(n−1) ≈ log 2

n−1 .

2. Rohlin’s Theory

Following [Gr-M], we will use some results of Rohlin’s theory [R]. Let (M, Ων , ν)
be a complete measure space, i.e. M is a set, Ων is a σ-algebra of subsets of M ,
and ν is a complete probability measure on Ων .

Let ζ be some partition of M into pairwise disjoint subsets, whose union is
equal to M .

Definition 2.1. A partition ζ of M is called measurable, if there exists a count-
able family Σ = {Sα}∞α=1 of measurable subsets of M such that each element
C ∈ ζ has the form C =

⋂∞
α=1 Rα, where for all α either Rα = Sα or Rα = S̄α,

where S̄α denotes the complement of Sα.

Obviously, each element of a measurable partition is measurable.
Denote by Hζ the canonical homomorphism from M onto the factor set M/ζ.

Then M/ζ turns out to be a complete measure space, if we introduce a measure νζ

by setting a subset X ⊂ M/ζ to be measurable in M/ζ iff H−1
ζ (X) is measurable

in M and νζ(X) := ν(H−1
ζ (X)).

We will need the following theorem due to Rohlin:

Theorem 2.2 [R] Let M be a metric separable complete space, ν be a complete
Borel probability measure on M and ζ be a measurable partition of M generated
by a countable family Σ = {Sα}∞α=1 (in the sense of Definition 2.1). Then there
exists a canonical family of complete Borel probability measures {νC}C∈M/ζ on
M satisfying these conditions:

(1) For νζ-a.e. element C ∈ M/ζ, νC is concentrated on C ⊂ M , i .e. νC(C) = 1
(here we denote both the element C of M/ζ and its preimage H−1

ζ (C) in M

by the same letter C).
(2) For every ν-measurable subset A ⊂ M , νC(A) is a νζ-measurable function

of C ∈ M/ζ and
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(3) ν(A) =
∫

M/ζ
νC(A ∩ C) dνζ(C).

(4) The canonical family {νC} is unique, i .e. if {ν′C} satisfies (1)–(3), then
νC = ν′C for νζ-a.e. C.

(5) Furthermore, the family Σ′, which is an image of Σ under Hζ , generates the
σ-algebra of νζ-measurable subsets of M/ζ.

Corollary 2.3. Let M, ν, ζ be as in Theorem 2.2. Let f ∈ L1(M, ν) be an
integrable function.

Then the integral
∫

M
f dνC =

∫
C

f dνC is a νζ- integrable function of C ∈ M/ζ

and ∫

M

f dν =
∫

M/ζ

(∫

C

f dνC

)
dνζ(C).

Proof (standard). This corollary is obvious for the step functions. In general,
we may assume f ≥ 0.

For k, j ∈ N ∪ {0}, define

Akj :=
{

x ∈ M :
j

2k
≤ f(x) < min

(
j + 1
2k

, k

)}

(obviously, Akj = ∅ for j ≥ k2k) and

fk :=
∞∑

j=0

j

2k
χAkj

,

where χAkj
are characteristic functions of Akj . Clearly, fk are step functions,

0 ≤ fk(x) ≤ f(x) for every x ∈ M , the sequence {fk(x)}k∈N is nondecreasing,
and fk −→ f everywhere on M and in L1(M, ν). For fk we have:

∫

M/ζ

(∫

C

fk dνC

)
dνζ(C) =

∫

M

fk dν ≤
∫

M

f dν.

Set φk(C) =
∫

C
fk dνC . It is well defined for νζ-a.e. C ∈ M/ζ. Clearly, {φk(C)}

is nondecreasing and supk

∫
M/ζ

φk(C) dνζ(C) ≤ const < ∞.
Hence by B. Levy’s theorem {φk} converges νζ-a.e. and in L1(M/ζ, νζ) to

some function φ(C) ∈ L1(M/ζ, νζ), and φk(C) ≤ φ(C). Then for νζ-a.e. C,
∫

C

f dνC = lim
k→∞

∫

C

fk dνC = φ(C)

again, by B. Levy’s theorem applied to the measure νC .
Thus we obtain

∫

M/ζ

(∫

C

f dνC

)
dνζ =

∫

M/ζ

φ(C) dνζ = lim
k→∞

∫

M/ζ

(∫

C

fk dνC

)
dνζ

= lim
k→∞

∫

M

fk dν =
∫

M

f dν. ¤
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If the partition ζ is generated by the family Σ = {Sα}∞α=1, denote by FN a finite
(σ -) algebra of sets generated by {Sα}N

α=1, and let F̄N be its image in M/ζ under
Hζ . So F̄1 ⊂ F̄2 ⊂ · · · ⊂ F̄N ⊂ · · ·. Let F̄∞ be the minimal complete σ-algebra
containing

⋃∞
n=1 F̄N . By Theorem 2.2 (5), F̄∞ coincides with the σ-algebra of

νζ-measurable subsets of M/ζ.
For every element C ∈ M/ζ and every N ∈ N, denote by Φ̄N (C) the unique

minimal element of F̄N , which contains C (clearly, Φ̄N (C) = Hζ(
⋂N

α=1 Rα),
where Rα = Sα or S̄α). Denote its preimage in M by ΦN (C).

Corollary 2.4. Let M, ν, ζ, f be as in Corollary 2.3. Then, for νζ-a.e. C ∈
M/ζ, ∫

C

f dνC = lim
N→∞

1
ν(ΦN (C))

∫

ΦN (C)

f dν.

Proof. The function φ(C) =
∫

C
f dνC is F̄∞-measurable by Corollary 2.3.

Then, by the classical P. Levy martingale convergence theorem (see, e.g., [L-
Sh]),

φ
νζ−a.e.

= lim
N→∞

E (φ | F̄N ).

But

E (φ | F̄N )(C) =
1

νζ(Φ̄N (C))

∫

Φ̄N (C)

φ(C1) dνζ(C1).

By the definition of νζ , νζ(Φ̄N (C)) = ν(ΦN (C)). Using Corollary 2.3, we easily
check that ∫

Φ̄N (C)

φ(C1) dνζ(C1) =
∫

ΦN (C)

f dν.

So E (φ | F̄N )(C) = 1
ν(ΦN (C))

∫
ΦN (C)

f dν and the corollary is proved. ¤

3. Convex Restrictions of Measures

Let K be a convex bounded (not necessarily compact) subset of RN .

Definition 3.1. A function γ : K −→ R+ is called α-concave (α > 0), if γ1/α

is concave.

Assume that K ⊂ Rk ⊂ RN and dim K = k. Let µ be a nonnegative Borel
measure on RN , which is absolutely continuous with respect to the standard
Lebesgue measure mN , and let g := dµ

dmN
.

Definition 3.2. A measure ν on K is called a convex restriction of the measure
µ, if there exists an (n − k)-concave function γ on K such that dν = g ·γ ·dmk,
where mk is the Lebesgue measure on Rk.

Remark. Our definition of the convex restriction of measures is different from
that given in [Gr-M], but both definitions are equivalent.
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Lemma 3.3. Assume that K2 ⊂ K1 ⊂ RN and dim Ki = ki. Let a measure
ν1 on K1 be a convex restriction of a measure µ. Let a measure ν2 on K2 be a
convex restriction of ν1.

Then ν2 is a convex restriction of µ.

Proof. If dµ = g dmN , then dν1 = g γ1 dmk1 and dν2 = g γ1 γ2 dmk2 , where
γ1 is an (N − k1)-concave function on K1, γ2 is a (k1 − k2)-concave on K2. Set
α = N − k1 and β = k1 − k2.

It is sufficient to show that γ1 ·γ2 is an (α+β)-concave on K2 [Gr-M, Appendix,
Lemma 1]. Indeed, using the Hölder inequality with p = (α + β)/α and q =
(α + β)/β, we obtain for every x, y ∈ K2 and every 0 < θ < 1,

θ ·[γ1(x) γ2(x)]1/(α+β)+(1−θ)·[γ1(y) γ2(y)]1/(α+β)

≤ [θ ·γ1(x)1/α+(1−θ)·γ1(y)1/α]α/(α+β) ·[θ·γ2(x)1/β +(1−θ)·γ2(y)1/β ]β/(α+β)

≤ γ1(θ x+(1−θ) y)1/(α+β) ·γ2(θ x+(1−θ) y)1/(α+β). ¤

Later we will need the following result:

Lemma 3.4. Let a measure µ on RN is such that dµ = f ·dmN , where f is
continuous, f > 0 mN -a.e., and suppose we are given a decreasing sequence
of convex compact sets K1 ⊃ K2 ⊃ · · · ⊃ Kn ⊃ · · · of full dimension N . Let
K :=

⋂∞
n=1 Kn, k := dim K. Define a sequence of probability measures {λn} such

that for any Borel subset A ⊂ RNλn(A) := µ(A∩Kn)
µ(Kn) (note that our assumptions

imply that µ(Kn) 6= 0).
Then one can choose a subsequence {nl} such that {λnl

} converges weakly to
a measure concentrated on K, which is a convex restriction of µ.

Proof. Let E be the affine hull of K, and put k = dim E.
Consider new convex sets

K̃n :=
{
(x, y) ∈ E ⊕ E⊥ : (x, vol(Kn)1/(N−k) ·y) ∈ Kn

}
.

By the Cavalieri principle, vol(K̃n) = 1. Replace K̃n by its (N − k)-dimensional
Schwarz symmetrization K ′

n with respect to E. Then K ′
n are also convex com-

pact bodies, vol(K ′
n) = 1 and K ′

n ⊃ K. This and their rotation invariance imply
easily that K ′

n are uniformly bounded. Hence by the Blaschke selection theorem
one can choose a subsequence {nl} such that K ′

nl
converges to some convex com-

pact set M with respect to the Hausdorff metric. Obviously, M is also invariant
with respect to rotations around E, vol(M) = 1, M ⊃ K, and M ∩ E = K,
because

⋂
l Knl

= K.
Consider a function γ on K:

γ(x) = volN−k

(
M ∩ (x + E⊥)

)
.
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Then γ is (N − k)-concave by Brunn’s theorem. We will show that for every
continuous function u on RN

1
µ(Knl

)

∫

Knl

u(x) f(x)dmN (x) −→
∫

K

u(x) f(x) γ(x) dmk(x).

This will prove the lemma.
Denote v := u·f and consider a function v′(x) := v(PrE x), where PrE is the

orthogonal projection onto E. Since v ≡ v′ on K, for any ε > 0 there exists an
open neighborhood U of K such that |v − v′| < ε on U . But Kn ⊂ U for large
n, hence

1
µ(Kn)

∫

Kn

(v − v′) dmN −→ 0, n −→∞.

By the Fubini theorem,

1
µ(Knl

)

∫

Knl

v′(x) dmN (x) =
∫

K′
nl

v′(x) dmN (x) −→
∫

M

v′(x)dmN (x) =
∫

K

v′(x) γ(x)dmk(x) =
∫

K

u(x) f(x) γ(x) dmk(x). ¤

4. Convex Partitions

Assume that M ⊂ RN is a convex compact body, dim M = N ≥ 3, M 3 0.
Let µ be a probability measure on M , which is absolutely continuous with respect
to the Lebesgue measure mN , dµ = fdmN , where f is continuous and f > 0 mN -
a.e. on M .

Fix A1, A2 disjoint closed subsets of ∂M such that Âi :=
⋃

0≤t≤1 t·Ai, i = 1, 2

have nonzero measure µ. Set λ := µ(Â1)

µ(Â2)
.

Using the idea of [Gr-M], we will construct a measurable (cf. Definition 2.1)
partition ζ of the convex set M satisfying the following properties (in the notation
of Section 2):

(4.1) Every element C ∈ ζ of this partition is a convex subset of M and has the
form C =

⋃
0≤t≤1 t·(C ∩ ∂M).

(4.2) νC is the convex restriction of µ to C for νζ-a.e. C ∈ ζ.
(4.3) νC(Â1) = λ νC(Â2) for νζ-a.e. C ∈ ζ.
(4.4) Moreover, if the measure µ is homogeneous of degree α > 0, i.e. for every

Borel subset T ⊂ M and every t ∈ [0, 1] µ(t·T ) = tα ·µ(T ), then νC is also
homogeneous of degree α for νζ-a.e. C ∈ ζ.

The construction of such partition uses the Borsuk–Ulam theorem.
Let SN−1 be the Euclidean sphere in RN . For x ∈ SN−1, denote H+

x :={
y ∈ RN : (y, x) ≥ 0

}
the closed half-space. So H−

x := RN − H+
x is an open

half-space. Then M+ := M ∩H+
x and M− := M ∩H−

x are convex sets.
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It will be more convenient to consider M− as a compact set. Namely, replace
M by a new set, where the hyperplane Hx = {y | 〈y, x〉 = 0} is considered
as a “double” set, that is, one copy of it belongs to M+ and another to M−

(this is similar to the situation where, if we consider the dyadic points of the
unit interval as “double” points, we obtain the Cantor set). In the steps that
follow, each hyperplane we construct will be considered as “double”. This will
not change M and its factor set by the partition constructed below, since these
spaces are Lebesgue spaces in the sense of [R].

Consider a map φ : SN−1 −→ R2 such that

φ(x) =
(
µ(Â1 ∩H+

x ), µ(Â2 ∩H+
x )

)
.

Since φ is continuous and N ≥ 3, we can apply the Borsuk–Ulam theorem and
find x ∈ SN−1 such that µ(Âi∩H±

x ) = 1
2µ(Âi), for i = 1, 2. Now apply the same

argument to M+ and M− separately, replacing Ai by A+
i := Ai ∩ H+

x ⊂ M+

and setting A−i := Ai ∩H−
x ⊂ M− correspondingly. So after the second use of

the Borsuk–Ulam theorem we obtain a partition of M into four disjoint convex
subsets M++, M+−, M−+, M−−. By construction µ(Â1 ∩ M++) = λµ(Â2 ∩
M++), and this holds for all the other elements of the partition.

Repeating this procedure infinitely, we obtain a partition ζ of M , which is
obviously measurable and satisfies (4.1) by construction. The property (4.2)
follows immediately from Corollary 2.4 and Lemma 3.4. Corollary 2.4 implies
also (4.3).

In order to prove (4.4), recall that the Borel σ-algebra of subsets of RN is
generated by a countable number of sets {Tj}∞j=1. Since for νζ-a.e. C νC is the
convex restriction of µ, νC is absolutely continuous with respect to the Lebesgue
measure on C; hence it is sufficient to check (4.4) only for t ∈ Q. So we have to
prove (4.4) for fixed T and t. And this again follows from Corollary 2.4.

By Theorem 2.1, µ(Â1) =
∫

M/ζ
νC(Â1) dνζ(C). Hence we can choose C such

that νC(Â1 ∩ C) = νC(Â1) ≥ µ(Â1), and C satisfies (4.1)-(4.4). Let us show
that dim C < N . Indeed, C =

⋂∞
k=1 Vk, where Vk denotes the unique element of

the partition of M constructed on the k-th step as above, which contains C. All
Vk are convex, hence if dimC = N , then dim Vk = N . By Corollary 2.4 and the
construction,

νC(Â1) = lim
k→∞

1
µ(Vk)

µ(Â1 ∩ Vk) = lim
k→∞

1
µ(Vk)

· 1
2k

µ(Â1).

Since we have assumed that dµ
dmN

> 0 mN -a.e., µ(Vk) ≥ µ(C) > 0. So the right
hand limit is equal to 0, contradicting the choice of C.

Let us fix such a C and denote it by M1. Denote also νC by µ1. Now we come
back to the situation where M = K(X) is the unit ball of X = (Rn+1, ‖·‖),
µ is the normalized Lebesgue measure on M , and A1, A2 ⊂ ∂M = S(X) are
compact and disjoint. Thus µ1 is a convex restriction of the Lebesgue measure,
and it satisfies (4.4) with α = n + 1.
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Since µ1(Â1 ∩M1) = λµ1(Â2 ∩M1) > 0
(
recall that λ = µ(Â1)

µ(Â2)
= mn+1(Â1)

mn+1(Â2)

)
,

we have dim M1 ≥ 2. Obviously, M1 is convex and compact.
If dim M1 ≥ 3, the use of the Borsuk–Ulam theorem is possible and by the

same procedure we construct a convex compact subset M2 ⊂ M1 and a convex
restriction µ2 of the measure µ1 satisfying (4.1)-(4.4) with α = n+1 and λµ2(Â2∩
M2) = µ2(Â1 ∩M2) ≥ µ1(Â1 ∩M1) ≥ µ(Â1) = mn+1(Â1).

By Lemma 3.3, µ2 is a convex restriction of mn+1. Repeating this argument,
after at most n− 1 steps we obtain a 2-dimensional convex compact set N ⊂ M

and a measure ν on N such that:

(4.5) N =
⋃

0≤t≤1 t · (N ∩ S(X)) and N is contained in some half-plane (by
construction).

(4.6) There exists an (n − 1)-concave function γ on N such that dν = γ dm2

(where m2 is the Lebesgue measure on R2 ).

(4.7) λ ν(Â2 ∩N) = ν(Â1 ∩N) ≥ mn+1(Â1) (= µ̂(A1)), where λ = mn+1(Â1)

mn+1(Â2)
as

above.
(4.8) ν is homogeneous of degree n + 1, i.e. for every Borel subset T ⊂ R2 and

every t ∈ [0, 1],
ν(t·T ) = tn+1 ·ν(T ).

Note that (4.6) and (4.8) immediately imply

(4.9) γ is homogeneous of degree n − 1, i.e. γ(t·x) = tn−1 γ(x) for every x ∈
N, t ∈ [0, 1].

Clearly, by (4.5) N ∩S(X) is a spherical segment. Denote it by I = [a, b]. Since
the Banach–Mazur distance between any 2-dimensional normed space and the
Euclidean ball is at most

√
2, we can find a Euclidean norm |·| on spanN such

that

(4.10)
1√
2
|x| ≤ ‖x‖ ≤ |x|, ∀x ∈ spanN.

For every two points x, y ∈ I, denote by ρ(x, y) the length of the segment
[x, y] ⊂ I with respect to ‖·‖, i.e. if [x, y] is parameterized by some parameter
τ ∈ [0, 1], then

ρ(x, y) := sup
0≤τ1<···<τk≤1

k−1∑

j=1

‖τj+1 − τj‖.

Similarly, denote by d(x, y) the length of [x, y] with respect to |·|.
By a result of [S],

‖x− y‖ ≤ ρ(x, y) ≤ 2 ‖x− y‖.
Thus we obtain

(4.11) |x− y| ≤ d(x, y) ≤
√

2ρ(x, y) ≤ 2
√

2 ‖x− y‖ ≤ 2
√

2 |x− y|.
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On I we have a measure ν̂ such that ν̂(A) := ν(Â), where A ⊂ I is any Borel
subset and Â =

⋃
0≤t≤1 t·A. Then dν̂ = fν dt, where dt is an element of the

Euclidean length and fν is a continuous function. By (4.6) and (4.9),

ν(Â) =
∫

Â

γ dm2 =
1

n + 1

∫

A

γ(t) dt.

So fν = 1
n+1γ. The rest of the paper closely follows [Gr-M].

For x, y ∈ I, (4.6) implies

(4.12) γ1/(n−1)
(

x + y

2

)
≥ γ1/(n−1)(x) + γ1/(n−1)(y)

2
.

Set z = x+y
2 /‖x+y

2 ‖ ∈ [x, y]. By (4.9) and the inequality

‖x + y

2
‖ ≤ 1− δ(‖x− y‖),

we have

(4.13) γ
(

x + y

2

)
≤ (1− δ(‖x− y‖))n−1

γ(z).

It easily follows from the inequality (4.11) that for some absolute constant
α ∈ (

0, 1
2

)
,

(4.14) d(z, x) ≥ α d(x, y), and d(z, y) ≥ α d(x, y).

Let us parameterize the segment I = [a, b] by the Euclidean length of the
segment [a, x], namely if x corresponds to t1, it means d(x, a) = t1. Let y

corresponds to t2 > t1, then d(x, y) = t2 − t1. Clearly, (4.12)–(4.14) imply

(4.15)
f

1/(n−1)
ν (t1) + f

1/(n−1)
ν (t2)

2
≤ (1− δ(‖x− y‖)) · max

z∈[t1+α (t2−t1), t2−α (t2−t1)]
fν(z)1/(n−1).

Then easily fν has no local minima and at most one local maximum inside
I (this local maximum must be global). Denote the global maximum of fν

by t0 ∈ [0, l] (where l = d(a, b) ). Then obviously fν increases on [0, t0] and
decreases on [t0, l].

For any t ∈ [0, t0] and any θ such that 0 ≤ t − θ < t ≤ t0, (4.15) and the
monotonicity of fν on [0, t0] imply

fν(t− θ) ≤ (1− δ(‖x− y‖))n−1
fν(t),

where x corresponds to t− θ, and y corresponds to t. But by (4.11) ‖x− y‖ ≥
1

2
√

2
d(x, y) = θ

2
√

2
, and we obtain

(4.16) fν(t− θ) ≤
(

1− δ
(

θ

2
√

2

))n−1

fν(t).
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Similarly, if t0 ≤ t < t + θ ≤ l, then

(4.17) fν(t + θ) ≤
(

1− δ
(

θ√
2

))n−1

fν(t).

Hence, for t0 − 2 θ ≥ 0,

ν̂([0, t0 − 2 θ]) =
∫ t0−2 θ

0

fν(t) dt ≤
(

1− δ
(

θ

2
√

2

))n−1 ∫ t0−θ

θ

fν(t) dt

≤
(

1− δ
(

θ

2
√

2

))n−1

(ν̂([0, t0 − 2 θ]) + ν̂([t0 − 2 θ, t0 − θ])) .

Thus

(4.18) ν̂([0, t0 − 2 θ]) ≤

(
1− δ( θ

2
√

2
)
)n−1

1−
(
1− δ

(
θ

2
√

2

))n−1 ν̂([t0 − 2 θ, t0]).

In the same way, for t0 + 2 θ ≤ l we have

(4.19) ν̂([t0 + 2 θ, l]) ≤

(
1− δ( θ

2
√

2
)
)n−1

1−
(
1− δ

(
θ

2
√

2

))n−1 ν̂([t0, t0 + 2θ]).

Adding (4.18) and (4.19) and using ν̂([0, l]) = 1, we obtain:

Lemma 4.20. ν̂(I − [t0 − 2 θ, t0 + 2 θ]) ≤
(
1− δ

(
θ

2
√

2

))n−1

≈ e
−δ( θ

2
√

2
(n−1))

.

5. Proof of Theorem 1.1

(We repeat the argument of [Gr-M].)
Let A ⊂ S(X), µ̂(A) ≥ 1

2 (the measure µ̂ was defined in Section 1). Fix
ε ∈ (0, 1). Set A1 := A, A2 := S(X)−Aε. Hence we can find a compact convex
2-dimensional set N with a probability measure ν satisfying (4.5)–(4.9). Let c

be the point on I with the maximal density of ν̂.
If θn is such that δ(θn) = 1 − ( 1

2 )1/(n−1) ≈ log 2
n−1 , then ν̂{x ∈ I : d(x, c) ≤

4
√

2 θn} ≥ 1
2 . By (4.7), ν̂(A1 ∩ I) ≥ 1

2 ; hence there exists x′ ∈ A1 ∩ I such that
‖x′ − c‖ ≤ d(x′, c) ≤ 4

√
2θn. Now let us take θ such that ε = 4

√
2 (θ + θn).

For an ε - neighborhood of {x′} (with respect to the original norm ‖·‖ ), we
have {x′}ε ⊃ {c}4√2 θ and {x′}ε∩A2 = ∅. Therefore, again by Lemma 4.20 and
(4.11)

ν̂(A2 ∩ I) ≤ ν̂(I − {x : d(x, c) ≤ 4
√

2θ}) ≤ (1− δ(θ))n−1

≈ exp(−δ(θ) (n− 1)) = exp
(
−δ

(
ε

4
√

2
− θn

)
(n− 1)

)
.
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By (4.7),

µ(A2) =
ν̂(A2 ∩ I)
ν̂(A1 ∩ I)

µ(A1) ≤ ν̂(A2 ∩ I) ≤ exp
(
−δ

(
ε

4
√

2
− θn

)
(n− 1)

)
. ¤
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Geometric Inequalities in Option Pricing

CHRISTER BORELL

Abstract. This paper discusses various geometric inequalities in option
pricing assuming that the underlying stock prices are governed by a joint
geometric Brownian motion. In particular, inequalities of isoperimetric
type are proved for different classes of derivative securities. Moreover, the
paper discusses the option on the minimum of several assets and, among
other things, proves a log-concavity property of its price.

1. Introduction

The purpose of this paper is to prove various geometric inequalities in option
pricing using familiar inequalities of the Brunn-Minkowski type in Gauss space.

To begin with, recall that a European (American) call [put] option is defined
as the right to buy [sell] one share of stock at a specified price on (or before)
a specified date. The specified price is referred to as the exercise price and the
terminal date of the contract is called the expiration date or maturity date.
In fact, already the early paper [20] by Merton treats a variety of convexity
properties of puts and calls, sometimes without any distributional assumptions
on the underlying stock prices. Here, however, it will always be assumed that
the price process X(t) = (X1(t), . . . , Xm(t)), t ≥ 0, of the underlying risky
assets X1, . . . ,Xm is governed by a so called joint geometric Brownian motion.
Furthermore, all options will be of European type and so, from now on, option
will always mean option of European type.

Now suppose f : Rm
+ → [0, +∞[ is a continuous function such that

f(x) ≤ A

(
1 +

m∑

i=1

|xi|
)a

for x = (x1, ..., xm) ∈ Rm
+ ,
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Key words and phrases. put, call, derivative security, isoperimetric inequality, log-concave,
Gaussian random variable.
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for appropriate constants a,A ≥ 0, and suppose a certain derivative security
UT

f pays f(X(T )) at the maturity time T . Here f is termed a payoff function.
If t is a time point prior to T , set τ = T − t, and denote by uf (τ, X(t)) the
(theoretic) price of UT

f at time t. If uf (τ, x) = uf (τ, x1, . . . , xm) is positive and
i ∈ {1, . . . , m} is fixed, the quantity

ψi
f (τ, x) =

xi

uf (τ, x)
∂uf (τ, x)

∂xi

is called the elasticity of the price uf (τ, x) relative to the price xi. The quantities
ψ1

f (τ, x), . . . , ψm
f (τ, x) enter quite naturally in option pricing in connection with

so called hedging against the contingent claim UT
f . Actually, we will below

occasionally consider a slightly larger class of payoff functions than stated here.
Now let the function f(x), x ∈ Rm

+ , be a log-concave function of the log-price
vector ln x = (ln x1, . . . , ln xm). In Section 3, we prove, among other things, that
the function τm/2uf (τ, x) is a log-concave function of (τ, ln x). In particular, if
f is not identically equal to zero, then for any fixed i ∈ {1, . . . , m} and τ > 0
the elasticity function ψi

f (τ, x) is a non-increasing function of xi when the other
prices x1, . . . , xi−1, xi+1, . . . , xm are held fixed. Note that these results apply to
the payoff function

f(x) = min
i=1,...,m

xi (1)

which is of interest in connection with the cheapest to deliver option. The deriv-
ative security corresponding to the payoff function in (1) is sometimes referred
to as the quality option (see e.g. Boyle [11]).

The main concern in this paper is to prove certain inequalities of isoperimetric
type. More explicitly, consider the same risky assets as above and suppose a > 0
is given. We shall write f ∈ Ca if f : Rm

+ → [0, +∞[ is a locally Lipschitz
continuous function such that

m∑

i=1

xi

∣∣∣∣
∂f

∂xi

∣∣∣∣ ≤ a + f(x) a.e.

with respect to Lebesgue measure in Rm. The class Ca is convex and contains
the zero payoff function. Moreover, the class Ca contains the payoff functions
of all puts and calls on the Xi, i = 1, . . . , m, with exercise prices less than or
equal to a. In addition, if f, g ∈ Ca, then max(f, g) ∈ Ca and min(f, g) ∈ Ca. In
particular, the function in (1) as well as the function

f(x) = max
i=1,...,m

xi (2)

belong to the class Ca for all a > 0.
In Section 4 we discuss, among other things, the Monte Carlo method for

computing the option price uf (τ, x) when f is as in (2). Let Xm be the most
volatile asset of the risky assets X1, . . . ,Xm and let σm be the volatility of Xm.
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The (crude) Monte Carlo method then gives us a certain unbiased estimator ZN

of the option price uf (τ, x) and we prove that

P
[∣∣∣∣

ZN − uf (τ, x)
uf (τ, x)

∣∣∣∣ ≥ ε

]
≤ eσ2

mτ − 1
ε2N

, ε > 0. (3)

Note that the right-hand side of (3) is independent of the option price uf (τ, x).
In Section 4 we also prove the following property of the class Ca for fixed a > 0.

Suppose v is the expected exercise value of a call on Xm with the maturity date
T and exercise price a. Then, amongst all derivative securities UT

f with f ∈ Ca

and with the expected payoff v at time T , the payoff at time T has maximal
variance for the call on Xm with the exercise price a.

Finally, in Section 5 we discuss inequalities of isoperimetric type for other
classes of payoff functions than those considered above.

2. Notation and Basic Results

Throughout this paper Xi, i = 1, . . . , m, stand for m risky assets with a joint
price process X(t) = (X1(t), . . . , Xm(t)), t ≥ 0, governed by an m-dimensional
geometric Brownian motion. Stated more explicitly, there are linearly indepen-
dent unit vectors ci, i = 1, . . . ,m, in Rn and a normalized Brownian motion
(W (t)) in Rn such that

dXi(t)
Xi(t)

= (µi + σ2
i /2)dt + σidWi(t), i = 1, . . . , m

for suitable µ1, . . . , µm ∈ R and σ1 > 0, . . . , σm > 0, where

Wi(t) = 〈ci,W (t)〉, i = 1, . . . , m.

Here, 〈 · , · 〉 = 〈 · , · 〉Rn denotes the standard scalar product in Rn.
In what follows, t < T and we set

MWi
σi

(τ) = e−
σ2

i
2 τ+σiWi(τ) for i = 1, . . . , m

and
MW

σ (τ) = (MW1
σ1

(τ), . . . , MWm
σm

(τ)),

where τ = T − t. Moreover, if ξ = (ξ1, . . . , ξm), η = (η1, . . . , ηm) ∈ Rm, we will
make frequent use of the following notation:

|ξ| = (|ξ1|, . . . , |ξm|)

‖ξ‖1 =
m∑
1

|ξi|

‖ξ‖2 =
√
〈ξ, ξ〉Rm

‖ξ‖∞ = max
i=1,...,m

|ξi|
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eξ = (eξ1 , . . . , eξm)

ln eξ = ξ

and

ξη = (ξ1η1, . . . , ξmηm).

Now consider a derivative security UT
f with the payoff f(X(T )) at time T .

Below, for technical reasons, it will be assumed that f : Rm
+ → R is a continuous

function such that

E[|f(xMW
σ (τ))|p] < +∞

for all x ∈ Rm
+ , τ > 0, and p > 0 and a function f satisfying these assumptions

will be called a payoff function. If r denotes the risk-free interest rate and if
uf (τ, X(t)) denotes the value of the derivative security UT

f at time t ∈ [0, T [, we
have

uf (τ, x) = E[e−rτf(xerτMW
σ (τ))]. (4)

A proof this equation is given e.g. in Duffie’s book [14] or in the basic paper [16]
by Harrison and Pliska. If f is a payoff function it is readily seen that uf (τ, x)
is a payoff function as a function of x for fixed τ . We now define uf (τ, x) for all
τ > 0 by the equation (4) and set (Sτf)(x) = uf (τ, x) if τ > 0. Then the family
(Sτ )τ>0 becomes a semi-group, the so called option semi-group of the underlying
risky assets X1, . . . ,Xm.

Throughout this paper, if ξ ∈ R, we let ξ+ = max(0, ξ) and ξ− = (−ξ)+.
Moreover, given a > 0 and i ∈ {1, . . . , m}, let

ca,i(x) = (xi − a)+

and

pa,i(x) = (xi − a)− = (a− xi)+.

Here the derivative security UT
ca,i

is called a call on Xi with exercise price a and
maturity time T and the derivative security UT

pa,i
is called a put on Xi with

exercise price a and maturity time T . From (4) we have the following famous
formula by Black and Scholes, viz.

uca,i(x, τ) = xΦ

(
ln xi

a +
(
r + σ2

i

2

)
τ

σi
√

τ

)
− ae−rτΦ

(
ln xi

a +
(
r − σ2

i

2

)
τ

σi
√

τ

)

where

Φ(ξ) =
∫ ξ

−∞
e−

η2

2
dη√
2π

is the distribution function of a real-valued Gaussian random variable with unit
variance and expectation zero. Moreover, by the put-call parity relation we have

upa,i(τ, x) = ae−rτ + uca,i(τ, x)− xi.
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In the following X0 denotes a bond with the value X0(t) = e−rτ at time t.
Furthermore, we set

φi
f (τ, x) =

∂uf

∂xi
(τ, x) , i = 1, . . . ,m (5)

and

φ0
f (τ, x) = erτ (uf (τ, x)−

m∑
1

xiφ
i
f (τ, x)).

A portfolio consisting of φj
f (T − s,X(s)) units of Xj for all j = 0, . . . ,m at any

time s ∈ [t, T [ has the value uf (τ,X(t)) at time t and

f(X(T )) = uf (τ, X(t)) +
m∑

j=0

∫ T

t

φj
f (T − s,Xj(s)) dXj(s).

This so called self-financing trading strategy in the Xj , j = 0, . . . , m, is basic
to the theory of option pricing and much more details may be found in [14] and
[16]. The portfolio φf = (φ0

f , φ1
f , . . . , φm

f ) is often called a hedge against the
contingent claim UT

f . If uf (τ, x) is positive for all x, the corresponding relative
portfolio ψf = (ψ0

f , ψ1
f , . . . , ψm

f ) is defined by

ψi
f (τ, x) = xiφ

i
f (τ, x)/uf (τ, x) , i = 1, . . . ,m

and

ψ0
f = 1−

m∑

i=1

ψi
f .

Given i ∈ {1, . . . , m} the quantity ψi
f (τ, x) is called the elasticity of the price

uf (τ, x) relative to the price xi.
A payoff function f is said to be homogeneous if

f(αx) = αf(x), α > 0, x ∈ Rm
+

and for such functions, φ0
f = 0 and uf is independent of r. Typical examples of

homogeneous payoff functions are

fmin(x) = min
i=1,...,m

xi

and

fmax(x) = max
i=1,...,m

xi.

Finally, for future reference recall that a real-valued random variable is said
to have a N(0; 1)-distribution if its distribution function equals Φ.
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3. Derivative Securities with Log-Concave Payoff Functions

Recall that a non-negative function h defined on a convex subset D of a vector
space is log-concave if

h(θξ + (1− θ)η) ≥ h(ξ)θh(η)1−θ (6)

for all ξ, η ∈ D and all θ ∈ ]0, 1[. If the inequality in (6) is reversed, then h

is said to be log-convex. It is well known and simple to prove that the class of
all log-convex functions on a convex set is closed under addition. However, the
class of all log-concave functions defined on a convex set containing more than
one point is not closed under addition.

The options on the minimum and maximum of several assets have been treated
by Stulz [22], Johnson [18], Boyle and Tse [12] and others. The important
cheapest to deliver option involves the consideration of options on the minimum
of several assets i.e., the so called quality option (for more details see e.g. Boyle
[11]). In fact, options on the minimum and maximum of two assets already
appear implicitly in the Margrabe paper [19], which considers the option to
exchange one asset for another. We will comment more on the Margrabe option
below. Note that the payoff function fmin(x) is a log-concave function of the
asset price vector x = (x1, . . . , xm) as well as of the asset log-price vector ln x =
(ln x1, . . . , ln xm). Moreover, the payoff function fmax(x) is a log-convex function
of the asset log-price vector ln x. If a payoff function f is concave (convex), then
the security price uf (τ, x) is a concave (convex) function of x for fixed τ as is
readily seen from equation (4) (cf. [20]). If the payoff function f(x) is a log-
convex function of the log-price vector ln x and f is not identically equal to zero,
then it follows from the equation (4) that the option price uf (τ, x) is a log-convex
and positive function of ln x for fixed τ . In particular, for any fixed i = 1, . . . , m,
the function

xi → ψi
f (τ, x1, . . . , xi−1, xi, xi+1, . . . , xm) (7)

is non-decreasing since

ψi
f (τ, x) =

∂ ln uf (τ, eξ)
∂ξi

, x = eξ. (8)

The main purpose of this section is to prove that the function in (7) is non-
increasing if the payoff function f(x) is a log-concave function of the log-price
vector ln x and f is not identically equal to zero. To this end we will make use
of a very nice property of log-concave functions, first proved in a general setting
by Prékopa [21] and which reads as follows:

If the function f(ξ, η1, . . . , ηn) is a log-concave function of (ξ, η1, . . . , ηn) ∈
D × Rn, where D is convex, then the integral

∫

Rn

f(ξ, η1, . . . , ηn) dη1 . . . dηn
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is a log-concave function of ξ ∈ D.

Below, this result will be referred to as Prékopa’s theorem. Note that the
Davidovič, Korenbljum, and Hacet early paper [13] treats an important special
case of Prékopa’s theorem.

Theorem 3.1. (a) If the payoff function f(x) is a log-concave function of the
log-price vector ln x, then the function τm/2uf (τ, x) is a log-concave function
of (τ, ln x). In particular , if f is not identically equal to zero, then for any
i = 1, . . . ,m and τ > 0, the function in (7) is non-increasing .

(b) If the payoff function f(x) is homogeneous and a log-concave function of
the log-price vector ln x, then the function τ (m−1)/2uf (τ, x) is a log-concave
function of (τ, ln x).

To prove Theorem 3.1, we need the following result:

Lemma 3.1. If g : Rm
+ → R is a homogeneous payoff function and m ≥ 2, then

E[g(MW
σ (τ))] = E[g(MW∗

1
σ∗1

(τ), . . . ,M
W∗

m−1
σ∗m−1

(τ), 1)]

where
σ∗i =

√
σ2

i − 2〈ci, cj〉σiσm + σ2
m

and
W ∗

i = (σiWi − σmWm)/σ∗i
for i = 1, . . . , m− 1.

In the special case m = 2, Lemma 3.1 is implicit in [20] (with a proof different
from the one below).

Proof. We have that

E[g(MW
σ (τ))] = E[g(ea1+σ∗1W∗

1 (τ), . . . , eam−1+σ∗m−1W∗
m−1(τ), 1)eam+σmWm(τ)]

for appropriate constants a1, . . . , am independent of g. By conditioning on
W ∗(τ) = (W ∗

1 (τ), . . . , W ∗
m−1(τ)) the right-hand side equals

E[g(ea1+σ∗1W∗
1 (τ), . . . , eam−1+σ∗m−1W∗

m−1(τ), 1)ea′m+〈b′,W∗(τ)〉]

for appropriate a′m ∈ R and b′ ∈ Rm−1. Therefore, by translating the probability
law of W ∗(τ), we get

E[g(MW
σ (τ))] = E[g(MW∗

1
σ∗1

(τ), . . . ,M
W∗

m−1
σ∗m−1

(τ), 1)ea+〈b,W∗(τ)〉] (9)

for suitable a ∈ R and b ∈ Rm−1. Now let C denote the covariance matrix of
W ∗(1) and let e1, . . . , em−1 be the standard basis in Rm−1. Then by choosing
g(x) = xi for i = 1, . . . , m, we have

{
〈b + σ∗i ei, C(b + σ∗i ei)〉+ 2a− σ∗i

2 = 0 for i = 1, . . . ,m− 1,

〈b, Cb〉+ 2a = 0.
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From this we get 〈ei, Cb〉 = 0 for i = 1, . . . , m − 1, and it follows that b = 0
since C is invertible. Hence also a = 0. In view of (9), Lemma 3.1 is thereby
completely proved. ¤

Proof of Theorem 3.1. We first prove Part (b). However, for the sake of
simplicity we restrict ourselves to the special case m = 2; the general case is
proved in a similar way. To prove Part (b) with m = 2 note that Lemma 3.1
yields

uf (τ, x) =
∫

R
f(x1e

−σ∗12

2 τ+σ∗1
√

τζ , x2)e−
ζ2

2
dζ√
2π

and hence
√

τuf (τ, x) =
∫

R
f(x1e

−σ∗12

2 τ+σ∗1ζ , x2)e−
ζ2

2τ
dζ√
2π

.

We next introduce the new vector variable ξ = ln x and have

√
τuf (τ, x) =

∫

R
g(τ, ξ, ζ) dζ

where

g(τ, ξ, ζ) = f(eξ1−σ∗12

2 τ+σ∗1ζ , eξ2)
e−

ζ2

2τ√
2π

.

Since the function
ζ2

τ
, ζ ∈ R, τ > 0

is convex we conclude that the function g(τ, ξ, ζ) is a log-concave function of
(τ, ξ, ζ). The Prékopa theorem now implies that the integral

∫

R
g(τ, ξ, ζ) dζ

is a log-concave function of (τ, ξ). This proves Part (b) of Theorem 3.1. The
first statement in Part (a) of Theorem 3.1 is proved in a similar way as Part (b)
of Theorem 3.1. Moreover, the last statement in Part (a) of Theorem 3.1 now
follows from (8). This concludes our proof of Theorem 3.1. ¤

Example 3.1. Set f0(x) = min(x1, x2) and suppose α ∈ ]0,+∞[. Then, in view
of Theorem 3.1, the function ταuf0(τ, x) is a log-concave function of (τ, ln x) if
α ≥ 1

2 . We now claim that the condition α ≥ 1
2 is necessary for this conclusion.

To see this first note the equation

uf0(τ, x) = x1Φ

(
ln x2

x1
− σ∗1

2τ
2

σ∗1
√

τ

)
+ x2Φ

(
ln x1

x2
− σ∗1

2τ
2

σ∗1
√

τ

)
(10)

which is implicit in the Margrabe paper [19] (here σ∗1 is as in Lemma 3.1 with
m = 2). In fact, Margrabe determines uf1 when f1(x) = max(0, x2 − x1) and,
since uf0(τ, x) = x2 − uf1(τ, x), equation (10) is an immediate consequence of
his paper. A direct derivation of (10) is also simple using Lemma 3.1. To see
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this, set a = σ∗1
√

τ and let G be a real-valued centered Gaussian random variable
with unit variance. Now using Lemma 3.1 it follows that

uf0(τ, x) = E[min(x1e
− a2

2 +aG, x2)]

so that

uf0 (τ, x) = x1E
[
e−

a2
2 +aG; G ≤ 1

a

(
ln

x2

x1
+

a2

2

)]
+x2P

[
G >

1
a

(
ln

x2

x1
+

a2

2

)]
.

By applying the translation formula of Gaussian measures, we get

uf0 (τ, x) = x1P
[
G ≤ 1

a

(
ln

x2

x1
− a2

2

)]
+ x2P

[
−G <

1
a

(
ln

x1

x2
− a2

2

)]

and (10) follows. In particular, we have

uf0(τ, (x1, x1)) = 2x1Φ(−σ∗1
2
√

τ).

Now set
g(τ) = α ln τ + ln(Φ(−√τ)), τ > 0.

The claim above follows if we prove that g is not concave for any α ∈ ]
0, 1

2

[
. To

this end, set ϕ = Φ′ so that

g′(τ) =
α

τ
− ϕ(−√τ)

2
√

τΦ(−√τ)
.

The function g′ is non-increasing if and only if the function

h(s) =
α

s2
− ϕ(s)

2sΦ(−s)
, s > 0

is non-increasing. Now

h′(s) = −2α

s3
+

ϕ(s)
2Φ(−s)

(
1 +

1
s2
− ϕ(s)

sΦ(−s)

)

and, by using the Laplace-Feller inequality (see e.g. Tong [24]),

Φ(−s) = ϕ(s)

(
1
s
− 1

s3
+

3
s5

+ O
( 1

s7

))
, as s → +∞.

From this
ϕ(s)

Φ(−s)
=

s

1− (
1
s2 − 3

s4 + O( 1
s6 )

) , as s → +∞,

and we get

h′(s) = −2α

s3
+

ϕ(s)
2Φ(−s)

[
1 +

1
s2
−

(
1 +

1
s2
− 3

s4
+

( 1
s2
− 3

s4

)2

+ O
( 1

s6

))]
,

as s → +∞. Thus

h′(s) = −2α

s3
+

ϕ(s)
2Φ(−s)

2
s4

(
1 + O

( 1
s2

))
, as s → +∞,
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and, finally,

h′(s) = −2α

s3
+

1
1 + O

(
1
s2

) 1
s3

(
1 + O

( 1
s2

))
, as s → +∞.

Therefore, if h′(s) ≤ 0 for all s > 0, then necessarily α ≥ 1
2 . This proves that

the function g is not concave for any α ∈ ]
0, 1

2

[
and, hence, that the function

ταuf0(τ, x) is not a log-concave function of (τ, ln x) for any α ∈ ]
0, 1

2

[
. ¤

Theorem 3.2. If f0 = fmin, then the functions τ (m−1)/2φi
f0

(τ, x) , i = 1, . . . , m,
are log-concave functions of (τ, ln x).

Proof. Using (5) with f = f0, we have from Lemma 3.1 that

φm
f0

(τ, x) = E[h(x1M
W∗

1
σ∗1

(τ), . . . , xm−1M
W∗

m−1
σ∗m−1

(τ), xm)]

where

h(x) =
{

1 if xm < f0(x1, . . . , xm−1, 1),

0 if xm ≥ f0(x1, . . . , xm−1, 1).
Since h is a log-concave function of ln x, as in the proof of Theorem 3.1, the
Prékopa theorem implies that the function τ (m−1)/2φm

f0
(τ, x) is a log-concave

function of (τ, ln x). In a similar way we conclude that the functions

τ (m−1)/2φi
f0

(τ, x) , i = 1, . . . , m− 1,

are log-concave functions of (τ, ln x). This completes the proof of Theorem 3.2.
¤

4. Extremal Properties of Calls

In this section we are going to prove an inequality of the so called Berwald’s
type (cf. [3]) for a certain class of option prices. To begin with we therefore
review the Berwald inequality as well as some other closely related results due
to the author [6], [8].

A real-valued function ψ is said to be convex with respect to another real-
valued function ϕ if there exists a convex continuous function κ such that ψ =
κ ◦ ϕ. We shall write ψ ∈ V0(ϕ) if the function ψ : [0, +∞[ → R is convex with
respect to the non-decreasing continuous function ϕ : [0,+∞[ → R.

Now let K be a convex body in Rn with volume |K| and suppose f : K →
]0, +∞[ is a given concave function. Moreover, suppose ψ ∈ V0(ϕ) and

1
|K|

∫

K

ϕ(f(x)) dx = n

∫ 1

0

ϕ(ξt)(1− t)n−1 dt

where ξ is a suitable positive number. Under these premises Berwald [3] proves
that

1
|K|

∫

K

ψ(f(x)) dx ≤ n

∫ 1

0

ψ(ξt)(1− t)n−1 dt.
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In [6] the same inequality is established for so called dome functions on K ( i.e.
functions on K which are possible to represent as the supremum of a suitable
family of uniformly bounded and positive concave functions on K). Clearly,
the Berwald inequality then also remains true for all functions on K which are
equimeasurable with appropriate dome functions on K, a class of functions,
which is optimal in connection with the Berwald inequality [6]. All these results
depend on the standard Brunn-Minkowski inequality for volume measure in Rn.
In our paper [8] we proved an inequality of the Berwald type for certain sublinear
functions using the so called isoperimetric inequality in Gauss space. Here, again,
we will apply the isoperimetric inequality in Gauss space but this time to a class
of functions different from the one in [8].

Throughout the remaining part of this paper we assume that G = (G1, . . . , Gn)
is the standard Gaussian random vector in Rn with stochastically independent
and N(0; 1)-distributed components. The isoperimetric inequality for the ran-
dom vector G = (G1, . . . , Gn), independently discovered by Sudakov and Tsyrel-
son [23] and the author [7], reads as follows:

If A ⊆ Rn is a Borel set and P[G ∈ A] = P[Gn ≤ α] for an appropriate
α ∈ [−∞, +∞], then P[G ∈ A + B̄(0; ε)] ≥ P[Gn ≤ α + ε] for ε > 0, where
B̄(0; ε) = {ξ ∈ Rn; ‖ξ‖2 ≤ ε}.

For new proofs of the isoperimetric inequality in Gauss space, see Bakry and
Ledoux [1] and Bobkov [5]. Before we apply isoperimetry in Gauss space to
option pricing we have to discuss some properties of so called Lipschitz functions.

A real-valued function g defined on an open subset V of Rm belongs to the
Lipschitz class Lip∞(V ;C), if C > 0 and

|g(ξ)− g(η)| ≤ C‖ξ − η‖∞, ξ, η ∈ V.

By a theorem of Rademacher (see e.g. Federer [15]), any function g of Lipschitz
class Lip∞(V ; C) is differentiable a.e. with respect to Lebesgue measure and

‖∇g(ξ)‖1 ≤ C a.e.

Furthermore, if 0 < C0 ≤ C and

‖∇g(ξ)‖1 ≤ C0 a.e.

then g ∈ Lip∞(V ; C0). Given an open set U ⊆ Rm, we will write g ∈ Liploc(U),
if to any relatively compact open subset V of U , the restriction of g to V belongs
to the class Lip∞(V ; C) for an appropriate C > 0.

A function f ∈ Liploc(Rm
+ ) is said to belong to the class C if f > 0, that is,

f(x) > 0, x ∈ Rm
+ , and

〈x, |∇f(x)|〉 ≤ f(x) a.e. (11)

Given a > 0, we define
Ca = (C − a)+.
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Stated more explicitly, a function f belongs to the class Ca if and only if f ∈
Liploc(Rm

+ ), f is non-negative, and

〈x, |∇f(x)|〉 ≤ a + f(x) a.e.

Theorem 4.1. Suppose f : Rm
+ → [0, +∞[ and let a > 0. Then f ∈ C if and

only if f > 0 and

f(xeξ) ≤ f(x)e‖ξ‖∞ , x ∈ Rm
+ , ξ ∈ Rm. (12)

Moreover , f ∈ Ca if and only if

a + f(xeξ) ≤ (a + f(x))e‖ξ‖∞ , x ∈ Rm
+ , ξ ∈ Rm.

In particular , any f ∈ Ca is a payoff function.

Proof. Suppose first that f > 0 and set

g(ξ) = ln f(eξ), ξ ∈ Rm.

Clearly, the inequality (12) just means that g ∈ Lip∞(Rm; 1).
Now let f ∈ C. Then g ∈ Liploc(Rm) and

∇g(ξ) =
eξ∇f(eξ)

f(eξ)
a.e. (13)

Moreover, ‖∇g(ξ)‖1 ≤ 1, a.e. and, hence, g ∈ Lip∞(Rm; 1).
Conversely, suppose g ∈ Lip∞(Rm; 1). Then f ∈ Liploc(Rm

+ ) and (13) holds.
Accordingly, the inequality (11) must be true. Summing up, we have proved
that f ∈ C if and only if (12) is true. The remaining part of Theorem 4.1 is
now obvious from the very definition of the class Ca. This concludes our proof
of Theorem 4.1. ¤

In general, the following properties are immediate consequences of either Theo-
rem 4.1 or the very definition of the class Ca:

(a) Ca is convex.
(b) Ca ⊆ Cb if a ≤ b.
(c) c ∈ Ca if c ≥ 0.
(d) λCa = Cλa, λ > 0.
(e) θCa ⊆ Ca, 0 < θ < 1.
(f) Ca + Cb ⊆ Ca+b.
(g) f, g ∈ Ca ⇒ max(f, g) ∈ Ca.
(h) f, g ∈ Ca ⇒ min(f, g) ∈ Ca.
(i) If T is an n by n permutation matrix or an n by n diagonal matrix with

positive entries, then f(x) ∈ Ca ⇒ f(Tx) ∈ Ca.
(j) For any i = 1, . . . ,m, cb,i ∈ Ca if and only if b ≤ a.
(k) For any i = 1, . . . ,m, λca,i 6∈ Ca if λ > 1.
(l) For any i = 1, . . . ,m, pb,i ∈ Ca if and only if b ≤ a.

(m) For any i = 1, . . . ,m, λpa,i 6∈ Ca if λ > 1.
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(n) f ∈ Ca if f is non-negative and concave.
(o) f ∈ Ca ⇒ erτSτf ∈ Ca.

Here, for the sake of completeness, we indicate a proof of Property (n). To
begin with it is well known that a concave function f on Rm

+ belongs to the class
Liploc(Rm

+ ) and that the convex set {(x, t) ∈ Rm
+ ×R; t ≤ f(x)} has a hyperplane

of support at each point (x, f(x)), x ∈ Rm
+ (see e.g. Hörmander [17]). Moreover,

by the Rademacher theorem referred to above, there exists a set D ⊆ Rm
+ such

that f is differentiable at each point of D and such that the complement of D

in Rm
+ is a null set. Accordingly,

f(y) ≤ f(x) + 〈∇f(x), y − x〉, x ∈ D, y ∈ Rm
+ .

Thus, given x ∈ D, we have 〈∇f(x), x〉 ≤ f(x) as f is non-negative. But here
∇f(x) ≥ 0 since the function h(s) = f(x + sy), s ≥ 0, is non-decreasing for all
x, y ∈ Rm

+ . This proves (11) so that f ∈ Ca for every a > 0.
Throughout the remaining part of this paper we assume that

max
i=1,...,m

σi = σm.

Now given a > 0 and a continuous function f : Rm
+ → [0,+∞[, set for fixed

τ > 0,

g = gτ =
1

σm
√

τ
ln(1 + f/a). (14)

We shall say that the function f belongs to the class Ca,m if the function

Φ−1(P[gτ (x1e
σ1
√

τ〈c1,G〉, . . . , xmeσm
√

τ〈cm,G〉) ≤ s])− s, s > 0

is non-decreasing for every x ∈ Rm
+ and every τ > 0. It is readily seen that

any f ∈ Ca,m is a payoff function. The class Ca,m turns out to be optimal in
connection with a certain isoperimetric inequality we prove below. However,
before stating this result we want to prove

Theorem 4.2. For any a > 0,

Ca ⊆ Ca,m.

Proof. Suppose f ∈ Ca and let g be as in (14), where τ > 0 is fixed. We now
claim that

g(zeξ) ≤ g(z) +
‖ξ‖∞
σm
√

τ

if z ∈ Rm
+ and ξ ∈ Rm. But

g(zeξ) =
1

σm
√

τ
ln((a + f(zeξ))/a)

and since f ∈ Ca, Theorem 4.1 yields

g(zeξ) ≤ 1
σm
√

τ
ln((a + f(z))e‖ξ‖∞/a)
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and the claim above follows at once.
To complete the proof of Theorem 4.2 we represent the standard Gaussian

random vector G in Rn as the identity mapping in Rn and put for any fixed
x ∈ Rn

+ and s > 0,

A(s) = [g(x1e
σ1
√

τ〈c1,G〉, . . . , xmeσm
√

τ〈cm,G〉) ≤ s].

Then, if ε > 0,
A(s) + B̄(0; ε) ⊆ A(s + ε)

and the isoperimetric inequality for G gives

Φ−1(P[A(s + ε)]) ≥ Φ−1(P[A(s)]) + ε.

Since x ∈ Rm
+ and τ > 0 are arbitrary, f ∈ Ca,m and Theorem 4.2 is proved. ¤

In what follows we shall write ψ ∈ V(ϕ) if ψ ∈ V0(ϕ) and

lims→+∞s−p(|ϕ(s)|+ |ψ(s)|) < +∞
for an appropriate p > 0.

Theorem 4.3. Suppose ψ ∈ V(ϕ). Then, if f ∈ Ca,m and

uϕ◦f (τ, x) = uϕ◦ca,m(τ, y)

where x, y ∈ Rm
+ and τ > 0 are fixed ,

uψ◦f (τ, x) ≤ uψ◦ca,m(τ, y).

Proof. In the proof, without loss of generality, we assume that ϕ(0) = ψ(0) = 0.
We have

ca,m(yerτMW
σ (τ)) = (yme(r−σ2

m/2)τ+σmWm(τ) − a)+

and hence
ca,m(yerτMW

σ (τ)) = a(eam+σmWm(τ) − 1)+

for a suitable constant am. Setting Bm = Wm(τ)/
√

τ , we get

ca,m(yerτMW
σ (τ)) = a(eσm

√
τ(Bm−bm) − 1)+

for a suitable constant bm. Thus

ca,m(yerτMW
σ (τ)) = a(eσm

√
τ(Bm−bm)+ − 1).

Now define
j(s) = a(eσm

√
τs − 1), s ≥ 0

and set ϕ0 = ϕ(j) so that

ϕ(ca,m(yerτMW
σ (τ)) = ϕ0((Bm − bm)+)

and

E[ϕ(ca,m(yerτMW
σ (τ)))] =

∫ +∞

0

P[(Bm − bm)+ > s] dϕ0(s)
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since ϕ0(0) = 0.
In the next step we introduce the function g = gτ by the equation (14) and

have f = j(g) and ϕ(f) = ϕ0(g). Thus

ϕ(f(xerτMW
σ (τ))) = ϕ0(g(xerτMW

σ (τ)))

and

E[ϕ(f(xerτMW
σ (τ)))] =

∫ +∞

0

P[g(xerτMW
σ (τ)) > s] dϕ0(s).

Further, we define

h(s) = P[g(xerτMW
σ (τ)) ≤ s], s ≥ 0

and have

h(s) = P[g(z1e
σ1
√

τ〈c1,G〉, . . . , zmeσm
√

τ〈cm,G〉) ≤ s], s ≥ 0

for appropriate z1, . . . , zm ∈ R+.
Now suppose s0 ≥ 0 and

h(s0) ≥ P[(Bm − bm)+ ≤ s0]. (15)

We then have

h(s0 + ε) ≥ P[(Bm − bm)+ ≤ s0 + ε], ε > 0

because f ∈ Ca,m and Bm is a N(0; 1)-distributed random variable. To complete
the proof of Theorem 4.3, first set ψ0 = ψ(j) so that

E[ψ(ca,m(yerτMW
σ (τ)))] =

∫ +∞

0

P[(Bm − bm)+ > s] dψ0(s)

and

E[ψ(f(xerτMW
σ (τ)))] =

∫ +∞

0

P[g(xerτMW
σ (τ)) > s] dψ0(s)

since ψ0(0) = 0. Moreover, let dψ0 = λdϕ0, where the function λ is non-
decreasing, and let s∗ denote the infimum over all s0 ≥ 0 such that (15) holds.
Here, by convention, the infimum over the empty set equals +∞. The extreme
cases s∗ = 0 and s∗ = +∞ are simple and so we concentrate on the case 0 <

s∗ < +∞. Then, for any S ∈ ]s∗, +∞[,
∫ S

0

P[g(xerτMW
σ (τ)) > s] dψ0(s)−

∫ S

0

P[(Bm − bm)+ > s] dψ0(s)

=
∫ s∗

0

(P[g(xerτMW
σ (τ)) > s]− P[(Bm − bm)+ > s])λ(s) dϕ0(s)

+
∫ S

s∗
(P[g(xerτMW

σ (τ)) > s]− P[(Bm − bm)+ > s])λ(s) dϕ0(s).
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Here the right-hand side does not exceed

λ(s∗)
∫ s∗

0

(P[g(xerτMW
σ (τ)) > s]− P[(Bm − bm)+ > s]) dϕ0(s)

+λ(s∗)
∫ S

s∗
(P[g(xerτMW

σ (τ)) > s]− P[(Bm − bm)+ > s]) dϕ0(s),

which is equal to

λ(s∗)
∫ S

0

(P[g(xerτMW
σ (τ)) > s]− P[(Bm − bm)+ > s]) dϕ0(s).

By letting S tend to plus infinity it is immediate that
∫ +∞

0

P[g(xerτMW
σ (τ)) > s] dψ0(s) ≤

∫ +∞

0

P[(Bm − bm)+ > s] dψ0(s)

and Theorem 4.3 follows at once. ¤

If X is a non-negative random variable with positive expectation, we set

Drel[X] =

√
E[X2]− (E[X])2

E[X]
.

Moreover, if f is a payoff function, we use the notation

Z(τ, x; f) = e−rτf(xerτMW
σ (τ)).

Note that
uf (τ, x) = E[Z(τ, x; f)]

by (4).

Corollary 4.1. Suppose x, y ∈ Rm
+ . If f ∈ Ca,m and

uf (τ, x) ≥ uca,m(τ, y) (16)

then
Drel[Z(τ, x; f)] ≤ Drel[Z(τ, y; ca,m)].

Proof. If there is equality in (16) the conclusion in Corollary 4.1 follows from
Theorem 4.3. To prove the general case it therefore suffices to show that the
function

F (y; a) =
E[Z2(τ, y, ca,m)]

(E[Z(τ, y, ca,m)])2

is a non-increasing function of ym. To this end, first choose 0 < b < a and note
that θcb,m ∈ Ca for all 0 < θ ≤ 1. Since cb,m ≥ ca,m there is a θ ∈]0, 1] such that

uθcb,m
(τ, y) = uca,m(τ, y).

Accordingly, in view of Theorem 4.3,

u(θcb,m)2(τ, y) ≤ uc2
a,m

(τ, y)
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and hence

F (y; b) ≤ F (y; a).

Now since

F
(

a

b
y; a

)
= F (y; b)

we are done. This completes our proof of Corollary 4.1. ¤

Example 4.1. The use of the Monte Carlo method in computing option prices
goes back to Boyle [10]. It is especially attractive for options depending on several
assets (see, for example, Barraquand [2]). To estimate the price function uf (τ, x)
in this way, let Z1, . . . , ZN be stochastically independent copies of Z(τ, x; f).
Then the arithmetic mean

Z̄N =
1
N

N∑
1

Zj

is an unbiased estimator of uf (τ, x). The variance of Z̄N equals 1/N times
the variance of Z(τ, x; f) and, assuming uf (τ, x) > 0, the Chebychev inequality
yields

P
[∣∣∣∣

Z̄N − uf (τ, x)
uf (τ, x)

∣∣∣∣ ≥ ε

]
≤ 1

ε2N
(Drel[Z(τ, x; f)])2, ε > 0.

Therefore, it is interesting to have an explicit upper bound of Drel[Z(τ, x; f)].
As an example, consider the special case f = fmax. If f = fmax, clearly f ∈ Ca

for all a > 0. Now, if a > 0, (16) is true with y = x and Corollary 4.1 yields

Drel[Z(τ, x; fmax)] ≤ lim
a→0+

Drel[Z(τ, x; ca,m)].

Thus

Drel[Z(τ, x; fmax)] ≤
√

eσ2
mτ − 1.

A completely different approximate method for computing the value of the option
on the maximum (or minimum) of several assets is treated by Boyle and Tse [12].

¤

The next theorem shows that the class Ca,m in Theorem 4.3 is the best possible.
Indeed, we have

Theorem 4.4. Let f be a payoff function in Rm
+ and suppose a > 0. Further-

more, suppose

uψ◦f (τ, x) ≤ uψ◦ca,m(τ, y)

for all x, y ∈ Rm
+ , all τ > 0, and all ψ and bounded ϕ such that ψ ∈ V(ϕ) and

uϕ◦f (τ, x) = uϕ◦ca,m(τ, y).

Then f ∈ Ca,m.
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Proof. To begin with, given 0 < b < c, define ϕα(s) = (s − α)+, α > 0, and
ϕb,c(s) = ϕb(s)− ϕc(s) so that

ϕb,c(s) = min((s− b)+, c− b).

First we assume that x ∈ Rm
+ and τ > 0 are fixed and

0 < E[ϕb,c(f(xerτMW
σ (τ)))] < c− b. (17)

Now let θ > 0 be such that

E[ϕb,c(f(xerτMW
σ (τ)))] = E[ϕb,c(ca,m(θxerτMW

σ (τ)))]. (18)

We next choose h > 0 so small that b < b + h < c and define κ(s) = −min(s, h).
Then −ϕb,b+h = κ ◦ ϕb,c and thus

E[ϕb,b+h(f(xerτMW
σ (τ)))] ≥ E[ϕb,b+h(ca,m(θxerτMW

σ (τ)))].

In the following, if A ⊆ R, the function χA defined on R equals one in A and
zero off A. Using this notation,

hχ]b,+∞[(s) ≥ ϕb,b+h (19)

and hence

hP[f(xerτMW
σ (τ)) > b] ≥ E[ϕb,b+h(ca,m(xerτMW

σ (τ)))].

Thus

hP[f(xerτMW
σ (τ)) > b]

≥ E[((θxmerτMWm
σm

(τ)−a)+−b)+]−E[((θxmerτMWm
σm

(τ)−a)+−b−h)+].

From this we get

P[f(xerτMW
σ (τ)) > b] ≥ − d

db
E[((θxmerτMWm

σm
(τ)− a)+ − b)+]

where the right-hand side equals

P[(θxmerτMWm
σm

(τ)− a)+ − b > 0] = P[θxmerτMWm
σm

(τ)− a− b > 0]

and, accordingly,

P[f(xerτMW
σ (τ)) > b] ≥ Φ

(
1

σm
√

τ
ln

θxme(r−σ2
m/2)τ

a + b

)
. (20)

Now suppose b < c−h < c and observe that ϕc−h,c = ϕc−h−b ◦ϕb,c. Remem-
bering (18), we have

E[ϕc−h,c(f(xerτMW
σ (τ)))] ≤ E[ϕc−h,c(ca,m(θxerτMW

σ (τ)))].

Furthermore, since
hχ]c,+∞[(s) ≤ ϕc−h,c(s) (21)
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it follows that

hP[f(xerτMW
σ (τ)) > c] ≤ E[ϕc−h,c(ca,m(xerτMW

σ (τ)))]

and as above we conclude that

P[f(xerτMW
σ (τ)) > c] ≤ Φ

(
1

σm
√

τ
ln

θxme(r−σ2
m/2)τ

a + c

)
. (22)

Comparing (20) and (22) it follows that

(a + b)eσm
√

τΦ−1(P[f(xerτ MW
σ (τ))>b]) ≥ (a + c)eσm

√
τΦ−1(P[f(xerτ MW

σ (τ))>c]).

Clearly, this inequality also holds if (17) is violated and we conclude that the
function

σm

√
τΦ−1(P[f(xerτMW

σ (τ)) ≤ s])− ln(a + s), s ≥ 0

is non-decreasing. Since this is true for all x ∈ Rm
+ and all τ > 0 we conclude that

the function f belongs to the class Ca,m, which completes our proof of Theorem
4.4. ¤

Suppose now that f is a general payoff function. The expectation at time t of the
value of the derivative security UT

f at the maturity date T equals vf (τ, X(t); 0),
where

vf (τ, x; 0) = E[f(xeµτ+σW (τ))].

Here we employ the vector notation µ = (µ1, . . . , µm), σ = (σ1, . . . , σm), and
W (τ) = (W1(τ), . . . , Wm(τ)). Thus

vf (τ, x; 0) = erτuf (τ, xe(µ−r+σ2/2)τ ).

Now, suppose t < t∗ ≤ T and set τ∗ = T − t∗. If τ∗ > 0, the expectation at time
t of the value of UT

f at time t∗ equals vf (τ,X(t); τ∗), where

vf (τ, x; τ∗) = E[uf (τ∗, xeµ(t∗−t)+σW 0(t∗−t))]

and where W 0 is a stochastically independent copy of W . Hence

vf (τ, x; τ∗) = E[e−rτ∗f(xeµ(t∗−t)+σW 0(t∗−t)erτ∗MW
σ (τ∗))].

Since t∗ − t = τ − τ∗, we get

vf (τ, x; τ∗) = E[e−rτ∗f(xe(µ+σ2/2)(τ−τ∗)erτ∗MW
σ (τ))].

Thus
vf (τ, x; τ∗) = er(τ−τ∗)uf (τ, xe(µ−r+σ2/2)(τ−τ∗)).

Alternatively, it is simple to derive the same formula using the semi-group prop-
erty of the family (Sτ )τ>0.

Theorem 4.3 thus has the following consequence:
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Corollary 4.2. Let ψ ∈ V(ϕ). Then, if f ∈ Ca,m and

vϕ◦f (τ, x; τ∗) = vϕ◦ca,m(τ, y; τ∗)

where x, y ∈ Rm
+ and τ ≥ τ∗ ≥ 0 are fixed ,

vψ◦f (τ, x; τ∗) ≤ vψ◦ca,m
(τ, y; τ∗).

5. Extremal Properties of Puts

Given a > 0, we define
Pa = (a− C)+.

Stated more explicitly, a function f ∈ Pa if and only if f ∈ Liploc(Rm
+ ), 0 ≤ f < a

and
〈x, |∇f(x)|〉+ f(x) ≤ a, a.e.

In view of Theorem 4.1 we now have

Theorem 5.1. Suppose a > 0 and let f :Rm
+ → [0, a[. Then f ∈ Pa if and only if

1
a− f(xeξ)

≤ e‖ξ‖∞

a− f(x)
, x ∈ Rm

+ , ξ ∈ Rm
+ .

In general, the following properties are immediate consequences of either Theo-
rem 5.1 or the very definition of the class Pa:

(a) Pa is convex.
(b) Pa ⊆ Pb if a ≤ b.
(c) c ∈ Pa if 0 ≤ c < a.
(d) λPa = Pλa, λ > 0.
(e) θPa ⊆ Pa, 0 < θ < 1.
(f) Pa + Pb ⊆ Pa+b.
(g) f, g ∈ Pa ⇒ max(f, g) ∈ Pa.
(h) f, g ∈ Pa ⇒ min(f, g) ∈ Pa.
(i) If T is an n by n permutation matrix or an n by n diagonal matrix with

positive entries, then f(x) ∈ Pa ⇒ f(Tx) ∈ Pa.
(j) For any i = 1, . . . ,m, pb,i ∈ Pa if and only if b ≤ a.
(k) For any i = 1, . . . ,m, λpa,i /∈ Pa if λ > 1.
(l) f ∈ Pa if 0 ≤ f < a is convex.

(m) f ∈ Pa ⇒ erτSτf ∈ Pa.

We are now going to introduce slightly larger classes of payoff functions than
the classes Pa, a > 0. To this end, let a > 0 be given and suppose f : Rm

+ → [0, a[
is a continuous function and set for fixed τ > 0,

g = gτ = − 1
σm
√

τ
ln(1− f/a) . (23)
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We shall say that the the function f belongs to the class Pa,m if the function

Φ−1(P[gτ (x1e
σ1
√

τ〈c1,G〉, . . . , xmeσm
√

τ〈cm,G〉) ≤ s])− s, s > 0

is non-decreasing for every x ∈ Rm
+ and τ > 0. Here, again, G = (G1, . . . , Gn)

denotes the standard Gaussian random vector in Rn with stochastically inde-
pendent N(0; 1)-distributed components.

We now set, for any f ∈ Pa,m,

Ia(f) =
af

a− f

and have
(1− f/a)(1 + Ia(f)/a) = 1.

Theorem 5.2. (a) The map Ia is a bijection of Pa,m onto Ca,m.
(b) The restriction map of Ia to Pa is a bijection of Pa onto Ca.

Proof. Part (a) follows at once from the equations (14) and (23). Moreover
Part (b) is an immediate consequence of Theorems 4.1 and 5.1. ¤

Theorem 5.3. Suppose ψ ∈ V(ϕ). Then, if f ∈ Pa,m and

uϕ◦f (τ, x) = uϕ◦pa,m(τ, y)

where x, y ∈ Rm
+ and τ > 0 are fixed ,

uψ◦f (τ, x) ≤ uψ◦pa,m(τ, y).

Proof. Set f∗ = Ia(f) and p∗a,m = Ia(pa,m). Then

f =
af∗

a + f∗

and

pa,m =
ap∗a,m

a + p∗a,m

.

Moreover, we define

ϕ∗(s) = ϕ
(

as

a + s

)
, s ≥ 0.

Then
uϕ◦f (τ, x) = uϕ∗◦f∗(τ, x)

and
uϕ◦pa,m(τ, y) = uϕ∗◦p∗a,m

(τ, y).

From the definition of the map Ia it follows that

p∗a,m(v) =
(

a2

vm
− a

)+

, v ∈ Rm
+

and using (4) we conclude that

uϕ∗◦p∗a,m
(τ, y) = uϕ∗◦ca,m(τ, z)
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where z ∈ Rm
+ and

zm =
a2e−2rτ+σ2

mτ

ym
.

The result is now an immediate consequence of Theorem 4.3. This completes
our proof of Theorem 5.3. ¤

Theorem 5.4. Suppose a > 0 and let f : Rm
+ → [0, a[ be a payoff function.

Furthermore, suppose
uψ◦f (τ, x) ≤ uψ◦pa,m

(τ, y)

for all x, y ∈ Rm
+ , all τ > 0, and all ψ and bounded ϕ such that ψ ∈ V(ϕ) and

uϕ◦f (τ, x) = uϕ◦pa,m(τ, y).

Then f ∈ Pa,m.

Proof. By exploiting the map Ia as in the proof of Theorem 5.3 the result
follows at once from Theorem 4.4. ¤

The next result follows from Theorem 5.3 in the same way as Corollary 4.2
follows from Theorem 4.3.

Corollary 5.1. Let ψ ∈ V(ϕ). Then, if f ∈ Pa,m and

vϕ◦f (τ, x; τ∗) = vϕ◦pa,m(τ, y; τ∗),

where x, y ∈ Rm
+ and τ > τ∗ ≥ 0 are fixed ,

vψ◦f (τ, x; τ∗) ≤ vψ◦pa,m(τ, y; τ∗).
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Random Points in Isotropic Convex Sets

JEAN BOURGAIN

Abstract. Let K be a symmetric convex body of volume 1 whose inertia
tensor is isotropic, i.e., for some constant L we have

R
K〈x, y〉2 dx = L2|y|2

for all y. It is shown that if m is about n(log n)3 then with high probability,
this tensor can be approximately realised by an average over m independent
random points chosen in K,

1

m

mX
i=1

〈xi, y〉2.

Our aim is to prove the following fact:

Proposition. Let K ⊂ Rn be a convex centrally symmetric body of volume 1,
in isotropic position, i .e.,

∫

K

〈x, ei〉〈x, ej〉 dx = L2δij where L = LK(& 1). (1)

Fix δ > 0 and choose m random points x1, . . . , xm ∈ K, where

m > C(δ)n (log n)3. (2)

Then, with probability > 1− δ,

(1− δ)L2 <
1
m

m∑

i=1

∣∣〈xi, y〉
∣∣2 < (1 + δ)L2 (3)

for all y ∈ Sn−1 = [|y| = 1].

We first use the following probabilistic estimate:

Lemma 1. Let f1, . . . , fm be independent copies of a random variable f satisfying
∫

f2 = 1, (4)

‖f‖ψ1 < C (where ψ1(t) = et), (5)

‖f‖∞ < B. (6)

53
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(Here and in the sequel we use c and C to denote positive constants, not neces-
sarily the same each time.) Let ε > 0 and assume B > 1/ε say . Then

mes

[
(1− ε)m <

m∑

i=1

f2
i < (1 + ε)m

]
> 1− e−c ε

B m. (7)

Proof (standard). For real λ (to be specified),
∫

eλ(
Pm

i=1(f
2
i −1)) =

(∫
eλ(f2−1)

)m

. (8)

By (4) ∫
eλ(f2−1) = 1 +

∑

j≥2

1
j!

λj

∫
(f2 − 1)j . (9)

From (5) and (6),
∫

(1 + |f |)2j < min
(
(Cj)2j , (1 + B)j(Cj)j

)
. (10)

for each j. Hence, substituting (10) in (9),
∫

eλ(f2−1) < 1 +
∑

j≥2

(Cλ)j(j ∧B)j < 1 + Cλ2 (11)

provided
λ <

c

B
. (12)

for an appropriate c. Thus (8) < (1 + Cλ2)m < eCλ2m and from this fact and
Tchebychev’s inequality

mes

[∣∣∣∣
1
m

m∑

i=1

(f2
i − 1)

∣∣∣∣ > ε

]
< e−λmεeCλ2m < e−c ε

B m (13)

for appropriate λ satisfying (12) (and since 1/ε < B). ¤

Recall the important fact (following from the Brunn–Minkowski inequality) that,
for K convex with VolK = 1, there is equivalence

‖〈y, x〉‖Lψ1 (K,dx) ∼ ‖〈y, x〉‖L2(K,dx) (14)

(with an absolute constant). Hence, in our situation

‖〈y, x〉‖Lψ1 (K,dx) < CL if |y| = ‖y‖2 ≤ 1. (15)

It follows that

mes
[
x ∈ K

∣∣ |x| > λL
√

n
]

< e−Cλ for λ > 1. (16)

The next estimate may be refined significantly in terms of an estimate on the
`2-operator norm (see remark at the end) but for our purposes the following
cruder form is sufficient.
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Lemma 2. Let K be as above and x1, . . . , xm random points in K. Then, with
probability > 1− δ,

∣∣∣∣
∑

i∈E

xi

∣∣∣∣ < C(δ)L log n
(|E|1/2 n1/2 + |E|) (17)

holds for all subsets E ⊂ {1, . . . , m}.
Proof. Write ∣∣∣∣

∑

i∈E

xi

∣∣∣∣
2

=
∑

i∈E

|xi|2 + 2
∑

i 6=j
i,j∈E

〈xi, xj〉. (18)

From (15), we may clearly assume

|xi| < CL log n
√

n for all i = 1, . . . , m.

Hence the first term of (18) may be assumed bounded by C L2(log n)2n |E|.
To estimate the second term of (18), we use a standard decoupling trick.
We can find subsets E1, E2 of E satisfying E1 ∩ E2 = ∅, |E1| ≥ |E2|, and

∑

i6=j,i,j∈E

〈xi, xj〉 ≤ 4
∑

i∈E1

∣∣∣∣
〈

xi,
∑

j∈E2

xj

〉∣∣∣∣. (19)

Hence we are reduced to bounding expressions of the form (19).
Rewrite

∑

i∈E1

∣∣∣∣
〈

xi,
∑

j∈E2

xj

〉∣∣∣∣ =

∣∣∣∣
∑

j∈E2

xj

∣∣∣∣
∑

i∈E1

∣∣〈xi, yE2
(x)〉

∣∣ (20)

where

y
E2

(x) =

∑
j∈E2

xj

∣∣∣
∑

j∈E2

xj

∣∣∣
; thus |y

E2
| = 1. (21)

Observe that the system (xi)i∈E1 is independent of y
E2

, since E1 ∩E2 = ∅. Fix
size scales |E1| ∼ m1, |E2| ∼ m2, m ≥ m1 ≥ m2 ≥ 1.

Thus for fixed m1 > m2, (E1, E2) run over at most mCm1 pairs of subsets of
{1, . . . , m}. For given y, |y| = 1, (15) easily implies that

∫
e

C
L

P
i∈E1

|〈xi,y〉| ∏

i∈E1

dxi < 2|E1|; (22)

hence, for µ > C,

mes

[
(xi)1≤i≤m ∈ Km

∣∣∣∣
∑

i∈E1

|〈xi, yE2
(x)〉| > µ L |E1|

]
< e−cµ|E1|. (23)
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Consequently, from (20) and the preceding, we may write

∑

i∈E1

∣∣∣∣
〈

xi,
∑

j∈E2

xj

〉∣∣∣∣ <

∣∣∣∣
∑

j∈E2

xj

∣∣∣∣ µL |E1| (24)

for all |E1| ∼ m1, |E2| ∼ m2, E1 ∩ E2 = ∅ provided

mCm1 e−µm1 < 2−m1 ; thus µ ∼ log m ∼ log n. (25)

Thus, letting µ ∼ log n, (24) may be assumed valid for all E1, E2 ⊂ {1, . . . , m}
with E1 ∩ E2 = ∅.

Substituting (19), (24) in (18) thus yields, for all E ⊂ {1, . . . , m},
∣∣∣∣
∑

i∈E

xi

∣∣∣∣
2

≤ CL2(log n)2 n |E|+ CL(log n)|E| max
E2⊂E

∣∣∣∣
∑

j∈E2

xj

∣∣∣∣ (26)

and (17) immediately follows. ¤

Proposition. Fix δ > 0 and choose random points x1, . . . , xm ∈ K, with
m > C(δ)n(log n)3. Then with probability > 1− δ

(1− δ)L2 <
1
m

m∑

i=1

|〈xi, y〉|2 < (1 + δ)L2 for all y ∈ Sn−1. (27)

Proof. Restrict y to a δ
10 -dense set Fδ in the unit sphere Sn−1, #Fδ <

(
C
δ

)n.
Fix y ∈ F and define

f = fy(x) =
{

1
L |〈x, y〉| if |〈x, y〉| < C1(log n)L,

0 otherwise
(28)

(with C1 to be specified).
Thus

1−
∫

f2 =
1
L2

∫

K∩|〈x,y〉|>C1 (log n) L]

|〈x, y〉|2dx < e−c1 log n. (29)

Applying Lemma 1 with B = C1 log n, ε = δ
10 , it follows that for a random choice

x1, . . . , xm of points in K, with probability > 1− e−c(ε/log n)m,
∫

f2 − ε <
1
m

m∑

i=1

fy(xi)2 <

(∫
f2 + ε

)
; (30)

hence, by (28) and (29),
∣∣∣∣1−

1
L2m

∑{〈xi, y〉2 | |〈xi, y〉| < C1L log n
}∣∣∣∣ < ε +

(
1−

∫
f2

)
< 2ε. (31)

Letting
(

C
δ

)n
e−c(ε/log n)m ¿ 1, i.e., m & 1

ε
log

1
δ
(log n)n, (32)

we may then assume (31) for all y ∈ Fδ.
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On the other hand, from Lemma 2, a random choice {xi | i = 1, . . . ,m} of m

points in K will also with probability > 1− δ satisfy (17) for all E ⊂ {1, . . . , m}.
This permits to estimate #Eβ , where for given y satisfying |y| = 1,

Eβ = Eβ(y) =
{
i = 1, . . . , m | |〈xi, y〉| > β

}
, β > C1 (log n)L. (33)

Indeed, it follows from (17) that

1
2β|Eβ | < C L log n

(|Eβ |1/2n1/2 + |Eβ |
)

(34)

hence

|Eβ | < C
L2(log n)2n

β2
(35)

from the choice of β. Consequently

1
L2m

∑{〈xi, y〉2
∣∣ |〈xi, y〉| ≥ C1 L log n

}
<

1
L2m

∑

n>β>C1 L log n
β dyadic

β2|Eβ |

< C(δ) (log n)3
n

m
<

δ

10
(36)

by the choice of m.
Finally, combining (36) and (31), it follows that for all y ∈ Fδ

∣∣∣∣1−
1

L2m

m∑

i=1

〈xi, y〉2
∣∣∣∣ < 2ε +

δ

10
<

δ

3
(37)

and therefore also (27). ¤

Remark. By refining a bit the method of proof of Lemma 2, one may obtain
the following result: Let x1, . . . , xn be a choice of n independent vectors in Rn

according to a probability measure µ on Rn satisfying

‖〈x, y〉‖
Lψ1

(
µ(dx)

) <
1√
n

for all y ∈ Sn−1. (38)

Then, with probability > 1− δ, one gets for the matrix (x1, . . . , xn) the bound

‖(x1, . . . , xn)‖B(`2n) < C(δ)

(∫ (
max

1≤i≤n
|xi|

)
dµ + 1

)
. (39)

This is the same estimate as one would get assuming an Lψ2 -bound

‖〈x, y〉‖
Lψ2

(
µ(dx)

) <
1√
n

for y ∈ Sn−1 (40)

instead of (38).
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Threshold Intervals under Group Symmetries

JEAN BOURGAIN AND GIL KALAI

Abstract. This article contains a brief description of new results on thresh-
old phenomena for monotone properties of random systems. These results
sharpen recent estimates of Talagrand, Russo and Margulis. In particular,
for isomorphism invariant properties of random graphs, we get a threshold
whose length is only of order 1/(log n)2−ε, instead of previous estimates
of the order 1/log n. The new ingredients are delicate inequalities in the
spirit of harmonic analysis on the Cantor group.

A subset A of {0, 1}n is called monotone if the conditions x ∈ A, x′ ∈ {0, 1}n

and xi ≤ x′i for i = 1, . . . , n imply x′ ∈ A. For 0 ≤ p ≤ 1, define µp the product
measure on {0, 1}n with weights 1− p at 0 and p at 1. Thus

µp({x}) = (1− p)n−jpj where j = #{i = 1, . . . , n | xi = 1}. (1)

If A is monotone, then µp(A) is clearly an increasing function of p. Considering
A as a “property”, one observes in many cases a threshold phenomenon, in the
sense that µp(A) jumps from near 0 to near 1 in a short interval when n →∞.
Well known examples of these phase transitions appear for instance in the theory
of random graphs. A general understanding of such threshold effects has been
pursued by various authors (see for instance Margulis [M] and Russo [R]). It turns
out that this phenomenon occurs as soon as A depends little on each individual
coordinate (Russo’s zero-one law). A precise statement was given by Talagrand
[T] in the form of the following inequality.

Define for i = 1, . . . , n

Ai = {x ∈ {0, 1}n | x ∈ A, Uix 6∈ A} (2)

where Ui(x) is obtained by replacement of the i-th coordinate xi by 1− xi and
leaving the other coordinates unchanged. The number µp(Ai) is the influence of
the i-th coordinate (with respect to µp). Let

γ = sup
i=1,...,n

µp(Ai). (3)
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Then
dµp(A)

dp
≥ c

log(1/γ)
p(1− p) log

(
2/p(1− p)

) µp(A)
(
1− µp(A)

)
, (4)

where c > 0 is some constant.
A simple relation due to Margulis and Russo is

dµp

dp
= 2/p

n∑

i=1

µp(Ai). (5)

As the right side of (5) represents the sum of the influences it follows that a
small threshold interval corresponds to a large sum of influences. In [T], (4) is
deduced from an inequality of the form

µp(A)
(
1− µp(A)

) ≤ C(p)
n∑

i=1

µp(Ai)
log

(
1/µp(Ai)

) . (6)

The proof of this last inequality relies on the paper by Kahn, Kalai and Linial
[KKL], where it is shown that always

sup
1≤i≤n

µ1/2(Ai) ≥ c
log n

n
. (7)

Friedgut and Kalai [FK] used an extension of (7) given in [BKKKL] to show that
for properties which are invariant under the action of a transitive permutation
group the threshold interval is O(1/ log n) and proposed some conjectures on the
dependence of the threshold interval on the group.

Our aim here is to obtain a refinement and strengthening of the preceding in
the context of “G-invariant” properties. Let f be a 0, 1-valued function on {0, 1}n

and G a subgroup of the permutation group on n elements n = {1, 2, . . . , n}. Say
that f is G-invariant provided

f(x1, . . . , xn) = f(xπ(1), . . . , xπ(n)) for all x ∈ {0, 1}n, π ∈ G.

Given G, define for 1 ≤ t ≤ n

φ(t) = φG(t) = min
S⊂n,|S|=t

log(#{π(S) | π ∈ G})

and for all τ > 0
aτ (G) = sup{φ(t) | φ(t) > t1+τ}.

Observe that since φ(t) ≤ log
(

n
t

)
, necessarily aτ (G) . (log n)1/τ .

Theorem 1. Assume G transitive and A a monotone G-invariant property .
Then for all τ > 0

dµp(A)
dp

> cτaτ (G)µp(A)
(
1− µp(A)

)
,

provided p(1− p) stays away from zero in a weak sense, say

log
(
p(1− p)

)−1 . log log n.
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It follows that in particular the threshold interval is at most

Cτaτ (G)−1 for all τ > 0.

Previous results as mentioned above only yield estimates of the form (log n)−1

and the main point of this work is to provide a method going beyond this. For
crossing the (log n)−1 bar we need a complicated harmonic analysis argument.
This may be useful in related combinatorial problems.

Theorem 1 is deduced from (5) and the following fact, independent of mono-
tonicity assumptions.

Theorem 2. Assume that A is G-invariant and (12) holds. Then for all τ > 0
∑

µp(Ai) > cτaτ (G)µp(A)
(
1− µp(A)

)
.

For primitive permutation groups Theorem 1 and the excellent knowledge of
primitive permutation groups [C, KL] (based on the classification theorem for
finite simple groups) imply a close to complete description of the possible thresh-
old interval of a G-invariant property, depending on the structure of G. (Recall
that a permutation group G ⊂ Sn is primitive if it is impossible to partition n

to blocks B1, . . . Bt, t > 1 so that every element in G permute the blocks among
themselves.) It turns out that there are some gaps in the possible behaviors of
the largest threshold intervals. This interval is proportional to n−1/2 for Sn and
An but at least log−2 n for any other group. The worst threshold interval can be
proportional to log−c n for c belonging to arbitrary small intervals around the
following values: 2, 3

2 , 4
3 , 5

4 , . . . , or for c which tends to zero as a function of n

in an arbitrary way. This (and more) is summarized in the next theorem. First
we need a few definitions. For a permutation group G ⊂ Sn let

TG(ε) = sup{q − p : µp(A) = ε, µq(A) = 1− ε},
where the supremum is taken over all monotone subsets of {0, 1}n which are
invariant under G. A composition factor of group G is a quotient group H/H ′

where H is a normal subgroup of G and H ′ is a normal subgroup of H. A
section of G is a quotient H/H ′ where H is an arbitrary subgroup of G and H ′

is a normal subgroup of H.

Theorem 3. Let G ⊂ Sn be a primitive permutation group.

1. If G = Sn or G = An then TG(ε) = log(1/ε)/n1/2.
2. If G 6= Sn, An, TG(ε) ≥ c1 log(1/ε)/ log2 n.
3. For every integer r > 0 and real numbers δ > 0 and ε > 0, if TG(ε) ≤

c2 log(1/ε)/(log n)(1+1/(r+1)) then already

TG(ε) ≤ c3(δ) log(1/ε)/(log n)(1+1/r−δ).

4. If G does not involve as composition factors alternating groups of high order
then TG(ε) ≥ log(1/ε)/ log n log log n.
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5. Let n =
(
m
r

)
and G is Sm acting on r-subsets of [m]. Then for every δ > 0

(log(1/ε)/ log(1+1/(r−1)) n) ≤ TG(ε) ≤ c(δ)(log(1/ε)/ log(1+1/(r−1)−δ) n)

6. For G = PSL(m, q) acting on the projective space over Fq, for fixed q,

TG(ε) = O(log(1/ε)/ log n log log n)

7. For every function w(n) such that log w(n)/ log log n → 0 there are primitive
group Gn ⊂ Sn such that TGn

(ε) behaves like log(1/ε)/ log n · w(n).
8. For every w(n) > 1 such that w(n) = O(log log n) there are primitive group

Gn ⊂ Sn which do not involve alternating groups of high order as composition
factors such that TGn

(ε) behaves like log(1/ε)/(log n · w(n)).
9. If G does not involve as sections alternating groups of high order then TG(ε) ≥

O(log(1/ε)/ log n).

The preceding yields a particularly satisfying result on the size of the maximal
threshold for monotone graph properties. In the particular case of monotone
graph properties on N vertices, we get n =

(
N
2

)
and G is induced by permuting

the vertices. One gets essentially

φ(t) ∼ log
(

N√
t

)

in this situation and the conclusion of Theorem 1 is that any threshold interval
is at most Cτ (log N)−2+τ , with τ > 0. This is essentially the sharp result, since,
fixing M ∼ log N , the property for a graph on N vertices to contain a clique of
size M yields a threshold interval ∼ (log N)−2.

More details and the proofs appear in [BK].
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JEAN BOURGAIN AND GAOYONG ZHANG

Abstract. The generalized Busemann–Petty problem asks: If K and L are
origin-symmetric convex bodies in Rn, and the volume of K ∩H is smaller
than the volume of L ∩H for every i-dimensional subspace H, 1 < i < n,
does it follow that the volume of K is smaller than the volume of L? The
hyperplane case i = n−1 is known as the Busemann–Petty problem. It has
a negative answer when n > 4, and has a positive answer when n = 3, 4.
This paper gives a negative answer to the generalized Busemann–Petty
problem for 3 < i < n in the stronger sense that the integer i is not fixed.
For the 2-dimensional case i = 2, it is proved that the problem has a positive
answer when L is a ball and K is close to L.

1. Introduction

Denote by voli(·) the i-dimensional Lebesgue measure, and denote by Gi,n

the Grassmann manifold of i-dimensional subspaces of Rn. The generalized
Busemann–Petty problem asks:

GBP. If K and L are origin-symmetric convex bodies in Rn, is there the impli-
cation

voli(K ∩ ξ) ≤ voli(L ∩ ξ), ∀ξ ∈ Gi,n =⇒ voln(K) ≤ voln(L)? (1.1)

The case of i = 1 is trivially true. The hyperplane case i = n− 1 is well-known
as the Busemann–Petty problem (see [BP] and [Bu]). Many authors contributed
to the solution of the Busemann–Petty problem (see [Ba] [Bo] [G1] [Gia] [Gie]
[GR] [Ha] [Lu] [LR] [Pa] [Z1]). The problem has a negative answer when n > 4
(see [G1], [Pa] and [Z2]), and it has a positive answer when n = 3, 4 (see [G2]
and [Z4]). The notion of intersection body, introduced by Lutwak [Lu], plays an
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Key words and phrases. Convex body, geometric inequality, cross section, Radon transform.
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important role in the solution of the Busemann–Petty problem. It relates to the
positivity of the inverse spherical Radon transform.

Because of the special feature of the answer to the Busemann–Petty problem,
it is interesting to consider the generalized Busemann–Petty problem. What
are the dimensions of cross sections and ambient spaces so that the generalized
Busemann–Petty problem has a positive or negative answer? By introducing
the notion of i-intersection body and using techniques in functional analysis and
Radon transforms on Grassmannians, it is proved in [Z3] that the answer to the
generalized Busemann–Petty problem is equivalent to the existence of origin-
symmetric convex bodies which are not i-intersection bodies. When 3 < i < n,
we give a negative answer to the problem. The argument shows that cylinders
are not i-intersection bodies if 3 < i < n. We also give a partial answer to the
case of 2-dimensional sections. We remark that one of the results in [Z3] that no
polytope is an i-intersection body is not correct.

It is shown in [Z3] that the generalized Busemann–Petty problem has a pos-
itive answer if K is an i-intersection body, in particular, if K is a ball in Rn.
However, when L is a ball, the generalized Busemann–Petty problem may still
have a negative answer. For instance, Keith Ball observed that one can con-
struct counterexamples by using the techniques in [Ba] and letting K = the unit
cube, L = a ball of appropriate radius when n and i are sufficiently large. We
prove that, when L is a ball and K is sufficiently close to L, the generalized
Busemann–Petty problem of 2-dimensional sections has a positive answer. The
result is contained in the following theorem.

Theorem 1.1. Let K be a centered convex body and let Bn be the standard unit
ball in Rn. There exists δ0 > 0 which only depends on the dimension so that if
dist(K, Bn) < δ0 then

vol2(K ∩ ξ) ≤ vol2(Bn ∩ ξ), ∀ξ ∈ G2,n =⇒ voln(K) ≤ voln(Bn).

Let ωn be the volume of Bn. By the homogeneity of the inequalities in the last
implication, we obtain the following corollary.

Corollary 1.2. Let K be a centered convex body in Rn. There exists δ0 > 0
which only depends on the dimension so that if the distance of K to a ball is less
than δ0, then

voln(K)
2
n ≤ ω

2
n
n

π
max

ξ∈G2,n

vol2(K ∩ ξ). (1.2)

Inequality (1.2) is proved for any centered convex bodies in R3 in [G3]. It might
be still true for any centered convex bodies in all dimensions as well.

Note that, for the generalized Busemann–Petty problem, the dimension i of
sections in the implication (1.1) is fixed. It is natural to ask what will happen if
the dimension i of sections is not fixed but takes different values. We would like
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to thank V.D. Milman who brought our attention to this question. Our answer
is contained in the following theorem.

Theorem 1.3. There exist centered convex bodies of revolution K and L so
that , for all 3 < i < n,

voli(K ∩ ξ) < voli(L ∩ ξ), ∀ξ ∈ Gi,n,

but
voln(K) > voln(L).

This result is best possible in the class of convex bodies of revolution. It is proved
that, if K is a centered convex body of revolution, then

voli(K ∩ ξ) ≤ voli(L ∩ ξ), ∀ξ ∈ Gi,n, =⇒ voln(K) ≤ voln(L),

when i = 2, or 3. See [G1], [Z2] and [Z3].
The proofs of Theorems 1.1 and 1.3 use the tools of Radon transforms on

Grassmannians. We give definitions and basic facts of the Radon transforms for
later use.

Let Ce(Sn−1) be the space of continuous even functions on the unit sphere
Sn−1, and denote by C(Gi,n) the space of continuous functions on Gi,n. The
Radon transform, for 2 ≤ i ≤ n− 1,

Ri : Ce(Sn−1) −→ C(Gi,n)

is defined by

(Rif)(ξ) =
1

iωi

∫

u∈Sn−1∩ξ

f(u) du, ξ ∈ Gi,n, f ∈ Ce(Sn−1),

where ωi and du are the volume and the surface area element of the i-dimensional
unit ball, respectively.

Let ρK be the radial function of a centered convex body K in Rn given by

ρK(u) = max{λ ≥ 0 : λu ∈ K}, u ∈ Sn−1.

The Radon transform Ri is closely connected with the central sections of
centered bodies by the following formula

(Riρ
i
K)(ξ) =

1
ωi

voli(K ∩ ξ), ξ ∈ Gi,n. (1.3)

The dual transform Rt
i of Ri is the map C(Gi,n) → Ce(Sn−1) given by

(Rt
ig)(u) =

∫

u∈ξ∈Gi,n

g(ξ) dξ, u ∈ Sn−1, g ∈ C(Gi,n).

We have the following duality [He, pp. 144 and 161]:

〈Rif, g〉 = 〈f, Rt
ig〉, f ∈ Ce(Sn−1), g ∈ C(Gi,n), (1.4)

where 〈 · , · 〉 is the usual inner product of functions in homogeneous spaces.
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2. Two-Dimensional Sections

In this section we give the proof of Theorem 1.1. One technical part of the
proof is to approximate arbitrary convex bodies by smooth convex bodies quan-
titatively. We use convolutions on the rotation group SO(n) of Rn.

Let G be a compact Lie group. Let C(G) be the space of continuous functions
on G with the uniform topology. For f, g ∈ C(G), the convolution f ∗ g ∈ C(G)
of f and g is defined by

(f ∗ g)(u) =
∫

v∈G

f(uv−1)g(v) dv =
∫

v∈G

f(v)g(v−1u) dv,

where dv is the invariant probability measure of G.
Associated with a convex body K is its support function hK defined on Sn−1

by

hK(u) = max{〈u, x〉 : x ∈ K}, u ∈ Sn−1,

where 〈u, x〉 is the usual inner product of u and x in Rn. The polar body K∗ of
K is defined by

K∗ = {x ∈ Rn : 〈x, y〉 ≤ 1 for all y ∈ K}.

Its support function is given by

hK∗(u) = ρ−1
K (u), u ∈ Sn−1.

If hK is the support function of K, and f is a positive function on SO(n), then
f ∗hK is the support function of another convex body. Moreover, the convolution
preserves the symmetry of the convex body. For a proof of this fact and more
details on convex bodies and convolutions, see [GZ].

Lemma 2.1. Let G be a compact Lie group of dimension m. If f is Lipschitz
continuous on G, then there exists δ0 > 0 which depends only on G and the
Lipschitz constant of f , so that for any δ < δ0 there exists C∞ positive function
φδ satisfying

|φδ ∗ f − f | < δ, ‖φδ ∗ f‖C2 < δ−m−3.

Proof. Let Bδ be the geodesic ball of radius δ at the unit of G. Let φ be a C∞

nonnegative function which is strictly positive inside Bδ/2 but is zero outside Bδ.
Let exp : TeG → G be the exponential map. Condiser the C∞ function

φδ(x) = a−1
δ φ

(
exp(δ−1 exp−1(x))

)
,

where aδ =
∫

G
φ
(
exp(δ−1 exp−1(x))

)
dx. When δ is small,

aδ ∼ cδm, (2.1)

for some constant c.
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Since f is Lipschitz continuous, we have

|φδ ∗ f(x)− f(x)| =
∣∣∣∣
∫

G

φδ(y)f(yx) dy −
∫

G

φδ(y)f(x) dy

∣∣∣∣

≤
∫

G

φδ(y)|f(yx)− f(x)| dy ≤ c1δ. (2.2)

From the following equalities,

φδ ∗ f(x) =
∫

G

φδ(xy−1)f(y) dy = a−1
δ

∫

G

φ
(
exp(δ−1 exp−1(xy−1))

)
f(y) dy,

the second order derivatives of φδ ∗ f yield a factor δ−2. Therefore, when δ is
small (depending on the upper bound of f), (2.1) gives

‖φδ ∗ f‖C2 ≤ c2δ
−m−2. (2.3)

Note that c1 and c2 only depend on G and the Lipschitz constant of f . From
(2.2) and (2.3), the required inequalities follow immediately. ¤

Lemma 2.2. Let K be a centered convex body in Rn. There exists δ0 > 0 which
only depends on the dimension and the diameters of K and its polar body , so that
for any δ < δ0 there exists a centered convex body Kδ with C∞ radial function
ρKδ

so that

|ρKδ
− ρK | < δ, ‖ρKδ

‖C2 < δ−n2
. (2.4)

Proof. Consider the support function hK∗ of the polar body K∗ of K. Since the
sphere Sn−1 = SO(n)/ SO(n− 1) is a homogeneous space, the support function
hK∗ on Sn−1 can be viewed as a function on SO(n). From Lemma 2.1, for any
δ < δ0 there exists C∞ function φδ so that

|φδ ∗ hK∗ − hK∗ | < δ, ‖φδ ∗ hK∗‖C2 < δ−m−3,

where m = dim SO(n) = 1
2 (n2 − n). The number δ0 depends on the dimension

and the Lipschitz constant of hK∗ . Since the Lipschitz constant of hK∗ depends
only on the dimension and the diameter of K∗, the number δ0 only depends on
the dimension and the diameter of K∗.

Define a centered convex body Kδ by

ρ−1
Kδ

= hK∗
δ

= φδ ∗ hK∗ .

Therefore, ρKδ
is C∞ and satisfies the inequalities

|ρ−1
Kδ
− ρ−1

K | < δ, ‖ρ−1
Kδ
‖C2 < δ−m−3.

By using the fact that the function ρKδ
and its first order derivative are bounded

by a constant depending on the diameter of K, we conclude (2.4) from the last
two inequalities. ¤
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We will use the symbol . which means that the expression on the left-hand side
of the symbol is less than the expression on the right-hand side by a constant
factor depending only on the dimension.

Lemma 2.3. Let F be a uniform Lipschitz function on Sn−1. If , for 0 < δ < 1,

‖R2F‖2 < δ, (2.5)

then
‖F‖∞ . δ

1
n+3 . (2.6)

Proof. Consider the spherical harmonic expansion of F , F =
∑

Yk. Then

‖R2F‖2 ∼
(∑

k−1‖Yk‖22
) 1

2
, (2.7)

where ∼ means that the quantities on both sides of it are bounded by each other
with constant factors depending only on the dimension. See [St].

For 0 < r < 1, let
PrF =

∑
rkYk.

Since the Lipschitz constant of F is uniformly bounded on Sn−1, we have

‖PrF − F‖∞ . (1− r)
1
2 . (2.8)

See [BL].
From (2.7) and (2.5), we obtain

‖PrF‖∞ <
∑

rk‖Yk‖∞ .
∑

rkk
n−1

2 ‖Yk‖2
.

(∑
rkk

n−1
2 k

1
2

)
‖R2F‖2 . (1− r)−

n
2−1δ. (2.9)

Thus by (2.8), (2.9) and choosing r = 1− δ
2

n+3 , we have

‖F‖∞ . (1− r)
1
2 + (1− r)−

n
2−1δ ≤ δ

1
n+3 .

This completes the proof. ¤

Proof of Theorem 1.1. Consider the ratio

V̄n(K) =
voln(K)
voln(Bn)

.

Choose the invariant probability measures on the sphere Sn−1 and on the Grass-
mannian G2,n. From (1.4), we have

V̄n(K) =
∫

ρn
K =

∫
[R2(Rt

2R2)−1ρn−2
K ](R2ρ

2
K). (2.10)

The implication in Theorem 1.1 becomes

V̄2(K ∩ ξ) ≤ 1, ξ ∈ G2,n =⇒ V̄n(K) ≤ 1. (2.11)
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Assume that {
V̄n(K) > 1,

V̄2(K ∩ ξ) ≤ 1, ξ ∈ G2,n,
(2.12)

and
dist(K, Bn) = δ0 > 0. (2.13)

From Lemma 2.2, there exists K1 such that

|ρK1 − ρK | < δ, ‖ρK1‖C2 < δ−n2
, (2.14)

where δ = δN
0 , and N is a constant to be chosen which only depends on the

dimension.
Apply (2.10) to K1. Then by (2.12) and (2.14) we have

V̄n(K) + o(δ) =
∫

[R2(Rt
2R2)−1ρn−2

K1
](R2ρ

2
K1

), (2.15)

and
∫

R2(Rt
2R2)−1ρn−2

K1
=

∫
ρn−2

K1
≤

(∫
ρn

K1

)n−2
n

= V̄n(K1)
n−2

n + o(δ) ≤ V̄n(K) + o(δ). (2.16)

From (2.15) and (2.16), we obtain

o(δ) ≤
∫

[R2(Rt
2R2)−1ρn−2

K1
](R2ρ

2
K1
− 1). (2.17)

The assumption (2.13) gives

|ρK − 1| ≤ δ0, (2.18)

|ρK1 − 1| ≤ 2δ0. (2.19)

Hence
‖∇ρK1‖ . δ

1
2
0 . (2.20)

A proof of the last inequality can be found in [Bo]. From (2.20), one has
∥∥∥∥∇

(
ρn−2

K1
−

∫
ρn−2

K1

)∥∥∥∥ . δ
1
2
0 .

If E2−n extends a function on Sn−1 to a homogeneous function of degree 2− n

in Rn, and S restricts a function in Rn to Sn−1, then,∥∥∥∥S(−∆Rn)
1
2 E2−n

(
ρn−2

K1
−

∫
ρn−2

K1

)∥∥∥∥
BMO

. δ
1
2
0 . (2.21)

Use here the fact that L∞-control on the tangential derivative yields BMO-
control on the normal derivative.

By (2.14), the inequality (2.21) implies
∥∥∥∥S(−∆Rn)

1
2 E2−n

(
ρn−2

K1
−

∫
ρn−2

K1

)∥∥∥∥
∞

. δ
1
2
0 log(δ−n2

/δ
1
2
0 ) < δ

1
3
0 .
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The last inequality used the fact that the constant N only depends on the di-
mension. Since S(−∆Rn)

1
2 E2−n = (Rt

2R2)−1 (see [St]), it follows that

‖(Rt
2R2)−1(ρn−2

K1
−

∫
ρn−2

K1
)‖∞ < δ

1
3
0 . (2.22)

From (2.18) and (2.22), we have

‖(Rt
2R2)−1ρn−2

K1
− 1‖∞ = ‖(Rt

2R2)−1ρn−2
K1

−
∫

ρn−2
K1

‖∞ + o(δ0) . δ
1
3
0 . (2.23)

It follows in particular from (2.23) that

1
2

< R2(Rt
2R2)−1ρn−2

K1
< 2. (2.24)

Assumption (2.12) means that

R2ρ
2
K ≤ 1. (2.25)

It follows from (2.17), (2.24) and (2.25) that
∫

[R2(Rt
2R2)−1ρn−2

K1
](1− R2ρ

2
K) ≤ o(δ), (2.26)

∫
|1− R2ρ

2
K | ≤ o(δ). (2.27)

By Lemma 2.3, this yields for small δ0

δ0 ∼ ‖1− ρ2
K‖∞ < δ

N
n+3
0 , (2.28)

Hence, for N large enough, a contradiction follows. Therefore, the assumption
(2.12) is impossible, and the implication (2.11) is true. This completes the proof.

¤

3. High-Dimensional Sections

In this section we give a proof for Theorem 1.3. The following lemma gives
the the Radon transforms of functions which are SO(n− 1) invariant.

Lemma 3.1. Let g be a continuous function on Sn−1 which is SO(n− 1) invari-
ant . Then

Rig(u) =
c1

cosφ

∫ π
2

φ

g(v)
(

1− cos2 ψ

cos2 φ

) i−3
2

sin ψ dψ (3.1)

∫

Sn−1
g dv = c2

∫ π
2

0

g(v) sinn−2 ψ dψ, (3.2)

where φ and ψ are the angles of the unit vectors u and v with the xn-axis,
respectively .

Proof. The proof of formula (3.1) is similar to that of Lemma 2.1 in [Z1]. See
also Lemma 8 in [Z2]. (3.2) follows from the spherical coordinates. ¤
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Lemma 3.2. There exist a convex body K and a C∞ function g so that

Ri

(
ρi−4

K g
)

< 0, 〈ρn−4
K , g〉 > 0, (3.3)

for all integers 3 < i < n.

Proof. Consider a convex body of revolution K. From (3.1) and (3.2), the
inequalities in (3.3) become

∫ π
2

φ

ρK(ψ)i−4g(ψ)
(

1− cos2 ψ

cos2 φ

) i−3
2

sin ψ dψ < 0, (3.4)

∫ π
2

0

ρn−4
K (ψ)g(ψ) sinn−2 ψ dψ > 0. (3.5)

We need to choose K and g so that the last two inequalities are satisfied.
Let K be a cylinder. Then

ρK(ψ) =
1

sin ψ
, ψ1 ≤ ψ ≤ π

2
,

for some ψ1 > 0. Choose g so that g(ψ) = 0 when 0 ≤ ψ ≤ ψ1. Then (3.4) and
(3.5) can be written as

∫ π
2

φ

g(ψ)
(

1− cos2 ψ

cos2 φ

) i−3
2

sin5−i ψ dψ < 0, (3.6)

∫ π
2

ψ1

g(ψ) sin2 ψ dψ > 0, ψ1 ≤ φ ≤ π

2
. (3.7)

Let cos ψ = t. Then (3.6) and (3.7) become

∫ x

0

g(ψ(t))
(

1− t2

x2

) i−3
2

(1− t2)
4−i
2 dt < 0 (3.8)

and ∫ x1

0

g(ψ(t))(1− t2)
1
2 dt > 0, 0 ≤ x ≤ x1, (3.9)

where x1 = cos ψ1.
Let f(t) = g(ψ(t))(1− t2)

1
2 . We write (3.8) and (3.9) as

∫ x

0

f(t)
(

x2 − t2

1− t2

) i−3
2

dt < 0 (3.10)

and ∫ x1

0

f(t) dt > 0, 0 ≤ x ≤ x1. (3.11)

Let

g(t, x) =
(

x2 − t2

1− t2

) i−3
2

.
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When i > 3, g(t, x) is strictly decreasing for t ∈ [0, x]. Choose f(t) such that

f(t) < 0 if 0 < t < x0,

f(t) > 0 if x0 < t < x1

f(t) = 0 if x1 < t < 1,

and ∫ x1

0

f(t) dt = 0.

It follows that
∫ x

0

f(t)g(t, x) dt =
∫ x0

0

f(t)g(t, x) dt +
∫ x

x0

f(t)g(t, x) dt

<

∫ x0

0

f(t)g(x0, x) dt +
∫ x

x0

f(t)g(x0, x) dt

= g(x0, x)
∫ x

0

f(t) dt ≤ 0.

By a small perturbation of f , there is
∫ x

0

f(t)g(t, x) dt < 0

and ∫ x1

0

f(t) dt > 0, 0 < x < x1.

Therefore, one can choose f so that (3.10) and (3.11) are true. This proves the
lemma. ¤

Proof of Theorem 1.3. By the Lemma 3.2, there is a C∞ convex body K of
positive curvature and a C∞ function g on Sn−1 so that for all 3 < i < n,

Ri

(
ρi−4

K g
)

< 0, 〈ρn−4
K , g〉 > 0.

Define a centered convex body of revolution Kε by

ρ4
Kε

= ρ4
K + εg,

for ε > 0 small. We have

V (Kε)− V (K) =
n

4
〈ρn−4

K , g〉ε + o(ε),

voli(Kε ∩ ξ)− voli(K ∩ ξ) =
i

4
Ri(ρi−4

K g)(ξ)ε + o(ε).

Therefore, when ε is small enough, we have V (Kε) > V (K) and

voli(Kε ∩ ξ) < voli(K ∩ ξ), ∀ξ ∈ Gi,n, 3 < i < n. ¤
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Isotropic Constants of Schatten Class Spaces

SEAN DAR

Abstract. We study the value of the isotropic constant of the unit ball in
the Schatten class spaces Cn

p . We prove that, for 2 ≤ p ≤ ∞, this value
is bounded by a fixed constant, whereas for 1 ≤ p < 2 it is bounded by
c (log n)1/p−1/2, where c is a fixed constant.

The isotropic constant of a convex symmetric body K ⊂ Rd is a highly im-
portant quantity. One of its equivalent definitions is

LK = min
T∈SL(d)

1√
d |K|1/d

√
1
|K|

∫

K

‖Tu‖22 du,

where |K| stands for the volume of K and ‖ · ‖2 is the usual Euclidean norm.
See [MP] for other formulations and a full discussion.

Estimation of LK is one of the central problems on the border between local
theory and convexity. Bourgain [Bo] has shown that LK . d1/4 log d for any
K ⊂ Rd, where by A . B we mean that A ≤ cB for some universal constant
c. He also raised the problem of universal boundedness of the isotropic constant
independent of the dimension.

Till now there was no improvement of Bourgain’s result in the general case,
but boundedness of the isotropic constant was established for some families of
bodies (see [MP,Ba,J1,J2], for example), covering the unit balls of most of the
classical spaces.

The case of the Schatten class spaces Cn
p , however, was left out.

In [D] we showed that LBCn
1

.
√

log n. Here we extend the result to all values
of p using a simpler argument.

First we shall recall the definiton of the Schatten class spaces. If u is an
n × n matrix, u∗u is a positive definite symmetric matrix, i.e., orthogonally
diagonalizable with nonnegative eigenvalues η1 ≥ η2 ≥ . . . ≥ ηn ≥ 0. Set
λi(u) =

√
ηi. The numbers λ1(u) ≥ λ2(u) ≥ · · · ≥ λn(u) ≥ 0 are called the

characteristic values of u.
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The Schatten class space Cn
p is the n2-dimensional space of all n × n real

matrices equipped with the norm ‖u‖Cn
p

= (
∑n

i=1 λi(u)p)1/p.
We’ll denote by Kp the unit ball of Cn

p . It is well known (see [TJ], for example)
that |Kp|1/n2 ∼ 1/n(1/2)+(1/p).

Proposition. For 2 ≤ p ≤ ∞, LKp
is bounded by a universal constant .

For 1 ≤ p < 2, we have LKp
. (log n)(1/p)−(1/2).

Proof. For 2 ≤ p ≤ ∞, we have

Kp ⊂ n(1/2)−(1/p)K2 ∼
√

n2|Kp|1/n2
B

ln
2

2
.

Hence

LKp
≤ 1√

n2|Kp|1/n2

√
1
|Kp|

∫

Kp

‖u‖22 du .
√

1
|Kp|

∫

Kp

‖u‖2Kp
du ≤ 1.

Our treatment of the case 1 ≤ p < 2 will rely on the following fact:

For any t ≥ 1,

∣∣∣∣∣Kp \
(

2pt log n

n

)1/p−1/2

B
ln

2

2

∣∣∣∣∣ . 1
n2(t−2)n

|Kp|. (∗)

Before proving this, let’s see that it implies the desired result. Indeed,

1
|Kp|

∫

Kp

‖u‖22 du =
∫ ∞

0

∣∣Kp \ rB
ln

2
2

∣∣
|Kp| 2r dr

=
(2p log n

n

)2(1/p−1/2)

2
(1

p
− 1

2

)

×
∫ ∞

0

∣∣Kp \ ( 2pt log n
n )1/p−1/2B

ln
2

2

∣∣
|Kp| t(2/p)−2 dt

≤
(2p log n

n

)2(1/p−1/2)

2
(1

p
− 1

2

)(
2 +

∫ ∞

2

t(2/p)−2 dt

n(t−2)n

)

∼
( log n

n

)2(1/p−1/2)

∼ n2|Kp|2/n2
(log n)2(

1
p− 1

2 ).

Therefore, LKp . (log n)1/p−1/2.
It remains to prove (∗):
Any u ∈ Kp can be decomposed as w+(u−w) in such a way that w is a rank-

one operator with norm λ1(u) not greater than 1 and u − w has characteristic
values λ2(u), . . . , λn(u), 0.

If u ∈ Kp \
(

2pt log n
n

)1/p−1/2
B

ln
2

2
, then

λ1(u) ≥ ‖u‖2/2−p
2

‖u‖p/2−p
p

≥
(2pt log n

n

)1/p

,
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so we’ll have

‖u− w‖p =
(‖u‖p

p − λ1(u)p
)1/p ≤

(
1− 2pt log n

n

)1/p

≤ 1− 2t log n

n

for this rank-one operator w ∈ Kp.
Now take a log n

n -net N for Bln2
. This can be done with

|N | ≤
(

1 +
2

log n
n

)n

=
(
1 +

2n

log n

)n

.

Then N ⊗N is a 2 log n
n -net for the rank-one operators with norm at most 1,

so we have

Kp \
(2pt log n

n

)1/p−1/2

B
ln

2

2
⊂

⋃

w∈N⊗N

(
w +

(
1− 2(t− 1) log n

n

)
Kp

)
.

Hence
∣∣∣∣Kp\

(2pt log n

n

)1/p−1/2

B
ln

2

2

∣∣∣∣ ≤ |N ⊗N|
(
1− 2(t− 1) log n

n

)n2

|Kp|

≤
(
1 +

2n

log n

)2n 1
n2(t−1)n

|Kp|

. 1
n2(t−2)n

|Kp|,

and we are done. ¤

Added in proof. Boundedness of the isotropic constant of the Schatten classes
was very recently established using more complicated methods by H. Konig, M.
Meyer and A. Pajor.
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On the Stability of the Volume Radius

EFIM D. GLUSKIN

Abstract. The volume radius of a given n-dimensional body is the radius
of a euclidean ball having the same volume as this body. We prove that
the volume radius of a given convex symmetric n-dimensional body with
diameter at most

√
n is almost equal to the volume radius of a body ob-

tained by the intersection of this body with n other bodies whose polars
are bounded by 1 mean width.

In the last decade, interest in the problem of bounds for volumes of convex
bodies was renewed mainly because of its applications to Banach Space Geometry
and related topics. At the end of the 80’s sharp bounds for volume radius
of convex polytopes with given distance between antipodal faces were found
independently by several authors: Carl and Pajor [1], Bourgain, Lindenstrauss
and Milman [2], Gluskin [3]. Closely related results were obtained by Vaaler [4],
Dilworth and Szarek [5] and Bárány and Furedi [6]. See also Ball and Pajor [7]
where, following Kashin’s conjecture, the problem was considered as a limiting
case of a series of Vaaler-type results. Moreover in [3] it was observed that the
volume radius of a unit cube has a certain stability property with respect to
cutting the cube by a sequence of bands (see Proposition 1 below for the exact
formulation). Some of Kashin’s ideas enabled us to use this property for an
alternative proof of Spencer’s theorem [8] on a lacunary analogue of the Rudin–
Shapiro polynomials (see [3]). Later Kashin [9] used the same approach for finite
dimensional analogues of Menshov’s correction theorem.

Here we continue to study this property. We show that it holds not only for
cubes but also for a wide class of bodies. It is then observed that the condition
on the width of the bands which appeared in [3] is very close to Talagrand’s
[10] description of bounded Gaussian processes. This observation permits us to
restate the result in an invariant form which is more convenient for application.
Moreover the result of [3] is extended to the intersection of a given body with a
sequence of cylinders. This is made possible by a suitable generalization of the
Khatri–Sidak theorem [11, 12].

Supported in part by the United States – Israel Binational Science Foundation.
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We denote by x the standard Euclidean norm of x ∈ Rn. The unit ball of
Rn is denoted by Dn, where

Dn = {x ∈ Rn : x ≤ 1}.

We say that a convex body V ⊂ Rn is absolutely convex if V = −V . For such a
body and x ∈ Rn one defines ‖x‖V by setting

‖x‖V = inf{λ ∈ R+ : x ∈ λV }.

A linear operator S : Rn → Rk is called a partial isometry if Sx = x for
any x orthogonal to kerS. For such an S and positive r we denote W (S, r) =
{x ∈ Rn : Sx ∈ rDk}. Note that for k = 1 a partial isometry is just some norm
one linear functional and the corresponding set W (S, r) is a band of width 2r.
As usual, vol or voln is the standard Lebesgue measure on Rn. The canonical
Gaussian measure on Rn is denoted by γn; it is a probability measure with
density (2π)−n/2 exp(− x 2/2).

As usual, we denote by χ
V the indicator function of the set V , such that

χV (x) = 1 if x ∈ V and χV (x) = 0 if x 6∈ V .

Theorem. For any ε > 0 there exists a positive constant C = C(ε) < ∞ such
that the following assertion holds. For a given n, let K ⊂ Rn be an absolutely
convex body such that K ⊂ √

nDn. Then, for any n absolutely convex bodies
V1, . . . , Vn ⊂ Rn satisfying

∫

Rn

‖x‖Vi dγn(x) ≤ 1 for i = 1, 2, . . . , n,

the following inequality holds:

(1− ε) ≤
(

vol
(
K ∩ C(V1 ∩ V2 ∩ · · · ∩ Vn)

)

volK

)1/n

≤ 1.

Talagrand [10, Theorem 2] proved that for any n and any absolutely convex body
V ⊂ Rn satisfying ∫

‖x‖V dγn(x) ≤ 1

there exists a sequence of norm one linear functionals fi ∈ (Rn)∗ possessing the
property that

∞⋂

i=1

W
(
fi,

√
log(2 + i)

) ⊂ CT V,

where CT < ∞ is a universal constant. By Talagrand’s result, the theorem is
equivalent to the following proposition:
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Proposition 1. For a given n let K ⊂ Rn be an absolutely convex body sat-
isfying K ⊂ √

nDn. Then, for any sequence of norm one linear functionals
fi ∈ (Rn)∗, i = 1, 2, . . . , with some constant C = C(ε) depending on ε only , we
have

(1− ε) ≤
(

vol(K ∩ (⋂∞
i=1 W (fi, ri)

)
)

volK

)1/n

≤ 1,

where ri ≥ C
√

log(2 + i/n).

Proof. It is clear that, for any body V ⊂ λDn,

1 ≤
( 1√

2π

)n volV
γn(V )

≤ eλ2/2.

In particular, for K as in the Proposition, with C1 = C1(ε),

C1

√
2π

(
γn

( 1
C1

K
))1/n

≥ √
1− ε (volK)1/n.

On the other hand,

(
vol

(
K ∩

( ∞⋂

i=1

W (fi, ri)
)))1//n

≥ C1

√
2πγn

( 1
C1

K ∩ 1
C1

( ∞⋂

i=1

W (fi, ri)
))

.

By the Khatri–Sidak theorem,

γn

( 1
C1

K ∩ 1
C1

( ∞⋂

i=1

W (fi, ri)
))

≥ γn

( 1
C1

K
) ∞∏

i=1

γn(W (fi, ri/C1)).

The elementary bound γn(W (f, r)) = γ1((−r, r)) ≥ 1− e−r2/2 implies that

( ∞∏

i=1

γn(W (fi, ri/C1))
)1/n

≥ √
1− ε (1)

for ri = C
√

log(2 + i/n) with C = C(ε), and the proposition follows. ¤

Remark 1. The particular case of the cube instead of the general convex body
K was considered in [3]. In the first version of the paper the proof of Proposition
1 followed the same scheme as that of [3]. A significant simplification of the proof
was found by the referee. I wish to express my gratitude to him for his suggestion
to publish his proof here.

Remark 2. We say that a body V satisfies the positive correlation property
(PCP) if for any absolutely convex body W and for any positive constant λ

one has γn(λV ∩ W ) ≥ γn(λV ) γn(W ). The proof of Proposition 1 shows the
following fact:



84 EFIM D. GLUSKIN

For any ε > 0 there exists a constant C > 0 such that for any absolutely
convex body K ⊂ √

nDn and for any sequence of bodies Vj satisfying the PCP
one has

1− ε ≤
(

vol(K ∩ (⋂∞
j=1 Vj

)
)

volK

)1/n

≤ 1,

providing
(∏∞

j=1 γn(Vj/C)
) ≥ (1− ε/2)n.

The Gaussian Correlation Conjecture states that any absolutely convex body
satisfies the PCP. In these terms the Khatri–Sidak theorem states that any band
satisfies the PCP. A slight modification of its proof leads to this result:

Lemma. Let V ⊂ Rn be an absolutely convex body and S : Rn → Rk be a partial
isometry of rank S = k. Then, for any positive r, we have

γn(V ∩W (S, r)) ≥ γn(V )γn(W (S, r)) = γn(V )γk(rDk).

In other words, any cylinder satisfies the PCP. Certainly one can use the lemma
to obtain analogues of Proposition 1 for the case of the intersection with a se-
quence of cylinders. We omit the precise statement, which is rather complicated.
For the reader’s convenience, we outline a proof of the lemma.

Let us fix some partial isometry S from Rn onto Rk. It is well known that its
conjugate S∗ is a partial isometry from Rk to Rn, which is right inverse to S,
and Q = IdRn − S∗ S is an orthogonal projection on ker S. For α ∈ [0, π/2] let
the operator T (α) : Rn+k → Rn+k be defined by

T (α)(x, y) = (Qx + cos αS∗Sx− sinαS∗y, sin αSx + cos αy)

for (x, y) ∈ Rn × Rk = Rn+k. For a given absolutely convex V1 ⊂ Rn and
V2 ⊂ Rk we denote

Ṽ1(α) = T (α)(V1 × Rk) and Ṽ2(α) = T (α)(Rn × V2).

Consider the function

fV1,V2(α) = vol{Ṽ1(α) ∩ Ṽ2(0) ∩Dn+k},
or equivalently

fV1,V2(α) =
∫
eV2(0)∩Dn+k

χeV1(0)
(T−1(α)z) dz.

It is easy to see that fV1,V2 is absolutely continuous and one has the following
equality for a.e. α ∈ [0, π/2]:

d

dα
fV1,V2(α) =

∫

∂(eV2(0)∩Dn+k)

χeV1(0)
(T−1(α)z) 〈ñ(z), Jz〉 dµ̃(z),

where µ̃ is the Lebesgue measure on ∂(Ṽ2(0) ∩ Dn+k), ñ is outer normal to
∂(Ṽ2(0)∩Dn+k) and operator J is given by J = T (α) d

dαT−1(α). Straightforward
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computation shows that J(x, y) = (S∗y,−Sx) for (x, y) ∈ Rn × Rk. Since
〈z, Jz〉 = 0 for any z ∈ Rn+k one can rewrite the previous equality as

d

dα
fV1,V2 = −

∫

∂V2

dµ(y)
∫

Wy

〈n(y), Sx〉 dx, (2)

where µ is the Lebesgue measure on ∂V2, n(y) is outer normal to ∂V2 at point y

and

Wy = {x ∈
√

(1− y 2)+ Dn : Qx + cos αS∗Sx ∈ V1 − sinαS∗y} .

Proposition 2. Let p : R1
+ → R1

+ be some nonincreasing positive function and
ν be an absolutely continuous measure on Rn+k with density p( x ). Then, for
any absolutely convex body V1 ⊂ Rn and any positive r the function

h(α) = ν{Ṽ1(α) ∩ r(Rn ×Dk)}

is nondecreasing on [0, π/2].

Sketch of the proof. It is clear that without loss of generality, we can
consider the case p = χ

[0,1] only. In this case h(α) = fV,rDk
(α). By Lemma 2

from [3] one has
∫

Wy

〈S∗y, x〉 dx ≤ 0 . (3)

Taking into account that n(y) = r−1y for y ∈ ∂(rDk) = rSk−1 we get Propo-
sition 2 from (2) and (3). ¤

The inequality h(0) ≤ h(π/2) with p(t) = (2π)−n/2e−t2/2 proves the lemma. ¤

Note. When this paper was almost complete, we learned from S. Bobkov that
Schechtman, Schlumprecht and Zinn [13] had found a very short proof of the
Khatri–Sidak theorem, based on the Borel–Prékopa–Leindler characterization of
log-concave measures. A simple modification of the method of [13] leads to an
alternative proof of the lemma.

Remark 3. It is fairly simple to see that the conditions of Proposition 1 on ri

are optimal for i À n; see [3, 14]. For i < n this is not so. In fact the proof
of Proposition 1 shows that it holds under better conditions on ri, i < n than
those stated. To see this one has to take into account that we only need to
estimate the product in (1) and to use for example the inequality γ1((−r, r)) ≥
2(2π)−1/2re−r2/2.

The same remark holds in the case of the cylinders’ intersection.
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Polytope Approximations of the Unit Ball of `n
p

W. TIMOTHY GOWERS

Abstract. A simple and explicit method is given for approximating the
unit ball of `n

p by polytopes. The method leads to a natural generalization
of `p-spaces with good duality and interpolation properties.

1. Introduction

The classical spaces `p and Lp are the best known and in many ways most
fundamental examples of Banach spaces. In view of their interesting properties
it is natural to ask whether the role of the function tp in these spaces can be
played by other more general functions. This question was answered by Orlicz,
who defined a certain class of functions, now known as Orlicz functions, and
associated with each one a sequence space and a function space, now called an
Orlicz sequence space and Orlicz function space. The Orlicz spaces are generally
regarded as the correct and most natural spaces to associate with given Orlicz
functions.

One of the aims of this paper is to cast doubt on that view, at least in its
isometric interpretation. We shall do this by discussing a different generalization
which arises geometrically and has two desirable isometric properties lacked by
Orlicz spaces. First, the dual of one of our spaces is isometric to another such
space. Second, complex interpolation between two of our spaces yields a third in
a natural way. Irritatingly, we have not managed to establish whether our new
spaces are isomorphic to Orlicz spaces, in which case they are a useful renorming
of them, or whether they are completely different. Our route to the new gener-
alization starts with an unusual (perhaps even eccentric) problem which will be
described below, and which relates more to the polytope approximations of the
title.

The results of this paper originated with the following line of thought. A com-
mon way of constructing a finite-dimensional normed space which lacks symme-
try properties, invented by Gluskin [G], is to take a small number of antipodal
pairs of points at random from the unit sphere of `n

2 and to take their convex

89
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hull as the unit ball of the space. Alternatively, and dually, one can take the
convex polytope defined by the hyperplanes tangent to the sphere at the given
points. However, such spaces have properties which a general space cannot be
expected to have. For example, geometrically their unit balls are far from being
typical centrally symmetric polytopes, having in the first case very few vertices
and in the second case very few faces. A related fact is that the convex hull of a
small number of points gives a space with very small cotype constants. Is there
some way of constructing a convex body which is in any useful sense completely
generic?

We shall return to this question at the end of the paper, but it is not our main
concern. Instead, we shall give an (incomplete) investigation of what happens
when one mixes the process of taking the convex hull of a few points with the
dual process. One is led naturally away from generic spaces and towards very
special ones. At the end of the paper we make several suggestions for how the
investigation might be continued.

2. A Polytope Approximation of the Unit Ball of `n
2

Recall that a basis e1, . . . , en of an n-dimensional normed space is said to
be 1-symmetric if, for every choice of scalars a1, . . . , an, every choice of signs
ε1, . . . , εn with εi = ±1, and every permutation π of {1, 2, . . . , n}, we have the
equality ∥∥∥∥

n∑

i=1

εiaieπ(i)

∥∥∥∥ =

∥∥∥∥
n∑

i=1

aiei

∥∥∥∥.

For n > 1 let Fn stand for the set of normed spaces of the form (Rn, ‖ · ‖) for
which the standard basis e1, . . . , en is normalized and 1-symmetric. We also
define two operations S and T which map

⋃∞
n=1 Fn to

⋃∞
n=1 Fn+1 as follows.

Given X ∈ Fn, we set T (X) to be the unique normed space in Fn+1 such that for
any a =

∑n+1
1 aiei ∈ Rn+1 with a1 > · · · > an+1 > 0, ‖a‖T (X) = ‖∑n

1 aiei‖X .
The norm on T (X) is as small as it can be given that it is 1-symmetric and
that its restriction to any n coordinates yields the norm on X. The operation
S is defined in the opposite way: the norm on S(X) is as big as it can be under
the same conditions. Thus S(X) = (T (X∗))∗. Alternatively, given the unit ball
of X, embed it into Rn+1 in the n + 1 natural ways (up to symmetry) given
by ignoring each of the coordinates in turn. The convex hull of these n + 1
copies is the unit ball of S(X). Note that the unit ball of T (X) has a geometric
description as well. The Cartesian product of one of the n+1 images of the unit
ball of X with the direction not used is a cylinder. The unit ball of T (X) is the
intersection of these n + 1 cylinders.

Now, if we start with the single space in F1, the normalized 1-dimensional
space, which we shall call R, and apply S n−1 times, we clearly end up with `n

1 .
Similarly, if we apply T n−1 times we obtain `n

∞. What happens if we alternate
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S with T? The answer is the main result of this section and the motivation for
the rest of the paper.

Theorem 1. Let n > 2 and let X be a space in Fn obtained from the space R
by applying the operations S and T alternately . Then d(X, `n

2 ) =
√

2.

The proof of this theorem is based on two lemmas: the first is trivial and the
second also easy.

Lemma 2. If X, Y ∈ Fn and ‖a‖X 6 ‖a‖Y for every a ∈ Rn, then ‖a‖SX 6
‖a‖SY and ‖a‖TX 6 ‖a‖TY for every a ∈ Rn+1.

Lemma 3. Suppose X = `n
2 . Then ‖a‖`n+2

2
6 ‖a‖TSX for every a ∈ Rn+2.

Before proving Lemma 3, let us see why the two lemmas are sufficient to prove
the main result. In the argument that follows and for the rest of the paper it
will be convenient, when X,Y ∈ Fn, to use the abbreviation c1X 6 c2Y for the
statement that c1‖a‖X 6 c2‖a‖Y for any vector a ∈ Rn.

Proof of Theorem 1. First consider the space (TS)k(R) for some k ∈ N.
It is clear from the two lemmas that (TS)k(R) > `2k+1

2 . Moreover, since
T (R) > 2−1/2`22, we also have that (TS)kT (R) > 2−1/2`2k+2

2 , and hence that
S(TS)k−1T (R) = (ST )k(R) > 2−1/2`2k+1

2 . However, (TS)k(R) and (ST )k(R)
are dual to each other, so we have the relations

2−1/2`2k+1
2 6 (ST )k(R) 6 `2k+1

2 6 (TS)k(R) 6 21/2`2k+1
2 .

It follows immediately also that

2−1/2`2k
2 6 T (ST )k−1(R) 6 `2k

2 6 S(TS)k−1(R) 6 21/2`2k
2 .

This establishes that d(X, `n
2 ) 6

√
2, conditional on the truth of Lemma 3. It is

well known that the distance from a space in Fn to `n
2 is attained by the identity

map. Considering the norms in X and `n
2 of e1 and e1+e2, we obtain the reverse

inequality. ¤

Proof of Lemma 3. Throughout this proof, all sequences will be assumed to
be positive and decreasing. Writing X = `n

2 we have, for any a ∈ Rn+1 and
b ∈ Rn+2,

‖a‖SX = max

{ n+1∑
1

fiai :
n∑
1

f2
i 6 1

}

and

‖b‖TSX = max

{ n+1∑
1

fibi :
n∑
1

f2
i 6 1

}
.

Hence it is enough to show that, for any a1 > · · · > an+2 > 0 with
∑n+2

1 a2
i =

1, we can find f1 > · · · > fn+1 > 0 such that
∑n

1 f2
i 6 1 and

∑n+1
1 fiai > 1. We
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do this by setting fi = λai for 1 6 i 6 n, where λ = (1− a2
n+1 − a2

n+2)
−1/2, and

setting fn+1 = fn. Then certainly
∑n

1 f2
i = 1, and moreover

n+1∑
1

fiai = λ

n∑
1

a2
i + λanan+1 =

1− a2
n+1 − a2

n+2 + anan+1

(1− a2
n+1 − a2

n+2)1/2

> 1− a2
n+2

(1− 2a2
n+2)1/2

> 1. ¤

The proof of Theorem 1 can be generalized very easily to approximate `n
p in a

similar way when p or its conjugate is an integer. However, with a little more
work, one can approximate `n

p for an arbitrary p. We shall do this in Section 4.
First, we show how to calculate the norm of a vector in a space of the form
U1(U2(. . . Un−1(R) . . .)) where each Ui is either S or T . We shall call such a
space an ST -space.

3. An Algorithm for Calculating the Norm

Let X ∈ Fn and let a =
∑n+1

1 aiei be a vector in Rn+1 such that a1 > · · · >
an+1 > 0. Then by definition ‖a‖TX = ‖∑n

1 aiei‖X . We shall now show how
to calculate ‖a‖SX . Given two vectors a and b in Rn, write a∗ = (a∗1, . . . , a

∗
n)

and b∗ = (b∗1, . . . , b
∗
n) for their (non-negative) decreasing rearrangements. Write

a ≺ b if
∑k

i=1 a∗i 6
∑k

i=1 b∗i for every k 6 n. It is well known that a ≺ b if and
only if a lies in the convex hull of all vectors that can be obtained from b by
permuting the coordinates and changing some of their signs. Therefore, if ‖ · ‖
is a 1-symmetric norm and a ≺ b, we know that ‖a‖ 6 ‖b‖.

Given X ∈ Fn and a ∈ Rn+1, we define a function ‖ · ‖′ on Rn+1 by

‖a‖′ = min
{‖b‖X : b ∈ X, a ≺ b

}
,

where a ≺ b means of course that a ≺ b′, where b′ is the image of b in Rn+1

under the obvious inclusion. (Note that the existence of the above minimum
follows easily from compactness.)

Lemma 4. Let X ∈ Fn and a ∈ Rn+1. Then ‖a‖SX = ‖a‖′.
Proof. Given two vectors a1 and a2 in Rn+1, let bi ∈ Rn be such that ai ≺ bi

and ‖bi‖X is minimal, for i = 1, 2. Then we certainly have a1 + a2 ≺ b∗1 + b∗2,
and thus, since X is a 1-symmetric space,

‖a1 + a2‖′ 6 ‖b∗1 + b∗2‖X 6 ‖b∗1‖X + ‖b∗2‖X = ‖b1‖X + ‖b2‖X = ‖a1‖′ + ‖a2‖′.

It follows that ‖ · ‖′ is a norm. By the discussion above concerning the relation ≺,
the unit ball of the space (Rn+1, ‖ · ‖′) is contained in that of SX. Since it also
contains the n+1 natural images of B(X) in Rn+1, we have that ‖ · ‖′ = ‖ · ‖SX ,
as stated. ¤
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In the next lemma we identify a vector at which the minimum of the set
{‖b‖X : b ∈ X, a ≺ b

}

is attained. We write x ∨ y for max{x, y}.
Lemma 5. Let X ∈ Fn, let a =

∑n+1
1 aiei be a vector in Rn+1 for which

a1 > · · · > an+1 > 0 and let γ > 0 be the unique number for which

n∑
1

(ai ∨ γ) =
n+1∑

1

ai.

Then ‖a‖SX =
∥∥∑n

1 (ai ∨ γ)ei

∥∥
X

.

Proof. We insist that an+1 > 0 for convenience: it is obvious how to calculate
‖a‖SX if an+1 = 0. This gives us the uniqueness of γ. Set a′ =

∑n
1 (ai∨γ)ei. We

need to show that if b ∈ Rn and a ≺ b then a′ ≺ b. It is clear that a ≺ a′, and
by our earlier remarks and the symmetry of X, we will also have ‖a′‖X 6 ‖b‖X .
We may clearly suppose that bi = b∗i for every i and that

∑n
1 bi =

∑n+1
1 ai.

Since a ≺ b we then have, for every 1 6 k 6 n, that
∑n

k bi 6
∑n+1

k ai. Let k

be maximal such that ak > γ. Clearly k < n, and γ = (n − k)−1
∑n+1

k+1 ai. For
l 6 k it is obvious that

∑l
1(ai ∨ γ) 6

∑l
1 bi. When l > k we have

l∑
1

(ai ∨ γ) =
n+1∑

1

ai − (n− l)γ =
n+1∑

1

ai − n− l

n− k

n+1∑

k+1

ai

6
n+1∑

1

ai − n− l

n− k

n∑

k+1

bi 6
n+1∑

1

ai −
n∑

l+1

bi =
l∑
1

bi.

This proves the lemma. ¤

To conclude this section we shall show how to calculate the norm of the vector
(3, 3, 3, 2, 2, 2, 1, 1, 1) in the spaces (ST )4(R) and (TS)4(R) by repeated applica-
tion of Lemma 5 and the definition of the operation T . At each stage, we replace
the vector we have by one of length one less, while preserving its norm. At a
“T” stage, we simply remove the last coordinate. At an “S” stage, we apply
Lemma 5. The process is summarized in the table at the top of the next page.

Notice that ‖(3, 3, 3, 2, 2, 2, 1, 1, 1)‖2 =
√

42, and, as must be the case by the
proof of Theorem 1,

√
21 6 51

4 6
√

42 6 8 6
√

84.

4. Approximating `n
p by an ST -Space

In order to show that `n
p can be approximated by an ST -space, it turns out

to be convenient and natural to generalize the notion of ST -space to function
spaces (although these do not appear in the final statement). We shall prove
an inequality which is a little more sophisticated than Lemma 3. However, our
main difficulty is notational rather than conceptual. In the next section, we shall



94 W. TIMOTHY GOWERS

3 3 3 2 2 2 1 1 1 3 3 3 2 2 2 1 1 1
S−→ 3 3 3 2 2 2 1 1

2 1 1
2

T−→ 3 3 3 2 2 2 1 1
T−→ 3 3 3 2 2 2 1 1

2

S−→ 3 3 3 2 2 2 2
S−→ 3 3 3 2 1

2 2 1
2 21

2

T−→ 3 3 3 2 2 2
T−→ 3 3 3 2 1

2 2 1
2

S−→ 3 3 3 3 3
S−→ 3 1

2 3 1
2 31

2 3 1
2

T−→ 3 3 3 3
T−→ 3 1

2 3 1
2 31

2

S−→ 4 4 4
S−→ 5 1

4 5 1
4

T−→ 4 4
T−→ 5 1

4

S−→ 8

explain a different and in some ways more satisfactory approach, which shows
again that `n

p can be approximated by an ST -space, while avoiding the use of a
technical lemma from this section (Lemma 7 below).

Given a real number t > 0, let F [0, t] denote the vector space of step functions
from the closed interval [0, t] to R, and let Gt denote the set of normed spaces
(F [0, t], ‖ · ‖) such that ‖f‖ = ‖f∗‖ for any f ∈ F [0, t], where f∗ is the decreasing
rearrangement of f . Note that we do not ask for these normed spaces to be
complete. If s > t and f ∈ F [0, s] we shall write ft for the restiction of the
function f to the interval [0, t]. For n ∈ N let In denote the linear map from Rn

to F [0, n] determined by ej 7→ χ[j−1,j). We shall prove a result about norms on
F [0, t] but our interest will eventually be in subspaces of the form In(Rn).

We now define operations which are similar to S and T , but which map Gt1 to
Gt2 , where t1 < t2. Given α > 1, define an operation Tα :

⋃
t>0 Gt −→

⋃
t>0 Gαt

as follows. If X ∈ Gt and f ∈ F [0, αt] then ‖f‖Tα(X) = ‖(f∗)t‖X . Thus, the
norm on the space Tα(X) is as small as it can be given that Tα(X) is in the set Gαt

and that the norm on Tα(X) coincides with that on X for functions supported
on the interval [0, t]. As in the discrete case, Sα is defined in the opposite way:
the norm on Sα(X) is as large as it can be under the same conditions. The
following lemma we state without proof, since the analogy with Lemma 5 is very
close.

Lemma 6. Let t > 0, α > 1 and X ∈ Gt. Let f ∈ F [0, αt] be a step function
satisfying f = f∗ and f(s) > 0 for some s > t. Then if γ > 0 is the unique
number for which ∫ t

0

(f(t) ∨ γ) dt =
∫ αt

0

f(t) dt ,

we have ‖f‖Sα(X) = ‖(f ∨ γ)t‖X .

We now come to the main lemma of this section. As in the first section, if X

and Y are spaces in Gt and c1 and c2 are positive constants, then we shall write
c1X 6 c2Y if c1‖f‖X 6 c2‖f‖Y for every f ∈ F [0, t]. For 1 6 p 6 ∞ and t > 0
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let Lt
p denote the space (F [0, t], ‖ · ‖p), where ‖ · ‖p is the usual norm on Lp[0, t]

restricted to F [0, t].

Lemma 7. Let 1 < p < ∞, t > 0, α > 1 and β = αp−1. Then

Sα(Tβ(Lt
p)) 6 Lαβt

p 6 Tβ(Sα(Lt
p)).

Proof. We shall prove the right-hand inequality only. The left-hand one can
be proved by a similar argument, or else by using duality. Suppose then that
the right-hand inequality does not hold. In that case we can find N ∈ N and
sequences 0 = x0 < x1 < · · · < xN = αβt and λ1 > λ2 > · · · > λN > 0 such
that, setting Ai = [xi−1, xi) and f =

∑N
1 λiχAi

, we have
∫ αβt

0

f(x)p dx >

∫ t

0

(f(x) ∨ γ)p dx

where ∫ t

0

(f(x) ∨ γ) dt =
∫ αt

0

f(x) dx.

Let i0 be the minimal index i for which λi 6 γ and set s = xi0−1. Thus
f(x) 6 γ if and only if x > s. Without loss of generality, there exists i1 such
that xi1 = αt. We have

γ(t− s) =
∫ αt

s

f(x) dx,

and, by assumption,
∫ αβt

0

f(x)p dx−
∫ t

0

(f(x) ∨ γ)p dx

=
∫ αβt

s

f(x)p dx− (t− s)−p

(∫ αt

s

f(x) dx

)p

(t− s) > 0.

Write A for (t−s)p−1
∫ αβt

s
f(x)p dx and B for

(∫ αt

s
f(x) dx

)p

. Our hypothesis
now reads that A > B. If we fix the sequence x0, . . . , xN , we may assume, by a
simple compactness argument, that λ1 > · · · > λN > 0 have been chosen so as
to maximize the ratio A/B. Pick i0 6 i < i1. We find

∂

∂λi

A

B
=

1
B2

(
B(t− s)p−1(xi − xi−1)pλp−1

i −Ap

(∫ αt

s

f(x) dx

)p−1

(xi − xi−1)

)

But since λi 6 γ, we have also
(∫ αt

s
f(x) dx

)p−1

> (t − s)p−1λp−1
i . Since

A > B we obtain that ∂
∂λi

A
B < 0. A simple calculation shows that if we decrease

λi very slightly, then the value of i0 does not change. If the change to λi is
small enough, and the resulting sequence is still a decreasing one, then it follows
that A/B was not maximized by the original sequence. Hence, we obtain that
λi0 = λi0+1 = · · · = λi1 . It is obvious also that λi1 = · · · = λN . Without loss of
generality they all take the value 1.
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It remains to show that

(αβt− s)(t− s)p−1 6 (αt− s)p

By applying the weighted arithmetic-geometric-mean inequality twice and using
the fact that β = αp−1, we have, writing q for the conjugate index of p,

(αβt− s)1/p(t− s)1/q = αt

(
1− s

αβt

)1/p (
1− s

t

)1/q

6 αt

(
1− s

pαβt
− s

qt

)
6 αt

(
1− s

αt

)
= αt− s.

The result follows on raising both sides to the power p. ¤

The next lemma is similar to Lemma 7, but rather easier.

Lemma 8. Let t > 0, X ∈ Gt and α, β > 1. Then SαTβX 6 TβSαX.

Proof. Let f ∈ F [0, αβt]. Without loss of generality f = f∗. Then ‖f‖SαTβX =
‖(f ∨ γ)t‖X , where γ satisfies

∫ βt

0

(f(x) ∨ γ) dx =
∫ αβt

0

f(x) dx

and ‖f‖TβSαX = ‖(f ∨ γ′)t‖X , where γ′ satisfies
∫ t

0

(f(x) ∨ γ′) dx =
∫ αt

0

f(x) dx.

It is therefore enough to show that
∫ t

0
(f(x)∨ γ) dx 6

∫ αt

0
f(x) dx, and thus that

γ′ > γ. Let s = inf{x : f(x) 6 γ}. If s > t, the result is trivial. Otherwise, we
wish to show that (t−s)γ 6

∫ αt

s
f(x) dx, given that γ = (βt−s)−1

∫ αβt

s
f(x) dx.

But since f is a positive decreasing function and α, β > 1, we have
∫ αβt

s
f(x) dx∫ αt

s
f(x) dx

6 αβt− s

αt− s
6 βt− s

t− s
,

which proves the lemma. ¤

In fact, it is not hard to see that equality in the last line can occur only for
functions supported on the interval [0, t], or functions whose modulus is constant
(except on a set of measure zero) on the interval [0, αβt].

Lemmas 7 and 8 contain the essence of the proof that we can approximate
`n
p by an ST -space. The remaining arguments are easy, but this may not be

immediately apparent. The reader is strongly advised to consider, for any space
X ∈ Gt under discussion, a logarithmic graph of the function λ(t) = ‖χ[0,t]‖X ,
i.e., a graph of log λ against log t. Note that the slope of this graph, whenever
X is an ST -space, is either zero or one, and when X = Lt

p it is 1/p. The
terminology that follows is needed in order to formalize arguments which from
such a graph are simple.
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Define an ST -sequence to be a sequence of the form U1, . . . , Uk, where each
Ui is Sα or Tα for some α = αi. Given 0 < u < t we shall say that a function
λ : [u, t] −→ R is an ST -function if it is piecewise linear and its right derivative
at any x is either λ(x)/x or zero. Given a space X ∈ Gu, we shall say that a
space Y is an ST -extension of X if Y = Uk(. . . (U1(X)) . . .) for some ST -sequence
U1, . . . , Uk. Given a space X ∈ Gu, there is an obvious one-to-one correspondence
between ST -sequences, ST -extensions of X and ST -functions taking the value
‖χ[0,u]‖X at u. (Given an ST -extension Y of X, the associated ST -function is
the function λ : x 7→ ‖χ[0,x]‖Y .) When we refer to any correspondence between
ST -functions, ST -extensions and ST -sequences, we shall always mean this one.
Finally, we shall call a function λ : (0, t] → R an ST -function if its restriction
to [u, t] is an ST -function for every u > 0. In other words, the conditions are as
above except that there may be infinitely many changes of slope near zero. We
associate with such a function a space as follows. Suppose the changes of slope of
λ occur at points . . . , x−2, x−1, x0, x1, . . . , xn with xn < t and x−i → 0. Given a
step function f defined on the interval [0, t], we may replace it by a step function
supported on the interval [0, xn] with the same norm, either by projecting f onto
this interval (at a T stage) or by using Lemma 6 as a definition (at an S stage).
We can then repeat this process, obtaining a function supported on [0, xn−1]
and so on. After finitely many stages one obtains a function ωχ[0,s] for some
ω, s > 0. The norm of f is then defined to be ωλ(s). The resulting space we will
call the ST -space associated with λ, denoted Lt

λ. (Note that our notation is not
at all standard: Lφ usually stands for the Orlicz space associated with the Orlicz
function φ. However, the notation is so convenient here that we have adopted
it.)

During the rest of this section we will make a number of uses of the simple fact
that if X 6 Y then TαX 6 TαY and SαX 6 SαY (the function-space analogue
of Lemma 2).

Lemma 9. Let X ∈ Gu, let Y1, Y2 ∈ Gt be two ST -extensions of X and let λ1 and
λ2 be the associated ST -functions. Then if λ1(x) 6 λ2(x) for every x ∈ [u, t], it
follows that Y1 6 Y2.

Proof. Let w1, . . . , wN be the set of values, in increasing order, taken by either
λ1 or λ2 when they are differentiable with derivative zero, or taken by λ2 when it
is maximal. Let s be maximal such that λ1 and λ2 are equal on the interval [u, s].
Then λ1(s) = λ2(s) = wi, say. If s < t, then our aim is to replace λ1 by a larger
function λ′1, still dominated by λ2, but now equal to it until they both take the
value wi+1. Write Z for the ST -extension of X corresponding to the restrictions
of λ1 and λ2 to the interval [u, s], and U1, . . . , Ul for the corresponding ST -
sequence. Note that the next terms in the sequences of Y1 and Y2 must be of the
form Tα and Sβ , by the maximality of s. We must now consider various cases.

First, if i + 1 = N and neither λ1 nor λ2 has zero right derivative when they
take the value wN , then wN is the maximum of λ2 and the ST -sequences of
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Y1 and Y2 must be U1, . . . , Ul, Tα and U1, . . . , Ul, Sα respectively, (where α can
be shown to be wi+1/wi). In this case, let λ′1 = λ2, and observe that the only
modification we have made to the ST -sequence corresponding to λ1 is to replace
the final Tα by Sα.

Otherwise, we know that at least one of λ1 and λ2 has zero derivative when
it takes the value wi+1. Suppose first that λ1 has. Then the ST -sequence of the
space Y1 begins U1, . . . , Ul, Tα1 , Sα2 , Tα3 , with α1, α2, α3 > 1 (and again one can
show that α2 = wi+1/wi). We modify this sequence by exchanging Tα1 with Sα2

and define λ′1 to be the correspondingly modified ST -function. It is not hard to
show that λ′1 is still dominated by λ2 and that λ′1 and λ2 are equal until they
both take the value wi+1.

If on the other hand λ2 has zero derivative when it takes the value wi+1,
then the ST -sequence of Y2 begins U1, . . . , Ul, Sβ1 , Tβ2, with β1, β2 > 1. We
now have three further sub-cases. If the ST -sequence of Y1 is U1, . . . , Ul, Tα1 ,
then α1 > β1β2, so we can replace this ST -sequence by the equivalent sequence
U1, . . . , Ul, Tβ1 , Tγ where β1γ = α1. Now modify the sequence by changing Tβ1

into Sβ1 and let λ′1 be the corresponding function. Then again λ′1 is dominated
by λ2 but equal to it until they both equal wi+1.

If the ST -sequence of Y1 begins U1, . . . , Ul, Tα1 , Sα2 and α2 > β1, then we
can replace it with the equivalent sequence U1, . . . , Ul, Tα1 , Sβ1 , Sγ , where γ =
α2/β1. We modify this sequence by exchanging Tα1 and Sβ1 and let λ′1 be the
corresponding function. Once again, it has the required property.

Finally, if the ST -sequence of Y1 begins U1, . . . , Ul, Tα1 , Sα2 and α2 < β1,
then the hypothesis of this case implies that U1, . . . , Ul, Tα1 , Sα2 is the whole
sequence. In this case, we modify the sequence in two steps. First we exchange
the Tα1 and the Sα2 . Then we replace the Tα1 with Sγ1 , Tγ2 where γ1 = β1/α2

and γ2 = α1α2/β1.
In each of the cases above, λ′1 is obtained from λ1 either by changing a Tα in

its ST -sequence to an Sα, or by changing the order of a consecutive pair Sα, Tβ

so that after the change the Sα operation is performed first, (or in the final
case doing both). By the definitions of the operations Sα and Tβ , the simple
fact mentioned just before this lemma, and Lemma 8, each such modification
increases the corresponding norm. Hence, by induction on i, one can transform
λ1 into λ2 by applying a finite sequence of changes to the corresponding ST -
sequence, each of which increases the corresponding norm. It follows that Y1 6
Y2 as stated. ¤

Corollary 10. Let X1, X2 ∈ Gu and let λ1 and λ2 be two ST -functions on
the interval [u, t] with λi(u) = ‖χ[0,u]‖Xi for i = 1, 2. Let Y1 and Y2 be the
corresponding ST -extensions of X1 and X2. Suppose there is a constant c > 0
such that X1 6 cX2, λ1(u) = cλ2(u) and λ1(x) 6 cλ2(x) for any x ∈ [u, t]. Then

Y1 6 cY2.
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Proof. Without loss of generality c = 1. By Lemma 9 and the analogue of
Lemma 2 we see that Y1 6 Z 6 Y2, where Z is the λ2-extension of X1. ¤

Corollary 11. Let λ and µ be two ST -functions defined on the interval (0, t]
with λ(s) 6 cµ(s) for every s. Then Lt

λ 6 cLt
µ.

Proof. Let f be a decreasing step function with the first step ending at u. The
norm of f in an ST -space does not depend on the behaviour of the ST function
below u. Therefore for values less than u we may replace λ and µ by any other
ST -functions. Choose functions λ1 6 cµ1 such that for some u1 6 u we have
that λ1(u1) = cµ1(u1) and λ1 and µ1 are linear below u1. We may then apply
Corollary 10 (where X1 and X2 will be multiples of Lu1

1 ). ¤

Lemma 12. Let s, t > 0, let 1 < p < ∞, let q be the conjugate index of p and let
α > 1. Then Sα(α−1/qLs

p) 6 Lαs
p and Lβt

p 6 Tβ(β1/pLt
p).

Proof. The second inequality states that, for any positive decreasing function
f on the interval [0, βt], we have the inequality

∫ βt

0

(f(x))p dx 6 β

∫ t

0

(f(x))p dx,

which is obvious. To prove the first, observe that by the above inequality, with
t = α−p/qs and β = αp/q, we have

α−1/qLs
p 6 Tβ(Lt

p),

so, by the extension of Lemma 2, we have

Sα(α−1/qLs
p) 6 SαTβ(Lt

p).

Now β = αp/q = αp−1, so, by Lemma 7,

SαTβ(Lt
p) 6 Lαβt

p = Lαs
p . ¤

We are now ready for the main theorem of this section.

Theorem 13. Let 0 < u < t, let c1 6 c 6 c2 and let λ be an ST -function on
the interval [u, t] such that λ(u) = cu1/p and c1x

1/p 6 λ(x) 6 c2x
1/p for any

x ∈ [u, t]. Let Y be the ST -extension of cLu
p corresponding to the function λ.

Then c1L
t
p 6 Y 6 c2L

t
p.

Proof. We shall prove only the left-hand inequality: the other is similar.
Without loss of generality c1 = 1. Define Z to be the space ScqLc−qu

p , the norm of
which, by Lemma 12, is dominated by that of cLu

p . Notice that ‖χ[0,u]‖Z = cu1/p.
We now define an ST -sequence Sα1 , Tβ1 , Sα2 , Tβ2 , . . . , Sαk

, Tβk
, letting µ be

the function (which will be defined on the interval [u, t]) corresponding to the
subsequence Tβ1 , Sα2 , Tβ2 , . . . , Sαk

, Tβk
. Set α1 = cq and β1 = αp−1

1 = cp. In
general, once we have defined α1, . . . , αi−1 and β1, . . . , βi−1, we let αi be maximal
such that the resulting part of the function µ is dominated by min{λ, t1/p}, and
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then set βi = αp−1
i . This construction guarantees that, whenever µ′(a) = 0,

either there is some b such that λ′(b) = 0 and λ(b) = µ(a), or µ(a) = t1/p.
(Informally, at each stage the logarithmic graph of µ rises with slope one until it
hits a horizontal part of the logarithmic graph of λ, at which point it becomes
horizontal until it rejoins the line y = x/p.) Since λ has only finitely many
changes of slope, the graph of µ reaches a height of t1/p after only finitely many
changes of direction, and after one further step (corresponding to Tβk

) the process
stops.

Let X be the ST -extension of Z corresponding to the function µ. Then
Lemma 7 implies (after an easy induction) that Lt

p 6 X. Since Z 6 cLu
p and

µ 6 λ with µ(u) = λ(u), Corollary 10 implies that X 6 Y , completing the proof
of the theorem. ¤

Corollary 14. Let λ be an ST -function defined on the interval (0, t] such that
c1s

1/p 6 λ(s) 6 c2s
1/p for every s. Then c1L

t
p 6 Lt

λ 6 c2L
t
p.

Proof. Just as in the proof of Corollary 11, we can deduce this from Theorem
13 by considering step functions first. ¤

It remains to show that we can approximate `n
p by an ST -space in the sense of

Section 2, whatever the value of p. Theorem 13 tells us that all we need to worry
about is the norm of vectors of the form

∑k
1 ei.

Theorem 15. Let 1 6 p 6 ∞. Then for any n ∈ N, there exists an ST -space
X such that d(X, `n

p ) < 3/2.

Proof. By duality, we may assume that 1 6 p 6 2. Suppose X ∈ Fn, X ′ ∈ Gn

and the embedding In is an isometry from X to its image in X ′. It is not hard to
see that In+1 is an isometric embedding from T (X) into Tα(X ′), and also from
S(X) into Sα(X ′), where α = 1+1/n. By Theorem 13, then, it is enough to find
an ST -sequence U1, U2, . . . , Un−1 such that each Ui is either S1+1/i or T1+1/i and
the corresponding ST -function λ satisfies x1/p 6 λ(x) < (3/2)x1/p. Clearly we
only need to check this inequality when x is an integer. Suppose we have chosen
U1, . . . , Uk−1. Then if λ(k) > (k + 1)1/p, set Uk = T1+1/k. Otherwise, let it be
S1+1/k. Then for each k, λ(k) is either λ(k− 1) or it is less than k1/p · k/(k− 1).
In the first case we are done, by induction. In the second, we are done, unless
k = 2. But in this case, λ(k) = 2 < (3/2) · 21/p. ¤

Note that Theorem 13 implies easily that if k ∈ N is even and X ∈ F2k is
the space T 2k−1

(S2k−2
(. . . (S4(T 2(S(R)))) . . .)), then d(X, `2

k

2 ) =
√

2. Indeed,
X embeds isometrically into the space T2(S2(. . . (T2(S2(L1

2))) . . .)) ∈ G2k , and if
λ is the ST -function associated with this space, then λ(2l) = 2l/2 if l is even,
and 2(l+1)/2 if l is odd. It follows that

√
x 6 λ(x) 6

√
2x for every x, which,

by Theorem 13, is enough to prove the above estimate. (As in Section 2, the
lower bound on the distance follows from the fact that the distance is attained
by the identity map.) This can also be proved directly from Lemma 7, using
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a duality argument similar to that of Theorem 1. In general, to approximate
`n
p to within an absolute constant by an ST -space, one needs only about log n

changes of direction of the corresponding ST -function λ, or log n terms in the
corresponding ST -sequence. Our arguments show also that many other ST -
sequences would have worked just as well in Theorem 1.

If one wishes for a better polytope approximation of `n
p , still with an easy geo-

metrical description, then one method is to consider appropriate subspaces. For
example, if 2m = nk, X = S(TS)m−1(R) and Y is the n-dimensional subspace
of X generated by the block basis ui =

∑ik
j=(i−1)k+1 ej , where i = 1, 2, . . . , n,

then Theorem 13 and a straightforward calculation show that d(Y, `n
2 ) 6 1+C/k

for some absolute constant C.

5. Limits of ST -Spaces

We say that a function λ is a growth function if it is a strictly positive uniform
limit of ST -functions. It is not hard to show that λ : [u, t] → R is a growth
function if and only if λ(u) > 0 and λ(x) 6 λ(y) 6 (y/x)λ(x) whenever u 6 x 6
y 6 t, and also if and only if there is a space X ∈ Gt such that λ(x) = ‖χ[0,x]‖X

for every u 6 x 6 t. (A similar statement holds also for growth functions defined
on the interval (0, t].) It is an easy consequence of Lemma 10 that, given X ∈ Gu

and a growth function λ such that λ(u) = ‖χ[0,u]‖X , the following normed space
Y ∈ Gt is well defined. Pick any sequence λ1, λ2, . . . of ST -functions tending
uniformly to λ with λn(u) = λ(u) and let

‖f‖Y = lim
n→∞

‖f‖Yn

where Yn is the ST -extension of X corresponding to λn. We shall call the space
Y the λ-extension of X. Given a uniform limit λ : (0, t] → R of ST -functions
λn, we can define a norm ‖ · ‖λ by again taking ‖f‖λ to be the limit of the norms
‖f‖λn . This is the most natural definition, in the context of ST -spaces, of a
norm associated with the growth function λ. We shall denote the completion of
(F [0, t], ‖ · ‖λ) by Lt

λ. Later, we shall show that the space Lt
λ is in some ways

more natural than the Orlicz space with the same growth function.
The main task of this section is to show how to calculate the norm of a

function f in a λ-extension (and consequently in a space Lt
λ). This we do by

giving a continuous analogue of the algorithm defined in Section 3. Thus, we are
generalizing our results so far from growth functions with logarithmic gradient
0 or 1 to growth functions with logarithmic gradient in the interval [0, 1]. This
generalization is of some interest for its own sake, but the immediate benefit is
a second proof of Theorem 15 which avoids the use of Lemma 7.

For convenience, we shall assume that our growth function λ is differentiable
with non-zero derivative, and we shall show how to calculate ‖f‖λ when f is con-
tinuously differentiable with negative derivative and both f and f ′ are bounded
away from 0 and ∞ (this includes right and left derivatives at 0 and 1). A
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function f with these properties we shall call standard. Using rearrangement-
invariance and straightforward limiting arguments, one can deal with more gen-
eral f and λ.

Given a standard function f , we would like, just as in Section 3, to replace
f by a function of smaller support but with the same norm. Given y 6 t large
enough it will turn out that there is a unique x 6 y such that if we define the
function gy by

gy(s) =





f(s) if 0 6 s 6 x,

f(x) if x 6 s 6 y,

0 if s > y,
then ‖gy‖λ = ‖f‖λ. It is clear that x decreases as y decreases. (The differen-
tiability of f applies provided x is greater than 0, which is the reason for the
condition that y should be large enough.) Of much more interest is the fact that
the dependence between x and y = y(x) is given by the differential equation

y
λ′(y)
λ(y)

dy

dx
= −f ′(x)

f(x)
(y − x), (1)

which can be rewritten as

y d(log λ(y)) = −(y − x) d(log f(x)).

The main task of this section is to derive equation (1). However, let us first
see why it gives a new proof of Theorem 15. Note first that when x = 0 (and y

is maximal), the function gy is simply f(0) times the characteristic function of
[0, y], so that ‖f‖λ = ‖gy‖λ = f(0)λ(y(0)). Hence, the differential equation gives
us a means of calculating the norm ‖ · ‖λ. Next, observe that if λ(y) = y1/p, then
the solution of equation (1) is

y = f(x)−p

(
C −

∫ x

0

f(s)p ds

)
+ x

for some constant C. Since y(t) = t, we obtain that C =
∫ t

0
f(s)p ds. Hence,

y(0) = f(0)−p
∫ t

0
f(s)p ds. Thus f(0)(y(0))1/p = ‖f‖p. But Corollary 10 (which

did not use Lemma 7) can obviously be generalized to the same result for limits
of ST -functions and the corresponding spaces. Since the function t1/p is such
a function and it gives rise to the space Lt

p, we obtain Theorem 13 and hence
Theorem 15.

To obtain equation (1), let ε > 0 and 0 < u < t and let α1, β1, . . . , αN , βN be
a sequence of real numbers greater than 1 with the following properties.

(i) λ(α1β1 . . . αkβku) = β1 . . . βkλ(u) for k = 1, 2, . . . , N .
(ii) αkβk 6 1 + ε for k = 1, 2, . . . , N .
(iii) α1β1 . . . αNβN = t/u.

Let X ∈ Gu and let Y be the ST -extension SβN TαN . . . Sβ1Tα1(X) and notice
that the growth function µ of Y has the following properties.
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(a) µ(α1β1 . . . αkβk) = λ(α1β1 . . . αkβk) for k = 1, 2, . . . , N .
(b) (1 + ε)−1λ(s) 6 µ(s) 6 λ(s) for u 6 s 6 t.

For each k, define yk = α1β1 . . . αkβku. Fix k < N , set y = yk and δy = yk+1−yk,
and suppose that x = xk has been defined. Define a function g by the formula

g(s) =





f(s) if 0 6 s 6 x,

f(x) if x 6 s 6 y,

0 if s > y,

and let δx be the unique number such that ‖h‖µ = ‖g‖µ, where

h(s) =





f(s) if 0 6 s 6 x + δx,

f(x + δx) if x + δx 6 s 6 y + δy,

0 if s > y + δy.

Then define xk+1 to be x + δx. We shall now obtain an approximate equation
relating δx and δy.

Setting α = αk+1 and β = βk+1, we know from the definition of the operation
Tα that ‖g‖µ = ‖g1‖µ, where

g1(s) =





f(s) if 0 6 s 6 x,

f(x) if x 6 s 6 αy,

0 if s > αy.

By Lemma 6 (which in this context could almost be regarded as the definition
of Sβ) we know also that

∫ t

0
g1(s) ds =

∫ t

0
h(s) ds. That is,

∫ x

0

f(s) ds + (αy − x)f(x) =
∫ x+δx

0

f(s) ds + (αβy − x− δx)f(x + δx),

which implies that
∫ x+δx

x

(f(s)− f(x)) ds + (x + δx)(f(x)− f(x + δx)) = αyf(x)− αβyf(x + δx).

Bearing in mind that δx = O(δy) and that (αβ − 1)y = δy, which also implies
that α− 1 and β − 1 are O(δy), we can simplify the above to

β − 1
αβ − 1

δy + o(δy) = −f ′(x)
f(x)

(y − x)δx. (2)

Finally, notice that

λ′(y) =
λ(αβy)− λ(y)

(αβ − 1)y
+ o(1) =

β − 1
αβ − 1

λ(y)
y

+ o(1),

so that, substituting into (2), we have the estimate

y
λ′(y)
λ(y)

δy + o(δy) = −f ′(x)
f(x)

(y − x)δx. (3)
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Letting ε, and hence δy, tend to zero, we see that in the limit as µ tends to
λ, we do obtain equation (1) as claimed. Having obtained the equation for a
λ-extension, it is easy to see that it is valid for the space Lt

λ as well.
We end this section with a small remark. It is easy to prove that the dual

of Lt
λ is Lt

µ where µ(s) = s/λ(s), first when λ is an ST -function, and then, on
taking limits, for an arbitrary growth function. (This statement is not quite
accurate since for example the dual of Lt

∞ is not Lt
1. What we mean is that

the norm of a measurable function in the dual of Lt
λ is its Lt

µ-norm.) The proof
comes straight from the definition of the operations Sα and Tβ . Similarly, it
is trivial that these spaces are normed spaces. Therefore we have an argument
which makes the inequalities of Hölder and Minkowski in some sense “obvious”
and “geometrical”. Unfortunately, working out the details is more complicated
than the usual proofs of those inequalities!

6. Two Results about ST -Spaces

We shall be concerned with two natural questions in this section. First, what
is the relationship, if anything, between ST -spaces and Orlicz spaces? Second,
what is the result of interpolating between two ST -spaces?

For the first question, suppose X is an Orlicz function space restricted to the
interval [0, t] with the norm given by

‖f‖X = inf
{

µ > 0 :
∫ t

0

φ(|f(s)|/µ) ds 6 1
}

where φ is an Orlicz function. For this space we have ‖χ[0,s]‖X = (φ−1(s−1))−1.
For 0 < u < t let Xu be the restriction to [0, u] of X. If for u 6 s 6 t we
set λ(s) = (φ−1(s−1))−1, it is natural to ask whether the (completion of the)
λ-extension of Xu is X? We shall show that it is, isometrically, if and only if,
for some p, φ(s) = sp and therefore λ(s) = s1/p. In other words, ST -spaces and
Orlicz spaces intersect only in the Lp-spaces.

Our proof of this is slightly indirect. Suppose φ is an Orlicz function, X is the
corresponding Orlicz space and Xu and λ are given as above. Suppose moreover
that the identity is an isometry from X to the λ-extension of Xu. Let f be any
standard function. For y < t sufficiently close to t we replace f by a function gy

with the properties we had in the last section. That is, for some 0 6 x 6 y,

gy(s) =





f(s) if 0 6 s 6 x,

f(x) if x 6 s 6 y,

0 if s > y,

and ‖gy‖λ = ‖f‖λ. It is easy to see that, for each y, gy is unique. Suppose that
‖f‖X = 1. Using the definition of the norm in X and the isometry assumption
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one readily obtains that
∫ x

0

φ(f(s)) ds + (y − x)φ(f(x)) =
∫ t

0

φ(f(s)) ds (4)

If we differentiate this equation with respect to x and rearrange, we obtain that

φ(f(x))
φ′(f(x))f(x)

dy

dx
= −f ′(x)

f(x)
(y − x).

On the other hand, if we substitute λ(y) = (φ−1(y−1))−1 into the differential
equation (1), we obtain the equation

1
yφ−1(y−1)φ′(φ−1(y−1))

dy

dx
= −f ′(x)

f(x)
(y − x).

It follows from the uniqueness of gy that φ(f(x))/φ′(f(x))f(x) does not depend
on f(x). In other words, the function t 7→ φ(t)/tφ′(t) is a constant function.
Solving this equation gives φ(t) = Ctp for some constants C and p. We have
proved the next theorem.

Theorem 16. Let X ∈ Gt be the restriction of an Orlicz function space on [0, t]
to the interval [0, t] and let Y be the completion of the λ-extension of Xu, where λ

and Xu are as defined above. Then X is isometric to Y under the identity map if
and only if , for some constants C > 0 and 1 6 p 6 ∞, ‖f‖X = ‖f‖Y = C‖f‖p.

It would be much more interesting to find out when ST -spaces are isomorphic
to Orlicz spaces. There seems to be a reasonable chance that they always are, in
which case they could be regarded as the “correct” renorming of Orlicz spaces.

The next result shows that ST -spaces interpolate in the way one would ex-
pect. Since we prove an isometric result, we must use complex interpolation and
therefore complex scalars. One can either define the norm of any vector to be
the norm of its modulus, or follow the original approach making obvious modifi-
cations. These give the same result. Also, we shall make use of the fact (related
to the remark at the end of the previous section) that, if X ∈ Gu, and λ is a
growth function, then the dual of the λ-extension of X is the µ-extension of X∗,
where µ(s) = s/λ(s). (Again, this statement should be interpreted somewhat
loosely.) For the basic facts and notation to do with interpolation, see [BL].

Theorem 17. Let X ∈ Gu, let λ and µ be growth functions and let Xλ and Xµ

be the λ- and µ-extensions of X respectively . Given 0 < θ < 1, let ν = λθµ1−θ

and let Xν be the ν-extension of X. Then

(Xλ, Xµ)[θ] = Xν .

Proof. The proof of this is very similar to the standard proof that Lp-spaces
interpolate in the way one would expect. Let f be a standard function with
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‖f‖Xν
= 1 and let y = y(x) be defined by the differential equation

y
ν(y)
ν(y)

dy

dx
= −f ′(x)

f(x)
(y − x)

and the initial condition y(t) = t. Let D ⊂ C be the set {z ∈ C : 0 6 Re(z) 6 1}.
Fixing y, we may now define, for every z ∈ D, a function gz by the differential
equation

y

(
(1− z)

λ′(y)
λ(y)

+ z
µ′(y)
µ(y)

)
dy

dx
= −g′z(x)

gz(x)
(y − x)

and the initial condition

gz(0) = λ(y(0))−(1−z)µ(y(0))−z.

It is easy to check that

gz(x) = g0(x)1−zg1(x)z. (3)

Now set f̃(z, x) = exp(εz2 − εθ2)gz(x). Thus f̃ : D × [0, t] → C. We have
the properties of f̃ necessary to estimate ‖f‖(Xλ,Xµ)[θ]

. First, for each x it is
clear that f̃(z, x) is analytic in z on the interior of D. Second, ‖f̃(ir, · )‖Xλ

and
‖f̃(1 + ir, · )‖Xµ both tend to zero as |r| tends to infinity. Moreover, we have
‖f̃(ir, · )‖Xλ

6 1 and ‖f̃(1 + ir, · )‖Xµ 6 exp(ε) for every r ∈ R. It follows
that ‖f‖(Xλ,Xµ)[θ]

6 exp(ε). Since ε > 0 was arbitrary, we have shown that
‖f‖(Xλ,Xµ)[θ]

6 ‖f‖Xν for any function f .
Conversely, suppose that ‖f‖(Xλ,Xµ)[θ]

= 1. This tells us that for each ε > 0
there exists a function f̃ with the above properties. We also know that

‖f‖Xν = sup
{|〈f, h〉| : h standard, ‖h‖Xν1

= 1
}

where ν1(s) = s/ν(s).
Given a standard function h with ‖h‖ν1 6 1, let h̃ : D × [0, t] → C be given

by the method used to construct f̃ from f , replacing all the spaces in that
construction by their duals. Then set

F (z) =
∫ t

0

f̃(z, x)h̃(z, x) dx

for every z ∈ D. Then F is analytic on the interior of D, continuous on D, and
F (ir) 6 1 and F (1+ ir) 6 exp(2ε) for every r ∈ R. By the Hadamard three-line
theorem (see [BL]) we obtain that

|〈f, h〉| 6 |F (θ)| 6 exp(2ε).

Since ε > 0 was arbitrary, we have ‖f‖Xν 6 1. ¤

It is not hard to deduce from Theorem 17 that, with the same notation, we have
also (Lt

λ, Lt
µ)[θ] = Lt

ν .
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7. Suggestions for Further Research

There are many questions one can ask arising from the results of the previous
sections. Some of this section is extremely speculative.

(A) The most urgent question is whether ST -spaces are renormings of Orlicz
spaces or something quite different. This question has been mentioned earlier in
the paper so we shall not say much more about it. Whatever the answer, one can
ask whether ST -spaces always contain some `p almost isometrically. We have an
argument, whose details are yet to be checked, that they do; it uses the similar
result of Lindenstrauss and Tzafriri for Orlicz spaces, for which see [LT].

(B) It is likely that the map taking a growth function λ to the rearrangement-
invariant function space Lλ(R) with that growth function can be characterized
amongst all such maps. Here are some properties that might be involved:

(i) t1/p 7→ Lp(R).
(ii) t/λ(t) 7→ (Lλ(R))∗.
(iii) aλ 6 µ implies aLλ(R) 6 Lµ(R).
(iv) (Lt

λ, Lt
µ)[θ] = Lt

λθµ1−θ .

Are these enough? Perhaps (iii) needs to be a little more detailed. For example,
one also has:

(v) If aλ(s) 6 µ(s) for s 6 t and the support of f is contained in the interval
[0, t], then a‖f‖λ 6 ‖f‖µ.

(vi) If f∗ is constant on [0, u] and aλ(s) 6 µ(s) for s > u, then a‖f‖λ 6 ‖f‖µ.

(C) Recall the remark at the end of Section 4, that only log n changes between
S and T are needed to approximate `n

p to within a constant. This is clearly
best possible. Does it cause the unit ball of the resulting ST -space to have
interesting extremal properties of a more geometrical nature amongst polytopes
approximating the ball of `n

p? Unchecked calculations suggest that the number
of vertices and faces are both at most exponential (again for 1 < p < ∞ this is
necessary). If they are correct, then we have constructed efficient approximating
polytopes in a very explicit way. Perhaps this might have algorithmic uses. It
would be interesting to have good estimates for the number of facets of each
dimension of the polytope arising from a given ST -sequence.

The restriction of Ln
λ to the subspace generated by the functions χ[i−1,i) seems

to have a polytope as its unit ball when λ is an ST -function (rather than a more
general growth function). One can ask similar questions about these polytopes.

(D) It is interesting to define ST -spaces more geometrically, especially if we re-
turn to the idea of trying to construct “generic” polytopes. This can be done
as follows. Given an affine subspace Y of Rn not containing zero, define the
canonical extension of Y to a hyperplane to be the sum of Y and the orthog-
onal complement of the linear subspace generated by Y . Let the side of this
hyperplane containing zero be the canonical half-space associated with Y .
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Call a set of points X = {x1, . . . , xm} in Rn compatible if the canonical half-
spaces associated with the (zero-dimensional) affine subspaces {xi} all contain
all of X. Suppose we have a compatible set X in general position (for simplicity
only; this condition is not really needed) and let Σ be the simplicial complex of
all subsets A ⊂ X such that conv A is a facet of conv X. If A ∈ Σ, denote by
C(A) the cone generated by A. Let Cr = Cr(X) be the union of all C(A) such
that |A| = r + 1 (so that C(A) is r-dimensional).

Given a subset K ⊂ Cr such that conv K is a polytope with 0 in its interior
and such that K = Cr ∩ conv K, we define SK ⊂ Cr+1 to be the intersection
of Cr+1 with conv K, and we define TK to be the intersection of Cr+1 with the
intersection of all canonical half-spaces associated with r-facets of conv K that
lie entirely in Cr. This definition agrees with the previous one if X is the set
of points ±ei. It is possible to make precise the sense in which the S and T

operations are dual to each other.
Several questions arise immediately. If one takes a suitably well-distributed set

of points in the n-sphere and applies an ST -sequence which would have produced
an approximation to `n

p if applied to {±ei}, then what does one get, or at least
what properties can one expect the resulting polytope (or normed space in the
symmetric case) to have? (A possible definition of “suitably well-distributed”
is that the identity on Rn can be expressed in the form y 7→ ∑

ci〈xi, y〉xi for
positive constants ci and points xi in the set.) What happens if one starts with
a regular simplex? In this case, does alternating between S and T produce an
approximation to a sphere? If so, what can one say about “simplex `n

p” for
p 6= 2? (One might, for example, expect that the unit balls of simplex `n

p and
simplex `n

q were equivalent via a negative multiple of the identity.) Is it possible
to define a space given a more general growth function and a compatible set of
starting points?

(E) One can regard ST -spaces as the result of a kind of interpolation between
L1 and L∞. We give an indication of how this is done. Given a space X ∈ Gt

and a decreasing function f supported on [0, αt], we calculate its norm in Sα(X)
by finding a function g of the form f ∨ γ restricted to [0, t], where γ is minimal
such that ‖g‖1 = ‖f‖1. Its norm in Tα(X) can be described in exactly the same
way, except that now ‖g‖∞ = ‖f‖∞ (so that γ = 0). Given a rearrangement-
invariant function space V , we could define Vα(X) in the same way. The norm
of f in Vα(X) is the norm in X of the restriction of f ∨ γ to [0, t], where now γ

is chosen so that the V -norm of the two functions is the same.
If we have two RI-spaces V and W , and an ST -sequence with corresponding

growth function λ, we can replace each Sα by a Vα and each Tα by a Wα. Denote
the resulting space by (V, W )[λ]. Then (L1, L∞)[λ] = Lλ. (We have extended to
the whole of R+—this presents no problems.) We can now take limits as before
and define (V,W )[λ] for arbitrary growth functions λ.
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Some questions that arise out of this definition are the following. What is the
relationship between this interpolation method and the complex interpolation
method, when λ(t) = t1/p? It is not hard to show that (Lλ, Lµ)[ν] = Lξ, where
ξ is defined by the differential equation

ξ′(x)
ξ(x)

=
ν′(x)
ν(x)

λ′(x)
λ(x)

+
(
1− ν′(x)

ν(x)

)
µ′(x)
µ(x)

,

so they agree with complex interpolation when V and W are limits of ST -spaces.
Does this method give rise to an interpolation theorem, and is the resulting

constant 1? This would be interesting as it is a real method rather than a
complex one. Can the method be generalized to interpolation between arbitrary
spaces? (Probably it is not hard to generalize at least as far as lattices, but even
this is not a triviality.)

(F) It seems very likely that it is possible to generalize many of the results of this
paper to operator spaces. Do appropriate operator-space versions give operator
`p-spaces, as defined by Pisier? Does this give a means of defining operator Orlicz
spaces? Of course the answer to this last question can only be yes if ST -spaces
and Orlicz spaces coincide isomorphically.
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A Remark about the Scalar-Plus-Compact
Problem

W. TIMOTHY GOWERS

Abstract. In [GM] a Banach space X was constructed such that every
operator from a subspace Y ⊂ X into the space is of the form λIY→X +S,
where IY→X is the inclusion map and S is strictly singular. In this paper
we show that there is an operator T from a subspace Y ⊂ X into X which
is not of the form λIY→X + K with K compact.

1. Introduction

It is an open problem whether there exists an infinite-dimensional Banach
space X such that every bounded linear operator from X to itself is of the
form λI + K, where λ is a scalar, I is the identity on X and K is a compact
operator. The strongest property of a similar nature that has been obtained is
that a space may be hereditarily indecomposable (see [GM] for this definition and
several others throughout the paper), which implies [GM] that every operator
on it is of the form λI +S, where S is strictly singular, and even [F1] that every
operator from a subspace into the space is a strictly singular perturbation of a
multiple of the inclusion map. (These results assume complex scalars but several
examples are known where the conclusion holds with real scalars.) In this note,
we show that the first hereditarily indecomposable space to be discovered [GM],
which we shall call X, has a subspace Y such that there is a non-compact strictly
singular operator from Y into X. Therefore this operator is not a compact
perturbation of a multiple of the inclusion map. Since all we are doing is showing
that one particular space does not give an example of a stronger property than
that required by the problem, the existence of this note needs some justification,
which we shall now provide.

First, if one is trying to solve the problem with an example, then a natural
line of attack is to try to construct a hereditarily indecomposable space such
that every strictly singular operator is compact. To ensure the second property,
a natural sufficient condition is the following: if u1 < u2 < · · · and v1 < v2 < · · ·

111
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are any pair of normalized block bases such that (un)∞1 dominates (vn)∞1 , then
they are actually equivalent. However, if such an example existed, then it would
also give an example of the stronger property about maps from subspaces, so
the stronger property is worth considering.

Second, the known hereditarily indecomposable spaces (for example [AD, F2,
G1, G2, GM, H]) are obvious places to start in any search for a counterexample.
Since not much was known about any of them in this respect, this note performs
a modest, but necessary function.

Third, the method of proof does not rely very much on the detailed properties
of the space X, so it is highly likely that it can be generalized, perhaps even to
some very wide class of spaces such as reflexive ones. Indeed, it is the author’s
belief (but this is just a guess) that every reflexive space has a subspace such
that there is a map from the subspace into the space which is not a compact
perturbation of the inclusion map.

Nevertheless, since the result of this note is rather specific, we shall assume
familiarity with the paper [GM], including its notation (although it is not nec-
essary to have followed everything), and in some places we shall sketch easy
arguments rather than proving them in full.

2. Construction of the Subspace and Operator into X

The main properties we shall use of the space X are the following two. Let
f(n) = log2(n + 1). Then, for every x ∈ X,

‖x‖ ≤ ‖x‖∞ ∨ sup
{

f(k)−1/2
k∑

i=1

‖Eix‖ : k ≥ 2, E1 < · · · < Ek

}
,

which implies that the norm on X is dominated by the norm on Schlumprecht’s
space defined with the function

√
f .

The second property is that for every ε > 0 and every m ∈ N there is a
normalized block basis u1 < u2 < · · · of X such that if a1, . . . , am are scalars
and i1 < · · · < im, then, setting a =

∑m
j=1 ajuij , there exist k and intervals

E1 < · · · < Ek such that

‖a‖ ≥ f(k)−1
k∑

r=1

‖Era‖ ≥ (1 + ε)−1
m∑

j=1

|aj |.

(To sketch the proof: let v1 < v2 < · · · be an infinite sequence in X such that
every subsequence of length M >> m is a rapidly increasing sequence with
constant 1 + ε/2. Let each ui be a block consisting of M/m of the vjs added
together.)

Now let N1 < N2 < N3 < · · · be a sufficiently fast-growing sequence of
integers. (It will be clear later that suitable choices of Ni exist.) For each
integer s, let u

(s)
1 < u

(s)
2 < u

(s)
3 < · · · be a block basis satisfying the condition
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above, with m = Ns and ε = 1. Now let us choose vectors y1, y2, y3, . . . satisfying
the following conditions.

(i) There is some function φ : N2 → N such that yn =
∑∞

s=1 2−su
(s)

φ(s,n) for every
n, s.

(ii) Any pair of distinct u
(s)

φ(s,n) have disjoint ranges.
(iii) If m < n then u

(s)

φ(s,m) < u
(s)

φ(s,n).

It is not hard to show that all these properties can be satisfied simultaneously.
Consider a sum of the form

∑N
i=1 aiyni

. If N ≤ Ns, then

∥∥∥∥
N∑

i=1

aiyni

∥∥∥∥ ≥ 2−s ≥ 2−(s+1)
N∑

i=1

|ai|,

because we can estimate the norm on the left-hand side by isolating the con-
tribution from the block basis (u(s)

j ) and using the intervals E1 < · · · < Ek

guaranteed by the condition on this block basis. (Note that we are not simply
projecting onto the span of the u

(s)
j , which would not be allowed as X does not

have an unconditional basis.)
Therefore, given any monotone function ω : N → [4,∞] such that ω(n) tends

to infinity with n, one can choose the sequence N1 < N2 < · · · in such a way
that ∥∥∥∥

∞∑

i=1

aiyi

∥∥∥∥ ≥ 1
4 sup

A⊂N
ω(|A|)−1

∑

i∈A

|ai|

whenever the left-hand side makes sense.
Our next aim is to show that if ω is sufficiently slow-growing, then the norm

in X of any vector
∑∞

i=1 aiei is at most C supA⊂N ω(|A|)−1
∑

i∈A |ai| for some
absolute constant C. This will imply that there is a bounded linear map from Y

to X taking yn to en. This map is certainly not compact. Moreover, it follows
easily from the above estimate that it is infinitely singular, and hence, since X

is hereditarily indecomposable, strictly singular also. Thus, once we have the
estimate, the proof is finished.

Let L(ω) be the space of all scalar sequences a = (a1, a2, . . . ) with

‖a‖ = sup
A⊂N

ω(|A|)−1
∑

i∈A

|ai|.

(This space is the dual of a Lorentz sequence space.) Let S be Schlumprecht’s
space, defined using the function g(n) = (log2(n + 1))1/2. Let S′ be the sym-
metrization of S. That is, ‖a‖S′ is the supremum of ‖b‖S over all rearrangements
b of a. Then we have ‖a‖X ≤ ‖a‖S ≤ ‖a‖S′ . Therefore, it is enough to show
that the formal identity from L(ω) to S′ is continuous.

To prove this, it is enough to consider extreme points in the unit ball of L(ω).
Such a point has a decreasing rearrangement a = (a1, a2, . . . ), say, and it is easy
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to see that whenever
∑n

i=1 ai < ω(n), we must have an = an+1. Therefore, a

must be of the form
n1∑

i=1

ω(n1)
n1

ei +
n2∑

i=n1+1

ω(n2)− ω(n1)
n2 − n1

ei +
n3∑

i=n2+1

ω(n3)− ω(n2)
n3 − n2

ei + · · · .

Furthermore,
nr∑

i=nr−1+1

ω(nr)− ω(nr−1)
nr − nr−1

ei = E
nr∑

i=nr−1+1

(ω(i)− ω(i− 1))eπ(i),

where the average is over all permutations π of the set {nr−1 +1, . . . , nr}, so in
fact every extreme point of the ball of L(ω) has as its decreasing rearrangement
the sequence (ω(1), ω(2)− ω(1), ω(3)− ω(2), . . . ).

Since the unit vector basis is 1-symmetric in both L(ω) and S′, all that re-
mains is to choose a decreasing sequence bm → 0 such that

∑∞
m=1 bm = ∞ and

‖(bm)‖S′ < ∞, so that we can set ω(n) =
∑n

m=1 bm. The existence of such a
sequence is an easy exercise, given that the norm of

∑r
i=1 ei in S′ is r/f(r).

3. Further Questions

It would be nice of course to solve the whole problem, but if this cannot
immediately be done, then to get more of a feel for the technicalities involved,
it would be good to obtain results similar to those of this paper for other known
hereditarily indecomposable spaces. For some of them the argument carries
through with only minor modifications (this is certainly true of [G2] and probably
of [F] and [H] as well). However, at least three known spaces present difficulties,
each of a different kind. One is the dual of the space X considered here, another
is the asymptotic `1-space constructed by Argyros and Delyanni and a third is
the non-reflexive space constructed in [G1]. Some of these difficulties appear to
be merely technical, but the problems should still be investigated.
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Another Low-Technology Estimate
in Convex Geometry

GREG KUPERBERG

Abstract. We give a short argument that for some C > 0, every n-
dimensional Banach ball K admits a 256-round subquotient of dimension at
least Cn/(log n). This is a weak version of Milman’s quotient of subspace
theorem, which lacks the logarithmic factor.

Let V be a finite-dimensional vector space over R and let V ∗ denote the dual
vector space. A symmetric convex body or (Banach) ball is a compact convex
set with nonempty interior which is invariant under under x 7→ −x. We define
K◦ ⊂ V ∗, the dual of a ball K ⊂ V , by

K◦ = {y ∈ V ∗∣∣y(K) ⊂ [−1, 1]}.

A ball K is the unit ball of a unique Banach norm ‖ · ‖K defined by

‖v‖K = min{t∣∣v ∈ tK}.

A ball K is an ellipsoid if ‖·‖K is an inner-product norm. Note that all ellipsoids
are equivalent under the action of GL(V ).

If V is not given with a volume form, then a volume such as Vol K for
K ⊂ V is undefined. However, some expressions such as (Vol K)(Vol K◦) or
(Vol K)/(Vol K ′) for K, K ′ ⊂ V are well-defined, because they are independent
of the choice of a volume form on V , or equivalently because they are invariant
under GL(V ) if a volume form is chosen.

An n-dimensional ball K is r-semiround [8] if it contains an ellipsoid E such
that

(Vol K)/(Vol E) ≤ rn.
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It is r-round if it contains an ellipsoid E such that K ⊆ rE. Santaló’s inequality
states that if K is an n-dimensional ball and E is an n-dimensional ellipsoid,

(Vol K)(Vol K◦) ≤ (Vol E)(Vol E◦).

(Saint-Raymond [7], Ball [1], and Meyer and Pajor [4] have given elementary
proofs of Santaló’s inequality.) It follows that if K is r-round, then either K or
K◦ is

√
r-semiround.

If K is a ball in a vector space V and W is a subspace, we define W ∩ K

to be a slice of K and the image of K in V/W to be a projection of K; they
are both balls. Following Milman [5], we define a subquotient of K to be a slice
of a projection of K. Note that a slice of a projection is also a projection of a
slice, so that we could also have called a subquotient a proslice. It follows that
a subquotient of a subquotient is a subquotient. Note also that a slice of K is
dual to a projection of K◦, and therefore a subquotient of K is dual to a proslice
(or a subquotient) of K◦.

In this paper we prove the following theorem:

Theorem 1. Suppose that K is a (2k+1n)-dimensional ball which is (2(3/2)k ·4)-
semiround , with k ≥ 0. Then K has a 256-round , n-dimensional subquotient .

Corollary 2. There exists a constant C > 0 such that every n-dimensional
ball K admits a 256-round subquotient of dimension at least Cn/(log n).

The corollary follows from the theorem of John that every n-dimensional ball is
(
√

n)-round.
The corollary is a weak version of a celebrated result of Milman [5; 6]:

Theorem 3 (Milman). For every C > 1, there exists D > 0, and for every
D < 1 there exists a C, such that every n-dimensional ball K admits a C-round
subquotient of dimension at least Dn.

However, the argument given here for Theorem 1 is simpler than any known
proof of Theorem 3.

Theorem 3 has many consequences in the asymptotic theory of convex bodies,
among them a dual of Santalo’s inequality:

Theorem 4 (Bourgain, Milman). There exists a C > 0 such that for every
n and for every n-dimensional ball K,

(Vol K)(Vol K◦) ≥ Cn(Vol E)(Vol E◦).

Theorem 4 is an asymptotic version of Mahler’s conjecture, which states that
for fixed n, (Vol K)(Vol K◦) is minimized for a cube. In a previous paper, the
author [3] established a weak version of Theorem 4 also, namely that

Vol (K)Vol (K◦) ≥ (log2 n)−n Vol (E)Vol (E◦)

for n ≥ 4. That result was the motivation for the present paper.
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The author speculates that there are elementary arguments for both Theo-
rems 3 and 4, which moreoever would establish reasonable values for the arbitrary
constants in the statements of these theorems.

The Proof

The proof is a variation of a construction of Kashin [8]. For every k let Ωk be
the volume of the unit ball in Rk; Ωk is given by the formula

πk/2

Γ(k
2 + 1)

.

Let V be an n-dimensional vector space with a distinguished ellipsoid E, to be
thought of as a round unit ball in V , so that V is isometric to standard Rn

under ‖ · ‖E . Give V the standard volume structure d~x on Rn. In particular,
Vol E = Ωn. Endow ∂E, the unit sphere, with the invariant measure µ with
total weight 1. If K is some other ball in V , then

Vol K = Ωn

∫

∂E

‖x‖−n
K dµ

and, more generally,
∫

K

‖x‖k
E d~x =

nΩn

n + k

∫

∂E

‖x‖−n−k
K dµ.

Let f be a continuous function on ∂E. Let 0 < d < n be an integer and consider
the space of d-dimensional subspaces of V . This space has a unique probability
measure invariant under rotational symmetry. If W is such a subspace chosen
at random with respect to this measure, then for any continuous function f ,

∫

∂E

f(x)dµ = E

[∫

∂(E∩W )

f(x)dµ

]
, (1)

where µ denotes the invariant measure of total weight 1 on E ∩ W also. In
particular, there must be some W for which the integral of f on the right side
of equation (1) is less than or equal to that of the left side, which is the average
value.

The theorem follows by induction from the case k = 0 and from the claim
that if K is a (2n)-dimensional ball which is r-semiround, then K has an n-
dimensional slice K ′′ such that either K ′′ or its dual is (2r)2/3-semiround. In
both cases, we assume that K is r-semiround and has dimension 2n and we
proceed with a parallel analysis.

There exists an (n + 1)-dimensional subspace V ′ of V such that:
∫

∂E′
‖x‖−2n

K dµ ≤ Vol K

Vol E
= r2n, (2)
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where E′ = E ∩ V ′. Let K ′ = V ′ ∩K. Then∫

∂E′
‖x‖−2n

K dµ =
2n

(n− 1)Ωn+1

∫

K′
‖x‖n−1

E′ d~x. (3)

Let p be a point in K ′ such that s = ‖p‖E is maximized; in particular K ′ is s-
round Let V ′′ be the subspace of V ′ perpendicular to p and define K ′′ = V ′′∩K

and E′′ = V ′′∩E. The convex hull S(K ′′) of K ′′∪{p,−p} is a double cone with
base K ′′ (or suspension of K ′′), and S(K ′′) ⊆ K ′. We establish an estimate that
shows that either s or Vol K ′′ is small. Let x0 be a coordinate for V ′ given by
distance from V ′′. Then∫

K′
‖x‖n−1

E′ d~x ≥
∫

S(K′′)
‖x‖n−1

E′ d~x >

∫

S(K′′)
|x0|n−1 d~x

= 2
∫ s

0

xn−1
0

(
Vol

(
1− x0

s

)
K ′′

)
dx0

= 2(Vol K ′′)sn

∫ 1

0

tn−1(1− t)n dt

= (Vol K ′′)sn 2(n− 1)!n!
(2n)!

. (4)

We combine equations (2), (3), and (4) with the inequality

Ωn4n(n− 1)!n!
Ωn+1(n− 1)(2n)!

=
2Γ(n+3

2 )(n− 2)!n!√
πΓ(n+2

2 )(2n− 1)!
> 4−n.

(Proof: Let f(n) be the left side. By Stirling’s approximation, f(n)4n → 23/2 as
n →∞. Since

f(n + 2)
f(n)

=
1
4

n2 + 2n− 3
4n2 + 8n + 3

<
1
16

,

the limit is approached from above.) The final result is that

Vol K ′′

Vol E′′ ≤ (2r)2ns−n.

In the case k = 0, r = 8. Since E′′ ⊆ K ′′, Vol K ′′ ≥ Vol E′′, which implies
that s ≤ 4r2 = 256. Since K ′′ is s-round, it is the desired subquotient of K.

If k > 1, then suppose first that s ≤ (2r)4/3. In this case K ′′ is (2r)4/3-round,
which implies by Santaló’s inequality that either K ′′ or K ′′◦ is (2r)2/3-semiround.
On the other hand, if s ≥ (2r)4/3, then K ′′ is (2r)2/3-semiround. In either case,
the induction hypothesis is satisfied.
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On the Equivalence Between Geometric and
Arithmetic Means for Log-Concave Measures

RAFAÃL LATAÃLA

Abstract. Let X be a random vector with log-concave distribution in
some Banach space. We prove that ‖X‖p ≤ Cp‖X‖0 for any p > 0, where

‖X‖p = (E‖X‖p)1/p, ‖X‖0 = exp E ln ‖X‖ and Cp are constants depend-
ing only on p. We also derive some estimates of log-concave measures of
small balls.

Introduction. Let X be a random vector with log-concave distribution (for
precise definitions see below). It is known that for any measurable seminorm
and p, q > 0 the inequality

‖X‖p ≤ Cp,q‖X‖q

holds with constants Cp,q depending only on p and q (see [4], Appendix III).
In this paper we show that the above constants can be made independent of q,
which is equivalent to the inequality

‖X‖p ≤ Cp‖X‖0, (1)

where ‖X‖0 is the geometric mean of ‖X‖. In the particular case in which X

is uniformly distributed on some convex compact set in Rn and the seminorm is
given by some functional, inequality (1) was established by V. D. Milman and A.
Pajor [3]. As a consequence of (1) we prove the result of Ullrich [6] concerning
the equivalence of means for sums of independent Steinhaus random variables
with vector coefficients, even though these random-variables are not log-concave
(Corollary 2).

To prove (1) we derive some estimates of log-concave measures of small balls
(Corollary 1), which are of independent interest. In the case of Gaussian random
variables they were formulated and established in a weaker version in [5] and
completelely proved in [2].
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Definitions and Notation. Let E be a complete, separable, metric vector
space endowed with its Borel σ−algebra BE .By µ we denote a log-concave prob-
ability measure on (E, BE) (for some characterizations, properties and examples,
see [1]) i.e. a probability measure with the property that for any Borel subsets
A,B and all 0 < λ < 1 we have

µ(λA + (1− λ)B) ≥ µ(A)λµ(B)1−λ.

We say that a random vector X with values in E is log-concave if the distribution
of X is log-concave.For a random vector X and a measurable seminorm ‖.‖ on
E (i.e. Borel measurable, nonnegative, subadditive and positively homogeneous
function on E) we define

‖X‖p = (E‖X‖p)1/p for p > 0

and
‖X‖0 = lim

p→0+
‖X‖p = exp(E ln ‖X‖).

Let us begin with the following Lemma from [1].

Lemma 1. For any convex , symmetric Borel set B and k ≥ 1 we have

µ((kB)c) ≤ µ(B)

(
1− µ(B)

µ(B)

)(k+1)/2

.

Proof. The statement follows immediately from the log-concavity of µ and the
inclusion

k − 1
k + 1

B +
2

k + 1
(kB)c ⊂ Bc. ¤

Lemma 2. If B is a convex , symmetric Borel set , with µ(KB) ≥ (1 + δ)µ(B)
for some K > 1 and δ > 0 then

µ(tB) ≤ Ctµ(B) for any t ∈ (0, 1),

where C = C(K/δ) is a constant depending only on K/δ.

Proof. Obviously it’s enough to prove the result for t = 1/2n, n = 1, 2, . . . . So
let us fix n and define, for u ≥ 0,

Pu = {x : ‖x‖B ∈ (u− 1/2n, u + 1/2n)},
where

‖x‖B = inf{t > 0 : x ∈ tB}.
By simple calculation λPu + (1− λ)(2n)−1B ⊂ Pλu, so

µ(Pλu) ≥ µ(Pu)λµ((2n)−1B)1−λ for λ ∈ (0, 1). (2)

From the assumptions it easily follows that there exists u ≥ 1 such that µ(Pu) ≥
δµ(B)/Kn. Let µ((2n)−1B) = κµ(B)/n. If κ ≤ 2δ/K we are done, so we will
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assume that κ ≥ 2δ/K. Then by (2) it follows that µ(P1) ≥ δµ(B)/Kn. The
sets P(n−1)/n, P(n−2)/n, . . . , P1/n, (2n)−1B are disjoint subsets of B, and hence

µ(B) ≥ µ(P(n−1)/n) + · · ·+ µ(P1/n) + µ((2n)−1B).

Using our estimations of µ(P1) and µ((2n)−1B) we obtain by (2)

µ(B) ≥ n−1µ(B)((δ/K)(n−1)/nκ1/n + · · ·+ (δ/K)1/nκ(n−1)/n + κ) =

=
κ

n
µ(B)

1− δ/Kκ

1− (δ/Kκ)1/n
≥ κ

2n
µ(B)

1
1− (δ/Kκ)1/n

.

Therefore
κ ≤ 2n(1− (δ/Kκ)1/n) ≤ 2 ln Kκ/δ,

so that κ ≤ C(K/δ) and the lemma follows. ¤

Corollary 1. For each b < 1 there exists a constant Cb such that for every
log-concave probability measure µ and every measurable convex , symmetric set
B with µ(B) ≤ b we have

µ(tB) ≤ Cbtµ(B) for t ∈ [0, 1].

Proof. If µ(B) = 2/3 then by Lemma 1 µ(3B) ≥ 5/6 = (1 + 1/4)µ(B), so by
Lemma 2 for some constant C̃1, µ(tB) ≤ C̃1tµ(B).

If µ(B) ∈ [1/3, 2/3] then obviously µ(tB) ≤ 2C̃1tµ(B).
If µ(B) < 1/3, let K be such that µ(KB) = 2/3. By the above case µ(B) ≤

C̃1K
−1µ(KB), and hence

K ≤ 2C̃1

(
µ(KB)
µ(B)

− 1

)
.

So Lemma 2 gives in this case that µ(tB) ≤ C̃2tµ(B) for some constant C̃2.
Finally if µ(B) > 2/3, but µ(B) ≤ b < 1 then by Lemma 1 for some Kb < ∞,

µ(K−1
b B) ≤ 2/3 and we can use the previous calculations. ¤

Theorem 1. For any p > 0 there exists a universal constant Cp, depending only
on p such that for any sequence X1, . . . , Xn of independent log-concave random
vectors and any measurable seminorm ‖.‖ on E we have

∥∥∥∥
n∑

i=1

Xi

∥∥∥∥
p

≤ Cp

∥∥∥∥
n∑

i=1

Xi

∥∥∥∥
0

.

Proof. Since a convolution of log-concave measures is also log-concave (see [1])
we may and do assume that n = 1. Let

M = inf{t : P (‖X1‖ ≥ t) ≤ 2/3}.
Then by Lemma 1 (used for B = {x ∈ E : ‖x‖ ≤ M}) it follows easily that
‖X1‖p ≤ apM for p > 0 and some constants ap depending only on p. By similar
reasoning Corollary 1 yields ‖X1‖0 ≥ a0M . ¤
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Corollary 2. Let E be a complex Banach space and X1, . . . , Xn be a sequence
of independent random variables uniformly distributed on the unit circle {z ∈ C :
|z| = 1}. Then for any sequence of vectors v1, . . . , vn ∈ E and any p > 0 the
following inequality holds:

∥∥∥
∑

vkXk

∥∥∥
p
≤ Kp

∥∥∥
∑

vkXk

∥∥∥
0
,

where Kp is a constant depending only on p.

Proof. It is enough to prove Corollary for p ≥ 1. Let Y1, . . . , Yn be a sequence
of independent random variables uniformly distributed on the unit disc {z :
|z| ≤ 1}. By Theorem 1 we have

∥∥∥
∑

vkYk

∥∥∥
p
≤ Cp

∥∥∥
∑

vkYk

∥∥∥
0
. (3)

But we may represent Yk in the form Yk = RkXk, where Rk are independent,
identically distributed random variables on [0, 1] (with an appropriate distribu-
tion), which are independent of Xk. Hence, by taking conditional expectation
we obtain ∥∥∥

∑
vkYk

∥∥∥
p
≥ (ER1)

∥∥∥
∑

vkXk

∥∥∥
p
. (4)

Finally let us observe that for any u, v ∈ E the function f(z) = ln ‖u + zv‖ is
subharmonic on C, so g(r) = E ln ‖u + rvX1‖ is nondecreasing on [0,∞) and
therefore ∥∥∥

∑
vkXk

∥∥∥
0
≥

∥∥∥
∑

vkYk

∥∥∥
0
. (5)

The corollary follows from (3), (4) and (5). ¤
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On the Constant in the Reverse
Brunn–Minkowski Inequality for p-Convex Balls

ALEXANDER E. LITVAK

Abstract. This note is devoted to the study of the dependence on p of the
constant in the reverse Brunn–Minkowski inequality for p-convex balls
(that is, p-convex symmetric bodies). We will show that this constant is

estimated as c1/p ≤ C(p) ≤ Cln(2/p)/p, for absolute constants c > 1 and
C > 1.

Let K ⊂ Rn and 0 < p ≤ 1. K is called a p-convex set if for any λ, µ ∈ (0, 1)
such that λp + µp = 1 and for any points x, y ∈ K the point λx + µy belongs to
K. We will call a p-convex compact centrally symmetric body a p-ball.

Recall that a p-norm on real vector space X is a map ‖·‖ : X → R+ satisfying
these conditions:

(1) ‖x‖ > 0 for all x 6= 0.
(2) ‖tx‖ = |t|‖x‖ for all t ∈ R and x ∈ X.
(3) ‖x + y‖p ≤ ‖x‖p + ‖y‖p for all x, y ∈ X.

Note that the unit ball of p-normed space is a p-ball and, vice versa, the gauge
of p-ball is a p-norm.

Recently, J. Bastero, J. Bernués, and A. Peña [BBP] extended the reverse
Brunn–Minkowski inequality, which was discovered by V. Milman [M], to the
class of p-convex balls. They proved the following result:

Theorem 0. Let 0 < p ≤ 1. There exists a constant C = C(p) ≥ 1 such that for
all n ≥ 1 and all p-balls A1, A2 ⊂ Rn, there exists a linear operator u : Rn → Rn

with |det(u)| = 1 and

|uA1 + A2|1/n ≤ C
(|A1|1/n + |A2|1/n

)
, (1)

where |A| denotes the volume of body A.

This research was supported by Grant No. 92–00285 from United States–Israel Binational
Science Foundation (BSF).
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Their proof yields an estimate C(p) ≤ Cln(2/p)/p2
.

We will obtain a much better estimate for C(p):

Theorem 1. There exist absolute constants c > 1 and C > 1 such that the
constant C(p) in (1) satisfies

c1/p ≤ C(p) ≤ Cln(2/p)/p.

The proof of Theorem 0 [BBP] was based on an estimate of the entropy numbers
(see also [Pi]). We use the same idea, but obtain the better dependence of the
constant on p.

Let us recall the definitions of the Kolmogorov and entropy numbers. Let
U : X → Y be an operator between two Banach spaces. Let k > 0 be an integer.
The Kolmogorov numbers are defined by the following formula

dk(U) = inf {‖QSU‖ | S ⊂ Y, dim S = k },
where QS : Y → Y/S is a quotient map. For any subsets K1, K2 of Y denote by
N(K1,K2) the smallest number N such that there are N points y1, . . . , yN in Y

such that

K1 ⊂
N⋃

i=1

(yi + K2).

Denote the unit ball of the space X (Y ) by BX (BY ) and define the entropy
numbers by

ek(U) = inf
{
ε > 0 | N(UBX , εBY ) ≤ 2k−1

}
.

For p-convex balls B1, B2 ⊂ Rn, with 0 < p ≤ 1, we will denote the identity
operator from (Rn, ‖ · ‖1) to (Rn, ‖ · ‖2) by B1 → B2, where ‖ · ‖i (i = 1, 2) is
the p-norm whose unit ball is Bi.

Theorem 2. Given α > 1/p − 1/2, there exists a constant C = C(α, p) such
that , for any n and any p-convex ball B ⊂ Rn, there exists an ellipsoid D ⊂ Rn

such that , for every 1 ≤ k ≤ n,

max{dk(D → B), ek(B → D)} ≤ C(n/k)α .

Moreover , there is an absolute constant c such that

C(α, p) ≤
(

2
p

)c/p (
1

1− δ

)8/δ

for α >
3(1− p)

2p
, δ =

3(1− p)
2pα

, p ≤ 1
2

(2)

and

C(α, p) ≤
(

2
p

)c/p2 (
1

1− ε

) 2
εp2

for α >
1
p
− 1

2
, ε =

1/p− 1/2
α

. (3)

Remark 1. In fact, in [BBP] Theorem 2 was proved with estimate (3). Using
this result we prove estimate (2).
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In the following C(α, p) will denote the best possible constant from Theorem 2.
The main point of the proof is the following lemma.

Lemma 1. Let p, q, θ ∈ (0, 1) such that 1/q−1 = (1/p−1)(1−θ) and γ = α(1−θ).
Then

C(α, p) ≤ 21/p21/(1−θ)(e/(1− θ))αC
1/(1−θ)
pθ C(γ, q)1/(1−θ) ,

where

Cpθ =
Γ
(
1 + (1− p)/p

)

Γ
(
1 + θ(1− p)/p

)
Γ
(
1 + (1− θ)(1− p)/p

) , Γ is the gamma function.

For the reader’s convenience we postpone the proof of this lemma.

Proof of Theorem 2. Take q = 1/2, 1− θ = p/(1−p). Then Cpθ = (1−p)/p

and, consequently, by Lemma 1,

C(α, p) ≤ c

(
e

p

)α

22/p

(
1
p

)1/p

C

(
αp

1− p
,

1
2

)
.

Inequality (3) implies

C

(
αp

1− p
,

1
2

)
≤ c

(
1

1− δ

)8/δ

, where δ =
3(1− p)

2pα
.

Thus for α > 3(1− p)/(2p) and p ≤ 1/2 we obtain

C(α, p) ≤
(

2
p

)c/p (
1

1− δ

)8/δ

. ¤

Proof of Theorem 1. By B. Carl’s theorem ([C], or see Theorem 5.2 of [Pi])
for any operator u between Banach spaces the following inequality holds

sup
k≤n

kαek(u) ≤ ρα sup
k≤n

kαdk(u).

One can check that Carl’s proof works in the p-convex case also and gives

ρα ≤ C1/p(Cα)Cα

for some absolute constant C. Let us fix α = 2/p. Then, by Theorem 2, we have
that for any p-convex body K there exists an ellipsoid D such that

max{en(D → B), en(B → D)} ≤ Cln(2/p)/p.

The standard argument [Pi] gives the upper estimate for Cp.
To show the lower bound we use the following example. Let Bn

p be a unit ball
in the space lnp and Bn

2 be a unit ball in the space ln2 . Denote

A =
|Bn

2 |1/n

|Bn
p |1/n

=
Γ(3/2)Γ1/n(1 + n/p)

Γ1/n(1 + n/2)Γ(1 + 1/p)
≥ C0

n1/p−1/2

√
1/p

,

where C0 is an absolute constant.
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Consider a body

K = ABn
p .

We are going to estimate from below

|UBn
2 + K|1/n

|UBn
2 |1/n + |K|1/n

=
|UBn

2 + K|1/n

2|Bn
2 |1/n

for an arbitrary operator U : Rn → Rn with |det U | = 1.
To simplify the sum of bodies in the example let us use the Steiner sym-

metrization with respect to vectors from the canonical basis of Rn (see, e.g.,
[BLM], for precise definitions). Usually the Steiner symmetrization is defined
for convex bodies, but if we take the unit ball of lnp and any coordinate vec-
tor then we have the similar situation. The following properties of the Steiner
symmetrization are well-known (and can be directly checked):

(i) It preserves volume.
(ii) The symmetrization of sum of two bodies contains sum of symmetrizations

of these bodies.
(iii) Given an ellipsoid UBn

2 , a consecutive application of the Steiner sym-
metrizations with respect to all vectors from the canonical basis results in
the ellipsoid V Bn

2 , where V is a diagonal operator (depending on U).

That means that in our example it is enough to consider a diagonal operator U

with | detU | = 1.
Let b ∈ (0, 1) and P1 be the orthogonal projection on a coordinate subspace

of dimension n− 1. Then direct computations give for every r > 0

|UBn
2 + rBn

p | ≥ 2
∫ rbp

0

|P1UBn
2 + brP1B

n
p | dx ≥ 2rbp|P1UBn

2 + brP1B
n
p |,

where bp = (p(1− b))1/p. Since P1K = ABn−1
p , by induction arguments one has

|UBn
2 + K| ≥ (

2Ab(k−1)/2bp

)k|PkUBn
2 + bkPkK|,

where Pk is the orthogonal projection on an arbitrary (n−k)-dimensional coor-
dinate subspace of Rn. Choosing b = exp(−2/(kp)), Pk such that |PkUBn

2 | ≥
|Bn−k

2 | and k = [n/2] we get

C(p) ≥ |UBn
2 + K|1/n

2|Bn
2 |1/n

≥ 1
2

(
2Ae−1/p (2/k)1/p)k/n

(
|Bn−k

2 |
|Bn

2 |

)1/n

≥ c1

√
p1/2 (4/e)1/p

for sufficiently large n and an absolute constant c1. That gives the result for p

small enough, namely, p ≤ c2, where c2 is an absolute constant. For p ∈ (c2, 1]
the result follows from the convex case. ¤
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To prove Lemma 1 we will use the Lions–Peetre interpolation [BL, K] with
parameters (θ, 1).

Let us recall some definitions.
Let X be a quasi-normed space with an equivalent quasi-norms ‖·‖0 and ‖·‖1.

Let Xi = (X, ‖ · ‖i).
Define K(t, x) = inf{‖x0‖0 + t‖x1‖1 | x = x0 + x1} and

‖x‖θ,1 = θ(1− θ)
∫ +∞

0

K(t, x)
t1+θ

dt,

for θ ∈ (0, 1).
The interpolation space (X0, X1)θ,1 is the space (X, ‖ · ‖θ,1).

Claim 1. Let ‖ · ‖0 = ‖ · ‖1 = ‖ · ‖ be p-norms on space X. Then

1
Cpθ

‖x‖ ≤ ‖x‖θ,1 ≤ ‖x‖

for every x ∈ X, with Cpθ as in Lemma 1.

Proof. ‖x‖θ,1 ≤ ‖x‖ since

inf {‖x0‖0 + t ‖x1‖1 | x = x0 + x1} ≤ min(1, t) ‖x‖
and

‖x‖θ,1 = θ(1− θ)
∫ +∞

0

K(t, x)
t1+θ

dt ≤ θ(1− θ)
∫ +∞

0

min(1, t)
t1+θ

‖x‖dt = ‖x‖.

By p-convexity of the norm ‖ · ‖ for a = ‖y‖/‖x‖ ≤ 1 we have

‖y‖+ t‖x− y‖
‖x‖ ≥ a + t(1− ap)1/p ≥ t

(1 + ts)1/s
, where s =

p

1− p
.

Hence

K(t, x) = inf {‖x0‖0 + t ‖x1‖1 | x = x0 + x1} ≥ ‖x‖ t

(1 + ts)1/s

and

‖x‖θ,1

‖x‖ ≥ θ(1− θ)
∫ +∞

0

dt

(1 + ts)1/stθ
= B

(
1− θ

s
,
θ

s

)
θ(1− s)

s

=
(θ/s)Γ

(
θ/s

)
((1− θ)/s)Γ

(
(1− θ)/s

)

(1/s)Γ
(
1/s

) =
1

Cpθ
,

where B(x, y) is the beta function. This proves the claim. ¤

Claim 2. Let ‖ · ‖0 = ‖ · ‖1 = ‖ · ‖ be norms on X. Then ‖x‖θ,1 = ‖x‖ for every
x ∈ X.

Proof. In case of norm K(t, x) = min(1, t)‖x‖. So, ‖x‖θ,1 = ‖x‖. ¤

The next statement is standard (see [BL] or [K]).



134 ALEXANDER E. LITVAK

Claim 3. Let Xi, Yi (i = 0, 1) be quasi-normed spaces. Let T : Xi → Yi (i = 0, 1)
be a linear operator . Then

‖T : (X0, X1)θ,1 → (Y0, Y1)θ,1‖ ≤ ‖T : X0 → Y0‖1−θ‖T : X1 → Y1‖θ.

Claim 4. Let Xi (i = 0, 1) be quasi-normed spaces. Then for every N ≥ 1,
(
lN1 (X0) , lN1 (X1)

)
θ,1

= lN1
(
(X0, X1)θ,1

)

with equal norms.

Proof. The conclusion of this claim follows from the equality

K(t, x = (x1, x2, . . . , xN ), lN1 (X0), lN1 (X1)) =
N∑

i=1

K(t, xi, X0, X1). ¤

Claim 5. Let Xi (i = 0, 1) be quasi-normed spaces, Y be a p-normed space. Let
T : Xi (i = 0, 1) → Y be a linear operator . Then for every k0, k1 ≥ 1

dk0+k1−1

(
T : (X0, X1)θ,1 → Y

) ≤ Cpθ d1−θ
k0

(
T : X0 → Y

)
dθ

k1

(
T : X1 → Y

)
.

Proof. As in the convex case [P], fix ε > 0. Consider a subspace Si ⊂ Y

(i = 0, 1) such that dim Si < ki and

‖QSiT : Xi → Y/Si‖ ≤ (1 + ε)dki

(
T : Xi → Y

)
.

Let S = span(S0, S1) ⊂ Y. Then dimS < k0 + k1 − 1 and

‖QST : Xi → Y/S‖ ≤ ‖QSiT : Xi → Y/Si‖.
Note that quotient space of a p-normed space is again a p-normed one. Because
of this, and by Claims 1 and 3,

‖QST : (X0, X1)θ,1 → Y/S‖ ≤Cpθ‖QST : (X0, X1)θ,1 → (Y/S, Y/S)θ,1‖
≤Cpθ‖QST : X0 → Y/S‖1−θ‖QST : X1 → Y/S‖θ

≤Cpθ‖QS0T : X0 → Y/S0‖1−θ‖QS1T : X1 → Y/S1‖θ

≤Cpθ(1 + ε)2dk0

(
T : X0 → Y

)1−θ
dk1

(
T : X1 → Y

)θ
.

This completes the proof. ¤

Proof of Lemma 1.

Step 1. Let D be an optimal ellipsoid such that

dk(D → B) ≤ C(α, p)(n/k)α and ek(B → D) ≤ C(α, p)(n/k)α

for every 1 ≤ k ≤ n.
Let λ = C(α, p)(n/k)α.
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Step 2. Now denote the body (B, D)θ,1 by Bθ. By Claim 5 (applied for k0 = 1),
for every 1 ≤ k ≤ n we have

dk(Bθ → B) ≤ Cpθ‖B → B‖1−θ(dk(D → B))θ ≤ Cpθλ
θ.

It follows from the definition of entropy numbers that B is covered by 2k−1

translates of λD with centers in Rn. Replacing λD with 2λD we can choose
these centers in B. Therefore there are 2k−1 points xi ∈ B (1 ≤ i ≤ 2k−1) such
that

B ⊂
2k−1⋃

i=1

(xi + 2λD).

This means that for any z ∈ B there is some xi ∈ B such that ‖z − xi‖D ≤ 2λ.
Also, by p-convexity, ‖z − xi‖B ≤ 21/p. By taking the operator ux : R →
X, uxt = tx for some fixed x, and applying Claim 3 (or see [BL], [BS]) it is clear
that

‖x‖Bθ
≤ ‖x‖1−θ

B ‖x‖θ
D.

Hence, for any z ∈ B there exists xi ∈ B such that

‖z − xi‖Bθ
≤ (21/p)1−θ(2λ)θ,

that is,
ek(B → Bθ) ≤ 2(1−θ)/p(2λ)θ.

Thus, we obtain

dk(Bθ → B) ≤ Cpθλ
θ and ek(B → Bθ) ≤ 2θ2(1−θ)/pλθ

for every 1 ≤ k ≤ n.

Lemma 2. Let B ⊂ Rn be a p-convex ball and D ⊂ Rn be a convex body . Let
0 < θ < 1 and Bθ = (B, D)θ,1. Then there exists a q-convex body Bq such that
Bθ ⊂ Bq ⊂ 21/qBθ, where 1/q − 1 = (1/p− 1)(1− θ).

Proof. Take the operator U : l21(Rn) → Rn defined by U((x, y)) = x+ y. Since

‖x + y‖B ≤ 21/p−1 (‖x‖B + ‖y‖B) and ‖x + y‖D ≤ (‖x‖D + ‖y‖D)

and by Claims 3, 4 we have

‖x + y‖Bθ
≤ 2(1−θ)(1/p−1)

(‖x‖Bθ
+ ‖y‖Bθ

)
.

But by the Aoki–Rolewicz theorem for every quasi-norm ‖·‖ with the constant
C in the quasi-triangle inequality there exists a q-norm

‖ · ‖q = inf

{( n∑

i=1

‖xi‖q

)1/q ∣∣∣∣ n > 0, x =
n∑

i=1

xi

}

such that ‖x‖q ≤ ‖x‖ ≤ 2C‖x‖q with q satisfying 21/q−1 = C ([KPR, R]; see
also [K], p.47).

Thus, Bθ ⊂ Bq ⊂ 21/qBθ, where Bq is a unit ball of q-norm ‖ · ‖q. ¤
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Remark 2. Essentially, Lemma 2 goes back to Theorem 5.6.2 of [BL]. However,
the particular case that we need is simpler and we are able to estimate the
constant of equivalence.

Note that Lemma 2 can be easily extended to the more general case:

Lemma 2′. Let Bi ⊂ Rn be a pi-convex bodies for i = 0, 1 and Bθ = (B0, B1)θ,1.
Then there exists a q-convex body Bq such that Bθ ⊂ Bq ⊂ 21/qBθ, where

1
q

=
1− θ

p0
+

θ

p1
.

Remark 3. N. Kalton pointed out to us that the interpolation body (B,D)θ,1

between a p-convex B and an ellipsoid D is equivalent to some q-convex body
for any q ∈ (0, 1] satisfying

1/q − 1/2 > (1/p− 1/2)(1− θ).

To prove this result one have to use methods of [Kal] and [KT]. Certainly, with
growing q the constant of equivalence becomes worse.

Step 3. By definition of C(α, p) for Bq from Lemma 2 and γ = α(1 − θ) there
exists an ellipsoid D1 such that for every 1 ≤ k ≤ n

dk(D1 → Bq) ≤ C(γ, q)(n/k)γ and ek(Bq → D1) ≤ C(γ, q)(n/k)γ .

By the ideal property of the numbers dk, ek and because of the inclusion Bθ ⊂
Bq ⊂ 21/qBθ, for every 1 ≤ k ≤ n

dk(D1 → Bθ) ≤ 21/qC(γ, q)(n/k)γ and ek(Bθ → D1) ≤ C(γ, q)(n/k)γ .

Step 4. Let a = 1 + [k(1 − θ)]. Using multiplicative properties of the numbers
dk, ek we get

dk(D1 → B) ≤ dk+1−a(D1 → Bθ)da(Bθ → B)

≤ Cpθλ
θ21/qC(γ, q)(n/k)γ

(
1

(1− θ)1−θθθ

)α

≤ C(α, p)θ
(

e

1− θ

)α(1−θ)

Cpθ21/qC(γ, q)(n/k)α

and

ek(B → D1) ≤ ek+1−a(B → Bθ)ea(Bθ → D1)

≤ 2θ2(1−θ)/pλθC(γ, q)(n/k)γ

(
1

(1− θ)1−θθθ

)α

≤ C(α, p)θ
(

e

1− θ

)α(1−θ)

2θ2(1−θ)/pC(γ, q)(n/k)α.

By the minimality of C(α, p) and since 1/q ≤ 1 + (1− θ)/p we have

C(α, p) ≤ C(α, p)θ
(

e

1− θ

)α(1−θ)

Cpθ21−θ/p2C(γ, q)(n/k)α.
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That proves Lemma 1. ¤
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The Extension of the Finite-Dimensional Version
of Krivine’s Theorem to Quasi-Normed Spaces

ALEXANDER E. LITVAK

Abstract. In 1980 D. Amir and V. D. Milman gave a quantitative finite-
dimensional version of Krivine’s theorem. We extend their version of the
Krivine’s theorem to the quasi-convex setting and provide a quantitative
version for p-convex norms.

Recently, a number of results of the Local Theory have been extended to
the quasi-normed spaces. There are several works [Kal1, Kal2, D, GL, KT,
GK, BBP1, BBP2, M2] where such results as Dvoretzky–Rogers lemma [DvR],
Dvoretzky theorem [Dv1, Dv2], Milman’s subspace-quotient theorem [M1], Kriv-
ine’s theorem [Kr], Pisier’s abstract version of Grotendick’s theorem [P1, P2],
Gluskin’s theorem on Minkowski compactum [G], Milman’s reverse Brunn–Min-
kowski inequality [M3], and Milman’s isomorphic regularization theorem [M4] are
extended to quasi-normed spaces after they were established for normed spaces.
It is somewhat surprising since the first proofs of these facts substantially used
convexity and duality.

In [AM2] D. Amir and V. D. Milman proved the local version of Krivine’s
theorem (see also [Gow], [MS]). They studied quantitative estimates appearing
in this theorem. We extend their result to the q- and quasi-normed spaces.

Recall that a quasi-norm on a real vector space X is a map ‖ · ‖ : X → R+

satisfying these conditions:

(1) ‖x‖ > 0 for all x 6= 0.
(2) ‖tx‖ = |t|‖x‖ for all t ∈ R and x ∈ X.
(3) There exists C ≥ 1 such that ‖x + y‖ ≤ C(‖x‖+ ‖y‖) for all x, y ∈ X.

If (3) is substituted by

(3a) ‖x + y‖q ≤ ‖x‖q + ‖y‖q for all x, y ∈ X, for some fixed q ∈ (0, 1],

This research was supported by Grant No. 92–00285 from United States–Israel Binational
Science Foundation (BSF).
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then ‖ · ‖ is called a q-norm on X. Note that 1-norm is the usual norm. It is
obvious that every q-norm is a quasi-norm with C = 21/q−1. However, not every
quasi-norm is q-norm for some q. Moreover, it is even not necessary continuous.
It can be shown by the following simple example. Let f be a positive function
on the Euclidean sphere Sn−1 defined by

f(x) =
{|x| for x ∈ A,

2|x| otherwise.

Here A is a subset of Sn−1 such that both A and Sn−1 \ A are dense in Sn−1.
Denote ‖x‖ = |x|f(x/|x|). Because f is not continuous it is clear that ‖ · ‖ is not
q-norm for any q though it is the quasi-norm.

The next lemma is the Aoki–Rolewicz Theorem ([KPR, R]; see also [K, p. 47]).

Lemma 1. Let ‖ · ‖ be a quasi-norm with the constant C in the quasi-triangle
inequality . Then there exists a q-norm ‖ · ‖ for which

‖x‖q ≤ ‖x‖ ≤ 2C‖x‖q

with q satisfying 21/q−1 = C. This q-norm can be defined as follows

‖x‖q = inf

{( n∑

i=1

‖xi‖q

)1/q

: n > 0, x =
n∑

i=1

xi

}
.

We refer to [KPR] for further properties of the quasi- and q-norms.

Theorem 1. Let {ei}n
1 be a unit vector basis in Rn, ‖ · ‖p be a lp-norm on Rn,

i .e., ‖∑n
i=1 aiei‖p =

(∑
i |ai|p

)1/p, for 0 < p < ∞. Let ‖ · ‖ be a q-norm on Rn

such that
C−1

1 ‖x‖p ≤ ‖x‖ ≤ C2‖x‖p (1)

for every x ∈ Rn. Then for every ε > 0 and C = C1C2 there exists a block
sequence u1, u2, . . . , um of e1, e2, . . . , en which satisfies

(1− ε)

( m∑

i=1

|ai|p
)1/p

≤
∥∥∥∥∥

m∑

i=1

aiui

∥∥∥∥∥ ≤ (1 + ε)

( m∑

i=1

|ai|p
)1/p

(2)

for all a1, a2, . . . , am and m ≥ C(ε, p, q) (n/ log n)ν , where

ν =
αε0

ε0 + p + αε0
for p < 1 and ν =

ε0

2ε0 + 1
for p ≥ 1;

α = min{p, q}, ε0 =
(

qε/2
1 + Cq12q/p

)p/q

.

Remark 1. If p ≥ 1 in this theorem, then we have the well-known finite-
dimensional version of Krivine’s theorem with some modifications concerning
change of the usual norm to the q-norm. In this case for small enough q we get
ε0 ≈ (qε/4)p/q and ν ≈ ε0.
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The case p < 1 is more interesting. We get an extension of the finite-
dimensional version of Krivine’s theorem. To provide an intuition for the behav-
ior of the constant in the theorem we point out that for small enough p and q

with p = q we can take ε0 ≈ qε/30 and ν ≈ ε0.

Remark 2. By Lemma 1 in the case of quasi-norm with the constant C0 the
inequality (2) is substituted with

(1− ε)

( m∑

i=1

|ai|p
)1/p

≤
∥∥∥∥∥

m∑

i=1

aiui

∥∥∥∥∥ ≤ 2(1 + ε)C0

( m∑

i=1

|ai|p
)1/p

.

Due to the example above, we can not remove the constant C0 in this inequality.

The proof of the theorem consists of two lemmas.

Lemma 2. For every η > 0 there exists a constant C(η) > 0 such that if ‖ · ‖ is
a q-norm on Rn satisfying (1) then there exists a block sequence y1, y2, . . . , yk of
e1, e2, . . . , en which is (1 + η)-symmetric and k ≥ C(η, q, p)n/log n.

Lemma 3. If y1, y2, . . . , yk is a 1-symmetric sequence in a normed space satis-
fying

C−1
1 ‖a‖p ≤

∥∥∥∥∥
k∑

i=1

aiyi

∥∥∥∥∥ ≤ C2‖a‖p

for all a = (a1, a2, . . . , ak) ∈ Rk then for every ε > 0 there exists a block sequence
u1, u2, . . . , um of y1, y2, . . . , yk such that

(1− ε)‖a‖p ≤
∥∥∥∥∥

m∑

i=1

aiui

∥∥∥∥∥ ≤ (1 + ε)‖a‖p

for all a = (a1, a2, . . . , am) ∈ Rm, where m ≥ C(p, q)εp/qkν ,

ν =
αε0

ε0 + p + αε0
for p < 1 and ν =

ε0

2ε0 + 1
for p ≥ 1,

α = min{p, q}, ε0 =
(

qε

1 + Cq12q/p

)p/q

.

At first, D. Amir and V. D. Milman ([AM2]; see also [MS]) proved Lemma 2 for
q = 1, p ≥ 1 with the estimate k ≥ C(η, q, p)n1/3. Their proof can be modified
to obtain result for 0 < p < ∞, q ≤ 1. Afterwards, W. T. Gowers [Gow] showed
that the estimate of k can be improved to k ≥ C(η, q, p)n/ ln n. In fact, he
gave two different, though similar, proofs for cases p = 1 and p > 1. The proof
given for case p = 1 strongly used the convexity of the norm and the fact that
p is equal to 1. However, the method used for p > 1 actually works for every
0 < p < ∞ and even for q-norms. Let us recall the idea of W. T. Gowers. First
we will introduce some definition.
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Let Ω be the group {−1, 1}n × Sn, where Sn is the permutation group. Let
Ψ be the group {−1, 1}k × Sk. For

b =
n∑

i=1

biei ∈ Rn, a =
k∑

i=1

aiei ∈ Rk, (ε, π) ∈ Ω, (η, σ) ∈ Ψ

set

bεπ =
n∑

i=1

εibieπ(i), aησ =
k∑

i=1

ηiaieσ(i).

Let h · k = n. For i ≤ k, j ≤ h put

eij = e(i−1)h+j , εij = ε(i−1)h+j , πij = π((i− 1)h + j).

Define an action of Ψ on Ω by

Ψησ((ε, π)) = (ε1, π1), where ε1
ij = ηiεσ(i)j , π1

ij = πσ(i)j .

For any (ε, π) ∈ Ω define the operator

Φεπ : Rk → Rn by Φεπ

(
k∑

i=1

aiei

)
=

k∑

i=1

h∑

j=1

εijaieπij .

For every a ∈ Rk by Ma denote the median of Φεπ (a) taken over Ω. Finally, let
A = {a ∈ lkp : ‖a‖p ≤ 1, a1 ≥ a2 ≥ · · · ≥ ak ≥ 0}.

The following claim, which W. T. Gowers proved for case p > 1 and q = 1, is
the main step in the proof of Lemma 2.

Claim 1. Let ‖ · ‖ be a q-norm on Rn satisfying ‖x‖p ≤ ‖x‖ ≤ B‖x‖p. There is
a constant C0 = C(p, q, δ, B) such that given λ > 0 for every a ∈ A

ProbΩ

{
∃(η, σ) : |‖Φεπ(aησ)‖q −Mq

a |1/q
>

1
21/q

δ‖a‖ph
1/p

}
< 1/N

with k = C0
n

λ log n and N = kλ.

The proof of this claim can be equally well applied for all 0 < p < ∞ and
0 < q ≤ 1. The only change that we have to do is to replace the triangle
inequality

∣∣‖x‖ − ‖y‖
∣∣ ≤ ‖x− y‖ by

∣∣‖x‖q − ‖y‖q
∣∣1/q≤ ‖x− y‖ .

The following two claims are technical and can be proved using ideas of [Gow]
with small changes, connected with replacing p ≥ 1 by p < 1 and the norm by
q-norm.

Claim 2. Let 0 < p < ∞ and δ > 0. There exist a constant λ, depending
on p and δ only , such that for every integer k the set A contains a δ-net K of
cardinality kλ.
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Claim 3. Let ‖ · ‖ be a q-norm on Rn satisfying ‖x‖p ≤ ‖x‖ ≤ B‖x‖p. If there
is (ε, π) ∈ Ω such that for every a in some δ-net K of A

∣∣‖Φεπ(aησ)‖q − ‖Φεπ(aη1σ1)‖q∣∣1/q ≤ δ‖a‖ph
1/p

for every (η, σ), (η1, σ1) ∈ Ψ then the block basis

{Φεπ(ei)}k
i=1

of (Rk, ‖ · ‖) is (1 + 6 (Bδ)q)1/q-symmetric.

These three claims imply Lemma 2 in the standard way (see [Gow] for the de-
tails).

Proof of Lemma 3. Our method of proof is close to the method used in [AM1],
but our notation follows that of [MS, chapter 10].

First, we will give the Krivine’s construction of block basis. Let a and N be
some integers which will be specified later. Let us introduce some set of numbers
{λj}J . We will say that set

{Bj,i}j∈J,i∈I

(if card I = 1 then we have only one index j) is {λj}J -set if

(1) Bj,i ⊂ {1, . . . , n} for every j ∈ J, i ∈ I,
(2) Bj,i are mutually disjoint,
(3) card Bj,i = λj for every j ∈ J, i ∈ I.

Let us fix some {[ρj ]}-set
{Aj,s}0≤j≤N−1,1≤s≤m

for ρ = 1 + 1/a.
For 0 ≤ j ≤ N − 1 and 1 ≤ s ≤ m, define

Yj,s =
∑

i∈Aj,s

yi

and

zs =
N−1∑

j=0

ρ(N−j)/pYj,s.

Clearly, ‖z1‖ = ‖z2‖ = · · · = ‖zm‖. The integer m will be defined from

k ≈ m

N−1∑

j=0

[ρ(N−j)/p] ≈ mρN (ρ− 1)−1 = ma
(

a + 1
a

)N

.

Finally, we define the block sequence {us}m
s=1 by

us = zs/‖zs‖.
Now, as in [MS], we will establish the necessary estimates.
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Fix N, M ∈ {T + 1, T + 2, . . . ,m} and ts ∈ {0, . . . , T} for s ∈ {1, . . . , m} such
that

M∑
s=1

ρ−ts = 1 + η, with |η| = 1.

Then
M∑

s=1

ρ−ts/pzs =
M∑

s=1

N−1∑

j=0

ρ(N−j−ts)/pYj,s

=
N−1+T∑

i=0

ρ(N−i)/p
∑

s≤M, j≤N−1
j+ts=i

∑

l∈Aj,s

yl =
N−1+T∑

i=0

ρ(N−i)/p
∑

l∈Bi

yl

for some {ai}-set {Bi}N−1+T
i=0 , where

ai =
∑

s≤M, j≤N−1
j+ts=i

[ρi−ts ], for 0 ≤ i ≤ N − 1 + T.

Therefore, we can choose a vector z which has the same structure as zs (i.e.,
z =

∑N−1
j=0 ρ(N−j)/p

∑
i∈Aj

yi for some {[ρj ]}-set {Aj}0≤j≤N−1) such that the
difference ∆ is

∆ =
M∑

s=1

ρ−ts/pzs − z =
N−1∑
s=1

ρ(N−i)/p
∑

l∈Ci

yl +
N−1+T∑

s=N

ρ(N−i)/p
∑

l∈Ci

yl

for some {bj}-set {Cj}N−1+T
i=0 , where

bj =
{|[ρj − aj ]| for 0 ≤ j ≤ N − 1,

aj for N ≤ j ≤ N − 1 + T.

Using techniques from [MS, pp. 66-67] we obtain

‖∆‖ ≤ C2ρ
N/p

(
4T + N |η|+ NMρ−T

)1/p and ‖z‖ ≥ (1/C1)ρN/p(N/2)1/p.

Hence
∣∣∣∣∣

∥∥∥∥∥
M∑

s=1

ρ−ts/pus

∥∥∥∥∥

q

− 1

∣∣∣∣∣ ≤
∥∥∥∥∥

M∑
s=1

ρ−ts/pus − z

‖z‖

∥∥∥∥∥

q

=
(‖∆‖
‖z‖

)q

≤ (C1C2)q

(
8T

N
+ 2|η|+ 2Mρ−T

)q/p

.

Thus ∣∣∣∣∣

∥∥∥∥∥
M∑

s=1

ρ−ts/pus

∥∥∥∥∥

q

− 1

∣∣∣∣∣ ≤ Cq(12ε0)q/p,

provided T ≤ Nε0, |η| ≤ ε0, and Mρ−T ≤ mρ−T ≤ ε0, for some ε0. Assume
T = [Nε0].
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Case 1: p < 1.
Let

∑m
s=1 |αs|p = 1 and as = |αs|. Let α = min{p, q} and δ = ε

1/p
0 /m1/α.

Take βs = ρ−ts/p or βs = 0, ts ∈ {0, 1, . . . , T} such that |as − βs| ≤ δ for every
s. It is possible if ρ−T/p ≤ δ and 1− ρ−1/p ≤ δ. Since p ≤ 1 it is enough to take
a such that it satisfies following the inequalities

(
a

a + 1

)[Nε0]

≤ δp =
ε0

mp/α
and δ ≥ 1

p(a + 1)
.

Take a = [1/(δp)] =
[
m1/α/(pε

1/p
0 )

]
. Thus δ ≥ 1

p(a+1) ,

∣∣∣
∑

ρ−ts − 1
∣∣∣ =

∣∣∣
∑

βp
s − 1

∣∣∣ ≤
∣∣∣
∑

(as + δ)p − 1
∣∣∣

≤
∣∣∣
∑

(ap
s + δp)− 1

∣∣∣ = δpm ≤ ε0

and ∣∣∣∣∣

∥∥∥∥∥
m∑

s=1

βsus

∥∥∥∥∥

q

−
∥∥∥∥∥

m∑
s=1

αsus

∥∥∥∥∥

q∣∣∣∣∣ ≤
∥∥∥∥∥

m∑
s=1

|βs − as|us

∥∥∥∥∥

q

≤ δq

∥∥∥∥∥
m∑

s=1

us

∥∥∥∥∥

q

≤ δqm ≤ ε
q/p
0 .

Hence ∣∣∣∣∣

∥∥∥∥∥
m∑

s=1

αsus

∥∥∥∥∥

q

− 1

∣∣∣∣∣ ≤ ε
q/p
0 (1 + Cq12q/p),

if mp/α ≤ ε0(1+a
a )[Nε0] and ma( 1+a

a )N ≤ k, when a =
[

m1/α

pε
1/p
0

]
. Choose N such

that ( a
1+a )Nε0 is of the order ε0/mp/α. Then

m
m1/α

pε
1/p
0

(
mp/α

ε0

)1/ε0

=
m1+1/α+p/(αε0)

ε
1/p
0 pε

1/ε0
0

∼ k.

Thus, since 1/α ≥ max{1/p, 1/q},
m ∼ ε0 (pk)

αε0
ε0+p+αε0 ∼ ε0k

αε0
ε0+p+αε0

and for ε1 = ε
q/p
0

(
1 + cq12q/p

)

(1− ε1)
1/q ‖(αs)‖p ≤

∥∥∥
∑

αsus

∥∥∥ ≤ (1 + ε1)
1/q ‖(αs)‖p

holds. For ε1 small enough (ε1 < 2q − 1) we obtain 1 − ε1/q ≤ (1 − ε1)1/q and
1 + 2ε1/q ≥ (1 + ε1)1/q. Take ε = 2ε1/q, then

ε0 =
(

qε/2
1 + Cq12q/p

)p/q

and
m ≥ C(p, q)εp/qk

αε0
ε0+p+αε0 .
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Case 2: p ≥ 1. We use the same idea. Let
∑m

s=1 |αs|p = 1 and as = |αs|.
Let δ = ε0/(Cpm). Take βs = ρ−ts/p or βs = 0, ts ∈ {0, 1, . . . , T} such that
|ap

s − βp
s | ≤ δ for every s. It is possible if ρ−T ≤ δ and 1 − ρ−1 ≤ δ. These two

conditions are met if
(

a

a + 1

)[Nε0]

≤ δ =
ε0

Cpm
and δ ≥ 1

a + 1
.

Take a = [1/δ] = [Cpm/ε0] . Thus
∣∣∣
∑

ρ−ts − 1
∣∣∣ =

∣∣∣
∑

βp
s − 1

∣∣∣ ≤
∣∣∣
∑

(ap
s + δ)− 1

∣∣∣ = δm ≤ ε0.

Since
∥∥∥∥∥

m∑
s=1

us

∥∥∥∥∥ ≤ C1C2
‖∑m

s=1 us‖p

‖z‖p
≤ C1C2

(
m

∑
ρN−j [ρj ]
‖z‖p

p

)1/p

= Cm1/p

and
|βs − as| ≤ |βp

s − ap
s |1/p ≤ δ1/p,

we obtain
∣∣∣∣∣

∥∥∥∥∥
m∑

s=1

βsus

∥∥∥∥∥

q

−
∥∥∥∥∥

m∑
s=1

αsus

∥∥∥∥∥

q∣∣∣∣∣ ≤
∥∥∥∥∥

m∑
s=1

|βs − as|us

∥∥∥∥∥

q

≤ δq/p

∥∥∥∥∥
m∑

s=1

us

∥∥∥∥∥

q

≤ δq/pCqmq/p ≤ ε
q/p
0 .

Hence ∣∣∣∣∣

∥∥∥∥∥
m∑

s=1

αsus

∥∥∥∥∥

q

− 1

∣∣∣∣∣ ≤ ε
q/p
0 (1 + Cq12q/p),

if m ≤ ε0
Cp ( 1+a

a )[Nε0] and ma(1+a
a )N ≤ k, when a = [Cpm/ε0]. Choose N such

that ( a
1+a )Nε0 is of the order ε0/(Cpm). Then

m
Cpm

ε0

(
Cpm

ε0

)1/ε0

=
(

Cp

ε0

)1+1/ε0

m2+1/ε0 ∼ k.

Thus
m ≥ ε0

Cp
k

ε0
2ε0+1

and, for ε1 = ε
q/p
0

(
1 + Cq12q/p

)
,

(1− ε1)
1/q ‖(αs)‖p ≤

∥∥∥
∑

αsus

∥∥∥ ≤ (1 + ε1)
1/q ‖(αs)‖p

holds. For ε1 small enough (ε1 < 2q − 1) we obtain 1 − ε1/q ≤ (1 − ε1)1/q and
1 + 2ε1/q ≥ (1 + ε1)1/q. Take ε = 2ε1/q, then

ε0 =
(

qε/2
1 + Cq12q/p

)p/q
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and
m ≥ C(p, q)εp/qk

ε0
2ε0+1 . ¤
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A Note on Gowers’ Dichotomy Theorem

BERNARD MAUREY

Abstract. We present a direct proof, slightly different from the original,
for an important special case of Gowers’ general dichotomy result: If X is an
arbitrary infinite dimensional Banach space, either X has a subspace with
unconditional basis, or X contains a hereditarily indecomposable subspace.

The first example of dichotomy related to the topic discussed in this note is
the classical combinatorial result of Ramsey: for every set A of pairs of integers,
there exists an infinite subset M of N such that, either every pair {m1,m2} from
M is in A, or no pair from M is in the set A. There exist various generalizations
to “infinite Ramsey theorems” for sets of finite or infinite sequences of integers,
beginning with the result of Nash-Williams [NW]: for any set A of finite increas-
ing sequences of integers, there exists an infinite subset M of N such that either
no finite sequence from M is in A, or every infinite increasing sequence from M

has some initial segment in A (although it does not look so at the first glance,
notice that the result is symmetric in A and Ac, the complementary set of A; for
further developments, see also [GP], [E]). The first naive attempt to generalize
this result to a vector space setting would be to ask the following question: given
a normed space X with a basis, and a set A of finite sequences of blocks in X

(i.e., finite sequences of vectors (x1, . . . , xk) where x1, . . . , xk ∈ X are successive
linear combinations from the given basis), does there exist a vector subspace Y

of X spanned by a block basis, such that either every infinite sequence of blocks
from Y has some initial segment in A, or no finite sequence of blocks from Y

belongs to A, up to some obviously necessary perturbation involving the norm
of X. It turns out that the answer to this question is negative, as a consequence
of the existence of distortable spaces, like Tsirelson’s space [T]. A correct vector
generalization requires a more delicate statement, which in particular is not sym-
metric in A and Ac. Gowers’ dichotomy theorem is such a result; in its first form
[G1], this theorem is about sets of finite sequences of blocks in a normed space,
and it was later extended in [G2] to analytic sets of infinite sequences of blocks.
We will not state these general results here, in particular we will not describe
the very interesting “vector game” that seems necessary for expressing Gowers’
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theorem. The first striking application of this result (probably the one for which
the combinatorial result was proved) is an application to the unconditional basic
sequence problem. This problem asks whether it is possible to find in a given
Banach space X an infinite unconditional basic sequence (xn), or, in equivalent
terms, an infinite dimensional subspace Y of X with an unconditional basis.
The answer is negative for some spaces X, as was shown in [GM1]. Further-
more, the example in [GM1] has a property which seems rather extreme in the
direction opposite to an unconditional behaviour: this space X is Hereditarily
Indecomposable, or H.I. for short. This means that no vector subspace of X is
the topological direct sum of two infinite dimensional subspaces (and of course
X is infinite dimensional).

It was natural to investigate more closely the connection between the failure
of the unconditional basic sequence property and the H.I. property. Was it just
accidental if the first example of a space not containing any infinite uncondi-
tional sequence was actually a H.I. space? Gowers’ result completely clarifies
the situation.

Theorem 1 (Special case of Gowers’ dichotomy theorem). Let X be
an arbitrary infinite dimensional Banach space. Either X has a subspace with
unconditional basis, or X contains a H .I . subspace.

Let us mention that there exist non trivial examples of non H.I. spaces not
containing any infinite unconditional basic sequence (see [GM2]; on the other
hand, trivial examples of this situation are simply obtained by considering spaces
of the form X⊕X, with an H.I. space X). Recall that Theorem 1 above, together
with the results by Komorowski and Tomczak [KT] gave a positive solution to the
homogeneous Banach space problem, which appeared in Banach’s book [B] sixty
years before: if a Banach space X is isomorphic to all its infinite dimensional
closed subspaces, then X is isomorphic to the Hilbert space `2.

The purpose of this note is to present a variant for a direct proof of this
important special case of Gowers’ general dichotomy result. It is of course not
essentially different from the original argument in [G1], and the attentive reader
will easily detect several steps here that are very similar to some parts of [G1],
for example our Lemma 2 below and its Corollary. Our main intention is to
give a more geometric exposition. We shall try to gather all the easy geometric
information that we need before embarking for the central part of the argument,
which is the combinatorial part.

We begin with some notation and definitions. For any normed space X we
denote by S(X) the unit sphere of X. The notation Y , Z, or U , V will be used
for infinite dimensional vector subspaces of X, and E, F, G for finite dimensional
subspaces of X. Given a real number C ≥ 1, a finite or infinite sequence (en) of
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non zero vectors in a normed space X is called C-unconditional if
∥∥∥
∑

εiaiei

∥∥∥ ≤ C

∥∥∥
∑

aiei

∥∥∥
for any sequence of signs εi = ±1 and any finitely supported sequence (ai) of
scalars. An infinite sequence (en) of non zero vectors is called unconditional if
it is C-unconditional for some C. It is usual to normalize the sequence (en) by
the condition ‖en‖ = 1 for each integer n, but this is unimportant here.

An infinite dimensional normed space X is called Hereditarily Indecomposable
(in short H.I.) if for any infinite dimensional vector subspaces Y and Z of X,

(1) inf{‖y − z‖ : y ∈ S(Y ), z ∈ S(Z)} = 0.

It is easy to check that this property is equivalent to the fact that no subspace of
X is the topological direct sum of two infinite dimensional subspaces Y and Z.
Property (1) says that the angle between any two infinite dimensional subspaces
of X is equal to 0. This notion of angle will be discussed with more details below.

In order to compare easily the H.I. property and the unconditionality property,
we rephrase unconditionality in terms of angle of subspaces. Saying that (en) is
C-unconditional is of course equivalent to saying that

∥∥∥
∑

aiei

∥∥∥ ≤ C

∥∥∥
∑

εiaiei

∥∥∥
for all signs (εi) and all scalars (ai) (we just moved the signs to the other side).
For any finite subset K of the set of indices, let EK denote the linear span of
(ek)k∈K . Consider a linear combination

∑
εiaiei, let I = {i : εi = 1} and

J = {i : εi = −1}. Letting x =
∑

i∈I aiei ∈ EI and y =
∑

i∈J aiei ∈ EJ we may
restate the above inequality as

‖x + y‖ ≤ C ‖x− y‖
for all x ∈ EI and y ∈ EJ , whenever I and J are disjoint. This is again an
angle property. There are however several ways for measuring the angle between
two subspaces, and we want to introduce two of them. For any L,M finite or
infinite dimensional subspaces of X, we denote by a(L,M) the measure of the
angle between L and M given by

a(L,M) = inf{‖x− y‖ : x ∈ S(L), y ∈ S(M)}.
This expression is symmetric, decreasing in L and M , and (Lipschitz-) continuous
for the metric δ(L,M) given by the Hausdorff distance between the unit spheres
S(L) and S(M),

δ(L,M) = max
{
sup{d(x, S(M)) : x ∈ S(L)}, sup{d(y, S(L)) : y ∈ S(M)}}.

An equivalent expression for the angle is

b(L,M) = inf
{
inf{d(x, M) : x ∈ S(L)}, inf{d(y, L) : y ∈ S(M)}}.
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It is clear that b(L, M) ≤ a(L,M); in the other direction we have a(L,M) ≤
2b(L,M). To see this, let b > b(L,M), and assume for example that b(L,M) =
inf{d(x,M) : x ∈ S(L)}. Let x ∈ S(L) and u ∈ M be such that ‖x − u‖ < b,
hence 1− b < ‖u‖ < 1+ b. Letting u′ = u/‖u‖, we have ‖u−u′‖ =

∣∣‖u‖−1
∣∣ < b,

and d(x, S(M)) ≤ ‖x− u′‖ < 2b.

According to the above discussion, we see that a sequence (en)n∈N of non zero
vectors in X is unconditional iff there exists β > 0 such that

(2) b(span{en : n ∈ I}, span{en : n ∈ J}) ≥ β

whenever I and J are finite disjoint subsets of N. The relations between β and the
unconditional constant of the sequence (en) are as follows: given β > 0 with the
above property, the sequence (en) is C-unconditional with C ≤ 2/β. Conversely,
if the sequence (en) is C-unconditional, then (2) is true with β ≥ 2/(C + 1).

Let us check these two facts. Suppose first that (2) is true for some β > 0. If
I and J are disjoint, and x ∈ EI , y ∈ EJ , we see that

‖x + y‖ ≤ 2
β
‖x− y‖,

proving that (en) is 2/β-unconditional. Indeed, suppose that ‖x‖ = 1 ≥ ‖y‖; we
know that ‖x − y‖ ≥ b(EI , EJ) ≥ β and ‖x + y‖ ≤ 2, and the inequality above
follows by homogeneity. Conversely, if (en) is C-unconditional, the projection
PI :

∑
aiei →

∑
i∈I aiei on EI has norm ≤ (C + 1)/2 for any subset I of the

set of indices, and this implies that ‖x‖ ≤ C+1
2 ‖x − y‖, hence we may choose

β = 2/(C + 1).

The following easy technical Lemma will be used in the proof of Theorem 2
below.

Lemma 1. Assume that E, E′ are finite dimensional subspaces of X, M any
subspace of X and Z an infinite dimensional subspace of X. We have

sup
U⊂Z

a(E′ + U, M) ≤ sup
U⊂Z

a(E + U, M) + 2δ(E′, E),

where the supremum above runs over all infinite dimensional subspaces U of Z.

Proof. Let

s > sup
V⊂Z

a(E + V, M), δ = δ(E′, E),

t > 1 and let U be any infinite dimensional subspace of Z. By a standard
argument, we may find an infinite dimensional subspace U ′ ⊂ U such that t‖e +
u′‖ ≥ ‖e‖ for every e ∈ E and u′ ∈ U ′ (we intersect U with the kernels of a
finite set of functionals forming a t−1-norming set for E). By assumption we
have a(E + U ′, M) < s, hence we can find e + u′ ∈ S(E + U ′) and y ∈ S(M)
such that ‖(e + u′) − y‖ < s. We know then that ‖e‖ ≤ t, thus there exists
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e′ ∈ E′ such that ‖e′ − e‖ ≤ tδ. Now 1− tδ ≤ ‖e′ + u′‖ ≤ 1 + tδ and we can find
x ∈ S(E′ + U ′) such that ‖x− (e′ + u′)‖ ≤ tδ. Finally,

a(E′ + U, M) ≤ a(E′ + U ′, M) ≤ ‖x− y‖ < s + 2tδ,

ending the proof. ¤

So far we did not say if our normed spaces are real or complex, and everything
above applies to both cases. In the complex case however, it is customary to
define the complex unconditional constant by replacing in the definition above
the signs εi = ±1 by arbitrary complex numbers of modulus one. This makes
no essential difference, because a sequence of vectors in a complex normed space
is complex-unconditional iff it is real-unconditional, except that the complex
unconditional constant may differ from the real constant by some factor (less
than 3 say). We shall therefore work with the real definition of the unconditional
constant.

We introduce the intermediate notion of a HI(ε) space. Given ε > 0, an
infinite dimensional normed space X will be called a HI(ε) space if for every
infinite dimensional subspaces Y and Z of X we have

a(Y,Z) ≤ ε.

Obviously, a normed space X is H.I. iff it is HI(ε) for every ε > 0.

Theorem 2. Let X be an infinite dimensional normed space. For each ε > 0,
either X contains an infinite sequence with unconditional constant ≤ 4/ε, or X

contains a HI(ε) subspace Z.

Of course, when X does not contain any infinite sequence with unconditional
constant ≤ 4/ε, this implies that every infinite dimensional subspace Y of X

contains a HI(ε) subspace. Theorem 2 implies Theorem 1 by a simple diag-
onalization procedure that already appears in [G1]: assume that X does not
contain any infinite unconditional sequence; by Theorem 2, every subspace Y

of X contains for each ε > 0 a subspace Z which is HI(ε). Taking succes-
sively ε = 2−n, we construct a decreasing sequence (Zn), where Zn is a HI(2−n)
subspace of X. Let Z be a subspace obtained from the sequence (Zn) by the
diagonal procedure. For every n, this space Z is contained in Zn up to finitely
many dimensions, therefore Z is HI(ε) for every ε > 0, so Z is H.I.

Proof of Theorem 2. We may clearly restrict our attention to separable
spaces X. Let (E, F ) be a couple of finite dimensional subspaces of X and let Z

be an infinite dimensional subspace of X. We set

A(E, F,Z) = sup
U,V⊂Z

a(E + U, F + V ),

where the supremum is taken over all infinite dimensional subspaces U and V

of Z. It follows from Lemma 1 that A(E′, F ′, Z) ≤ A(E, F, Z) + 2δ(E′, E) +
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2δ(F ′, F ) for all finite dimensional subspaces E′ and F ′. We will keep ε > 0
fixed throughout the proof.

We introduce a convenient terminology, inspired by [GP]. We say that the
couple (E, F ) accepts the subspace Z if

A(E, F, Z) < ε.

This perhaps unnatural strict inequality is necessary for approximation reasons.
Indeed, we get from Lemma 1 that when (E,F ) accepts a subspace Z of X, then
(E′, F ′) also accepts Z provided δ(E′, E) and δ(F ′, F ) are small enough. When
(E,F ) accepts Z, we know that a(E +U, F + V ) < ε for all infinite dimensional
subspaces U and V of Z, and except for the small technicality just mentioned,
this is exactly the idea that the reader should keep in mind. Before going any
further, let us notice that when the couple ({0}, {0}) accepts a subspace Z, then
Z is HI(ε) (actually, Z is then HI(ε′) for some ε′ < ε). Acceptance is clearly
symmetric: (F, E) accepts Z iff (E, F ) accepts Z. If (E,F ) accepts Z, it also
accepts every Z ′ ⊂ Z (obvious) and every Z + G, when dim G < +∞; this last
fact is easy: given two infinite dimensional subspaces U, V of Z + G, we may
consider the two infinite dimensional subspaces U ′ = U ∩ Z and V ′ = V ∩ Z of
Z; since (E,F ) accepts Z, we have

a(E + U, F + V ) ≤ a(E + U ′, F + V ′) ≤ A(E, F, Z) < ε.

Notice that what we just did was proving the equality A(E,F, Z) = A(E, F, Z+
G), which is one of the main ingredients for the proof: we are dealing here with
a function of Z that does not depend upon changing finitely many dimensions.

We say that a couple τ = (E, F ) rejects Z if no subspace Z ′ ⊂ Z is accepted
by τ . Rejection is also symmetric, and saying that (E, F ) rejects some subspace
Z (or simply: does not accept Z) implies that

a(E,F ) ≥ ε

because a(E, F ) ≥ a(E + U, F + V ) for all U, V , hence a(E, F ) ≥ A(E, F,Z) for
every Z. This yields b(E, F ) ≥ 1

2a(E,F ) ≥ ε/2 and will be used in connection
with the property (2) for β = ε/2, in order to produce an upper bound 4/ε for
the unconditional constant. This notion of rejection will therefore be the tool
for constructing inductively subspaces with an angle bounded away from 0; the
strength of the rejection hypothesis will allow the induction to run. Observe that
when a couple τ rejects a subspace Z, it is clearly true by definition that τ rejects
every subspace Z ′ of Z, and τ also rejects “supspaces” of Z of the form Z + G,
when G is finite dimensional (otherwise, τ would accept some Z ′ ⊂ Z +G, hence
also accept Z ′′ = Z ′ ∩ Z, contradicting the fact that τ rejects Z); combining
the above observations, we see that when τ accepts or rejects Z, the same is
true for every Z ′ such that Z ′ ⊂ Z + G, when G is any finite dimensional
subspace of X. This simple remark is the basis for our first step. Since X was
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assumed separable, we may select a countable family E, dense in the set of finite
dimensional subspaces of X (for the Hausdorff metric of spheres).

Claim 1. There exists an infinite dimensional subspace Z0 of X such that
for every couple (E, F ) with E,F ∈ E and every rational α in (0, ε), either
A(E,F, Z0) < α or , for every infinite dimensional subspace Z ′ of Z0, we have
A(E,F, Z ′) ≥ α.

Proof. We use a very usual diagonal argument. Let (σn)n≥1, with σn =
(En, Fn, αn) be a listing of all triples (E, F, α) such that E,F ∈ E and α is
a rational number in (0, ε). We construct a decreasing sequence (Xn)n≥0 of
subspaces of X in the following way: X0 = X, and if A(En+1, Fn+1, Z

′) ≥ αn+1

for every subspace Z ′ of Xn, we simply let Xn+1 = Xn. Otherwise, there exists
a subspace of Xn, which we call Xn+1, such that A(En+1, Fn+1, Xn+1) < αn+1.
We consider then a diagonal infinite dimensional subspace Z0 which is the linear
span of a sequence (zn)n≥1 built by picking inductively zn+1 in Xn+1 and not in
the linear span of z1, z2, . . . , zn. For each integer n ≥ 1, we see that Z0 ⊂ Xn+Gn

for some finite dimensional subspace Gn, and either

A(En, Fn, Z0) ≤ A(En, Fn, Xn + Gn) = A(En, Fn, Xn) < αn,

or for every subspace Z ′ of Z0, A(En, Fn, Z ′) = A(En, Fn, Z ′ ∩Xn) ≥ αn. ¤

By an easy approximation argument, we can state a version of Claim 1 above
that will apply to any couple τ , and not only to those from the dense subset E.
Let (E, F ) be an arbitrary couple. If (E, F ) does not reject Z0, it accepts some
Z ′ ⊂ Z0 and we may choose a rational α in (0, ε) such that A(E, F, Z ′) < α; let
β be rational and 0 < β < (ε − α)/8; let E′, F ′ ∈ E be such that δ(E′, E) < β

and δ(F ′, F ) < β. This implies by Lemma 1 that A(E′, F ′, Z ′) < α + 4β < ε.
But then by Claim 1 it follows that A(E′, F ′, Z0) < α + 4β; by approximation
again (E,F ) accepts Z0. Finally:

Claim 2. For each couple (E, F ) of finite dimensional subspaces of X, either
(E,F ) rejects Z0 or (E, F ) accepts Z0.

From now on the whole construction will be performed inside our “stabilizing”
subspace Z0. Here is where the dichotomy really starts. There are two possi-
bilities: either the couple ({0}, {0}) accepts Z0, or it rejects. As was mentioned
before, saying that ({0}, {0}) accepts Z0 implies that Z0 is HI(ε). Suppose now
that ({0}, {0}) rejects Z0; we will find in Z0 a sequence (ek)k≥1 with uncondi-
tional constant C ≤ 4/ε. This will be done in the following manner: we will
choose the sequence (ek) of non zero vectors in such a way that for each n ≥ 1
and for all disjoint sets I, J ⊂ {1, . . . , n}, the couple (EI , EJ) rejects Z0 (as be-
fore, we denote by EK the linear span of {ek : k ∈ K}). The next Lemma and its
Corollary give the tool for constructing the next vector en+1 of our unconditional
sequence, when e1, . . . , en are already selected.
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Lemma 2. If (E,F ) rejects Z0, then for every infinite dimensional subspace Z ′

of Z0 there exists a further infinite dimensional subspace U ′ ⊂ Z ′ such that for
every finite dimensional subspace E′ of U ′, the couple (E + E′, F ) rejects Z0.

Proof. Otherwise, there exists Z ′ ⊂ Z0 such that, for every subspace U ′ ⊂ Z ′,
there exists E′ ⊂ U ′ such that (E + E′, F ) does not reject Z0. We know that
(E + E′, F ) accepts Z0 by Claim 2; for every subspace V ′ ⊂ Z ′ we have, since
E + U ′ = E + E′ + U ′,

a(E + U ′, F + V ′) = a(E + E′ + U ′, F + V ′) ≤ A(E + E′, F, Z0) < ε,

which implies that (E,F ) accepts Z ′, therefore (E,F ) accepts Z0 by Claim 2,
contrary to the initial hypothesis. ¤

Corollary 1. Suppose that (Eα, Fα)α∈A is a finite family of couples, and that
(Eα, Fα) rejects Z0 for each α ∈ A. For every infinite dimensional subspace Z ′′

of Z0 there exists a further infinite dimensional subspace U ′′ ⊂ Z ′′ such that for
every finite dimensional subspace E′ of U ′′, the couple (Eα + E′, Fα) rejects Z0

for each α ∈ A.

Proof. We set A = {α1, . . . , αp}. Let Z ′′ = Z ′0 be a subspace of Z0. By
Lemma 2, there exists U ′ = Z ′1 ⊂ Z ′0 such that for every E′ ⊂ Z ′1, (Eα1+E′, Fα1)
rejects Z0. We apply again Lemma 2, this time to the couple (Eα2 , Fα2), with
Z ′ = Z ′1, and so on until U ′′ = Z ′p ⊂ Z ′p−1 ⊂ . . . ⊂ Z ′ is reached. ¤

The Corollary will be applied in the following weakened form; the notation [z]
stands for the line Rz or Cz generated by a non zero vector z:

Suppose that (Eα, Fα)α∈A is a finite family of couples, and that (Eα, Fα) rejects
Z0 for each α ∈ A. For every infinite dimensional subspace Z ′ of Z0 there exists
a non zero vector z ∈ Z ′ such that the couple (Eα + [z], Fα) rejects Z0 for each
α ∈ A.

Let us finish the proof of the Theorem. Recall that EK denotes the linear
span of (ek)k∈K . Assuming that ({0}, {0}) rejects Z0, we build by induction a
sequence (ek)∞k=1 of non zero vectors in Z0, such that for every integer n ≥ 1 and
every partition (I, J) of {1, . . . , n}, the couple (EI , EJ) rejects Z0. Assuming
that e1, . . . , en are already selected, let us call partition of length n any couple
of the form (EI , EJ), for some partition (I, J) of {1, . . . , n}. Consider the finite
list An of all partitions (Eα, Fα) of length n, where α ∈ An. Our induction
hypothesis is that for every α ∈ An, the couple (Eα, Fα) rejects Z0; let Z ′ be an
infinite dimensional subspace of Z0 such that Z ′ ∩ span{e1, . . . , en} = {0}. By
the Corollary, we can find a non zero vector z ∈ Z ′ such that for every α ∈ An,
the couple (Eα + [z], Fα) rejects Z0; observe that (Fα, Eα) also belongs to the
list, hence (Fα + [z], Eα) also rejects Z0. We choose now en+1 = z. It is clear
that with this choice, (EI , EJ ) rejects Z0 for every partition of length n+1. This
implies that the infinite sequence (ek)k≥1 satisfies property (2) with the constant
β = ε/2, thus this sequence is 4/ε-unconditional. ¤
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Remark. It is possible to obtain directly a H.I. space, without passing through
the intermediate stage of HI(ε) spaces, by replacing the study of couples by
that of triples (E, F, ε), for ε varying. The first version of this paper was indeed
written in this way, but the referee said (and was probably right about it) that
the earlier version in [M] gave a clearer view of the combinatorics, by dealing
first with a countable situation (a countable vector space over Q) and treating
the boring approximation afterwards. This version is a sort of midpoint between
the two, which perhaps only adds the disadvantages of both. . .
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An “Isomorphic” Version
of Dvoretzky’s Theorem, II

VITALI MILMAN AND GIDEON SCHECHTMAN

Abstract. A different proof is given to the result announced in [MS2]:
For each 1 ≤ k < n we give an upper bound on the minimal distance
of a k-dimensional subspace of an arbitrary n-dimensional normed space
to the Hilbert space of dimension k. The result is best possible up to a
multiplicative universal constant.

Our main result is the following extension of Dvoretzky’s theorem (from the
range 1 < k < c log n to c log n ≤ k < n), first announced in [MS2, Theorem
2]. As is remarked in that paper, except for the absolute constant involved the
result is best possible.

Theorem. There exists a K > 0 such that , for every n and every log n ≤ k <

n, any n-dimensional normed space, X, contains a k-dimensional subspace, Y ,
satisfying

d(Y, `k
2) ≤ K

√
k

log(1 + n/k)
.

In particular , if log n ≤ k ≤ n1−Kε2
, there exists a k-dimensional subspace Y

(of an arbitrary n-dimensional normed space X) with

d(Y, `k
2) ≤ K

ε

√
k

log n
.

Jesus Bastero pointed out to us that the proof of the theorem in [MS2] works
only in the range k ≤ cn/ log n. Here we give a different proof which corrects this
oversight. The main addition is a computation due to E. Gluskin (see the proof
of the Theorem in [Gl1] and the remark following the proof of Theorem 2 in
[Gl2]). In the next lemma we single out what we need from Gluskin’s argument
and sketch Gluskin’s proof.
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Gluskin’s Lemma. Let 1 ≤ k ≤ n/2 and let νn,k denote the normalized Haar
measure on the Grassmannian of k-dimensional subspaces of Rn. Then, for some
absolute positive constant c,

νn,k

({
E : ∃x ∈ E with ‖x‖∞ < c

√
log(1 + n/k)

n
‖x‖2

})
< 1/2.

Proof. Let gi,j , for i = 1, . . . , k and j = 1, . . . , n, be independent standard
Gaussian variables. The invariance of the Gaussian measure under the orthogo-
nal group implies that the conclusion of the lemma is equivalent to

Prob

(
inf

x∈Sk−1
max

1≤j≤n

∣∣∑k
i=1 xigi,j

∣∣
(∑n

l=1

(∑k
i=1 xigi,l

)2)1/2
< c

√
log(1 + n/k)

n

)
< 1/2.

As is well known, the variable
(∑n

j=1

(∑k
i=1 xigi,j

)2)1/2 is well concentrated

near the constant ‖x‖2 =
(∑k

i=1 x2
i

)1/2√
n. In particular,

Prob

(
∃x ∈ Sk−1 with

( n∑

j=1

( k∑

i=1

xigi,j

)2)1/2

> 2
√

n

)
< 1/4

if n is large enough. It is thus enough to prove that

Prob

(
inf

x∈Sk−1
max

1≤j≤n

∣∣∣∣
k∑

i=1

xigi,j

∣∣∣∣ < 2c
√

log(1 + n/k)

)
< 1/4.

The left-hand side here is clearly dominated by

Prob

(
inf

x∈Sk−1

( 2k∑

j=1

∣∣∣∣
k∑

i=1

xigi,j

∣∣∣∣
∗2)1/2

< 2c
√

2k log(1 + n/k)

)

where {a∗i } denotes the decreasing rearrangement of the sequence {|ai|}. To
estimate the last probability we use the usual deviation inequalities for Lipschitz
functions of Gaussian vectors (see, for example, [MS1] or [Pi]). The only two facts
one should notice are that the norm ‖a‖ = (

∑2k
j=1 a∗2j )1/2 on Rn is dominated

by the Euclidean norm, i.e. that the Lipschitz constant of the function ‖a‖ =
(
∑2k

j=1 a∗2j )1/2 on Rn is at most one and that the expectation of ‖(g1, . . . , gn)‖
is larger than c1(2k)1/2

√
log(1 + n/k) for some absolute constant c1. Then, for

an appropriate c,

Prob

(
inf

x∈Sk−1

( 2k∑

j=1

∣∣∣∣
k∑

i=1

xigi,j

∣∣∣∣
∗2)1/2

< 2c
√

2k log(1 + n/k)

)

< exp(−k log(1 + n/k)) < 1/4

if n is large enough. ¤
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Proof of the Theorem. The proof follows in parts the proof in [MS2]. For
completeness we shall repeat these parts. In what follows 0 < η, K < ∞ denote
absolute constants, not necessarily the same in each instance. By a result of
Bourgain and Szarek ([BS, Theorem 2]; but refer to [MS2; Remark 4] for an
explanation why we need only a much simpler form of their result), we may
assume without loss of generality that there exists a subspace, Z ⊆ X, with
m = dimZ > n/2 and α‖x‖`m∞ ≤ ‖x‖Z ≤ ‖x‖`m

2
for all x ∈ Z for some absolute

constant α > 0.
Let M denote the median of ‖x‖Z over Sm−1 = Sn−1 ∩ Z. Fix k as in the

statement of the theorem. If M > K
√

k
n then, by [Mi] (see also [FLM] or [MS1,

Theorem 4.2]), Z and thus X contains a k-dimensional subspace, Y , satisfying
d(Y, `k

2) ≤ 2. Also, for each k, with probability > 1− e−ηk

(∗) ‖x‖ ≤ 2

(
M + K

√
k

n

)
‖x‖2.

This again follows by the usual deviation inequalities. Let us refresh the reader’s
memory: Let M be a 1

2 -net in the sphere of a fixed k-dimensional subspace, Y0,
of Z with |M| ≤ 6k (see [MS1, Lemma 2.6]). Denoting by ν the Haar measure
on the orthogonal group O(m) we get,

ν

({
U ; ‖Ux‖Z ≥ M + K

√
k

n
for some x ∈ M

})
≤ exp(k log 6− ηK2k).

Thus, a successive approximation argument gives that, with probability larger
than 1− e−ηk, a k-dimensional subspace E of Z satisfies

‖x‖ ≤ 2

(
M + K

√
k

n

)
‖x‖2, for all x ∈ E.

By Gluskin’s Lemma, for k < n/4,

νm,k

({
E ; ∃x ∈ E with ‖x‖ < cα

√
log(1 + n/k)

n
‖x‖2

})

≤ νm,k

({
E ; ∃x ∈ E with ‖x‖∞ < c

√
log(1 + m/k)

m
‖x‖2

})
< 1/2.

That is, with probability larger than 1/2 a k-dimensional subspace E satisfies

‖x‖ ≥ cα

√
log(1 + n/k)

n
‖x‖2, for all x ∈ E.

Combining this with (∗), we conclude that, if M ≤ K
√

k/n, there exists a
k-dimensional subspace whose distance to Euclidean space is smaller than

4K

√
k

n

/
cα

√
log(1 + n/k)

n
= K ′√k/ log(1 + n/k). ¤
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Remark. Can one show that the conclusion of the Theorem holds for a random
subspace Y ? The only obstacle in the proof here and also in [MS2] is the use
of the result from [BS]. Michael Schmuckenschläger showed us how to overcome
this obstacle in the proof of [MS2]: Instead of using [BS] one can use [ScSc,
Proposition 4.11], which says that any multiple of the `n

∞ unit ball has larger
or equal Gaussian measure than the same multiple of the unit ball of any other
norm on Rn whose ellipsoid of maximal volume is Sn−1. This can replace the
first inequality on the last line of [MS2, p. 542] (with m = n and α = 1. The
change from the Gaussian measure to the spherical measure is standard.)
It follows that at least for k ≤ cn/ log n the answer to the question above is
positive.

What is the “isomorphic” version of Dvoretzky’s Theorem for spaces with non-
trivial cotype? It is known that in this case one has a version of Dvoretzky’s
theorem with a much better dependence of the dimension of the Euclidean section
on the dimension of the space ([FLM] or see [MS1, 9.6]). We do not know if one
can extend this theorem in a similar “isomorphic” way as the theorem above.
The proposition below gives such an extension under the additional assumption
that the space also has non-trivial type. Recall that it is a major open problem
whether an n-dimensional normed space with non-trivial cotype has a subspace
of dimension [n/2] which is of type 2 (with the type 2 constant depending on
the cotype and the cotype constant only) or at least of some non-trivial type. If
this open problem has a positive solution, the next proposition would imply the
desired “isomorphic” cotype case of the theorem. The proof we sketch here (as
well as the statement of the proposition) uses quite a lot of background material
(which can be found in [MS1]) and is intended for experts.

Proposition. For every n and every n2/q ≤ k < n/2, any n-dimensional
normed space, X, contains a k-dimensional subspace, Y , satisfying d(Y, `k

2) ≤
Kk1/2/n1/q. Here K depends on q < ∞, the cotype q constant of X and the
norm of the Rademacher projection in L2(X) only . Up to the exact value of the
constant involved the result is best possible and is attained for X = `n

q .

Sketch of proof. We use the notations of [MS1]. We first find an operator
T : `n

2 → X for which

`(T )`(T−1∗) ≤ Kn,

where K depends on the norm of the Rademacher projection in L2(X) only (see
[MS1, 15.4.1]).

Next we use the “lower bound theorem” of Milman [MS1, 4.8] to find an 3n/4
dimensional subspace E ⊆ `n

2 for which

‖(T|E)−1‖ ≤ C`(T−1∗)/
√

n,

for an absolute constant C.
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By a theorem of Figiel and Tomczak (see [FT] or [MS1, 15.6]), there exists a
further subspace F ⊆ E of dimension larger than n/2 for which

‖T|F ‖ ≤ Kn−1/2n1/2−1/q`(T|E) ≤ Kn−1/q`(T ),

for K depending on q and the cotype q constant of X only.
This reduces the problem to the following: Given a norm ‖ · ‖ on Rn/2 for

which

C−1‖x‖2 ≤ ‖x‖ ≤ Kn1/2−1/q‖x‖2
for all x, for constants C, K depending only on p, q and the type p and cotype
q constants of X, and for which M =

∫
Sn/2−1 ‖x‖ = 1, find a subspace Y of

dimension k as required in the statement of the proposition. Since we have
to take care of the upper bound only, this can be accomplished by the usual
“concentration” method as described in the first few chapters of [MS1].

The fact that, for some absolute constant η and for all k, `n
q does not have

k-dimensional subspaces of distance smaller than ηq−1/2k1/2/n1/q to `k
2 follows

from the method developed in [BDGJN] (or see [MS1, 5.6]). One just need to
replace the constant 2 in [MS1, 5.6] by a general constant d and follow the proof
to get a lower bound on d. ¤
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Asymptotic Versions of Operators
and Operator Ideals

VITALI MILMAN AND ROY WAGNER

Abstract. The goal of this note is to introduce new classes of operator
ideals, and, moreover, a new way of constructing such classes through an
application to operators of the asymptotic structure recently introduced
by Maurey, Milman, and Tomczak-Jaegermann in Op. Th. Adv. Appl. 77
(1995), 149–175.

1. Preliminaries

1.1. Notation. We follow standard Banach-space theory notation, as outlined
in [LTz].

Throughout this note X will be an infinite dimensional Banach-space with
a shrinking basis {ei}∞i=1. The notation [X]n will stand for the head subspace
(span{ei}n

i=1) and [X]>n for the tail subspace (the closure of span{ei}∞i=n+1). Pn

and P>n are the coordinate-orthogonal projections on these subspaces respec-
tively.

A basis {ei} is equivalent to a basis {fi} if

C2

∥∥∥
∑

aifi

∥∥∥ ≤
∥∥∥
∑

aiei

∥∥∥ ≤ C1

∥∥∥
∑

aifi

∥∥∥

for any scalars {ai}. The equivalence is quantified by the ratio C1/C2; the closer
it is to 1, the better the equivalence.

A vector is called a block if it has finite support, that is, if it is a finite
linear combination of elements of the basis. The blocks v and w are said to be
consecutive (v < w) if the support of v (the set of elements of the basis that form
v as a linear combination) ends before the support of w begins. S(X)n

< is the
collection of all n-tuples of consecutive normalised blocks; thus S(X)1< means
normalised finite support vectors.

165
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1.2. An intuitive introduction to asymptotic structure. The language of
asymptotic structure has been introduced to study the essentially infinite dimen-
sional structure of Banach-spaces, and to help bridge between finite dimensional
and infinite dimensional theories. This approach does generalise spreading mod-
els, but takes an essentially different view. Formally introduced in [MMiT], it
has already been studied, extended and applied in [KOS], [OTW], [T], [W1]
and [W2]; it is closely related to the new surge of results in infinite dimensional
Banach-space theory, and especially to [G] and [MiT]. For formal arguments,
the most convenient terminology is the game terminology coming from [G], pre-
sented below. However, we choose to preface this by a less rigorous intuitive
introduction.

The main idea behind this theory is a stabilisation at infinity of finite dimen-
sional objects (subspaces, restrictions of operators), which repeatedly appear
arbitrarily far and arbitrarily spread out along the basis. Piping these stabilised
objects together gives rise to infinite dimensional notions: asymptotic versions
of a Banach-space X or of an operator acting on X.

To define this structure we first have to choose a frame of reference in the
form of a family of subspaces, B(X). It is most convenient to choose B(X) such
that the intersection of any two subspaces from B(X) is in B(X). The family of
tail subspaces is such a family; so is the family of finite codimensional subspaces,
but here we will work with the former. The construction proceeds as follows.

Fix n and ε. Consider the tail subspace [X]>N1 for some “very large” N1,
and take a normalised vector in this tail subspace. Consider now a further tail
subspace [X]>N2 , with N2 “very large”, depending on the choice of x1; choose
again any normalised vector, x2 in [X]>N2 . After n steps we have a sequence
of n vectors, belonging to a chain of tail subspaces, each subspace chosen ’far
enough’ with respect to the previous vectors.

The span of a sequence in X, E = span{x1, . . . , xn}, is called ε-permissible if
we can produce by the above process vectors {yi}n

i=1, which are (1+ε)-equivalent
to the basis of E, regardless of the choice of tail subspaces.

Now we can explain how far is “far enough”. The choice of the tail subspaces
[X]>Ni is such that no matter what normalised blocks are chosen inside them,
they will always form ε-permissible spaces. The existence of such “far enough”
choices of tail subspaces is proved by a compactness argument.

We can now consider basic sequences which are (1+ε)-equivalent to ε-permis-
sible sequences for every ε. These will be called n dimensional asymptotic spaces.
Our ε-permissible sequences are (1 + ε)-realizations in X of asymptotic spaces.

Finally, a Banach-space whose every head-subspace is an asymptotic space of
X is called an asymptotic version of X.

The same construction can be made for an operator T as well. In this case,
we would like to stabilise not only the domain (which is an asymptotic space),
but also the image and action of the operator. More precisely, our permissible
sequences will now be sequences {xi}n

i=1, such that we can find arbitrarily far
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and arbitrarily spread out sequences in our space, which are closely equivalent
to {xi}n

i=1, and on top of that, are mapped by T to sequences closely equivalent
to {T (xi)}n

i=1. The assumption that X has a shrinking basis promises that
{T (xi)}n

i=1 are close to successive blocks. In turn this means that the asymptotic
version of T , viewed as an operator from [xi]ni=1 to

[
T (xi)/‖T (xi)‖

]n

i=1
, is always

a formally diagonal operator.

1.3. The Game. The following game (up to slight formalities) is used in
[MMiT] to define asymptotic spaces. The game terminology comes from [G].

Definition 1. This is a game for two players. One is the subspace player,
S, and the other is the vector player, V. The “board” of the game consists of
a Banach-space with a basis, a natural number n, and two subsets of S(X)n

<:
Φ and Σ. Player S begins, and they play n turns. In the first turn player S
chooses a tail subspace, [X]>m1 . Player V then chooses a normalised block in
this subspace, x1 ∈ [X]>m1 . In the k-th turn, player S chooses a tail subspace
[X]>mk

. Player V then chooses a normalised block, xk, such that xk ∈ [X]>mk

and xk > xk−1.
V wins if it produces a sequence of vectors in Φ.
S wins if it forces the choices of V to be in Σ.
Note that in this game it is not always true that one player wins and the

other loses. Furthermore, in some cases, we are only interested in the winning
prospects of one player, and therefore may ignore either Φ or Σ.

If V has a winning strategy in this game for Φ, that is a recipe for producing
sequences in Φ considering any possible moves of S, we call Φ an asymptotic set
of length n. Formally this means:

∀m1 ∃x1∈X>m1 ∀m2 ∃x2∈X>m2 . . . ∀mn ∃xn∈X>mn

such that (x1, . . . , xn) ∈ Φ.

Note that this generalises an earlier notion of an asymptotic set for n = 1 (in
this context of tail subspaces, rather than block subspaces; compare [GM]).

If S has a winning strategy in this game for the collection Σ, we call Σ an
admission set of length n. Formally this means:

∃m1 ∀x1∈X>m1 ∃m2 ∀x2∈X>m2 . . . ∃mn ∀xn∈X>mn

such that (x1, . . . , xn) ∈ Σ

This terminology comes from admissibility criteria in the study of Tsirelson’s
space and its variants. An admission set contains all vector sequences beginning
“far enough” and spread out “far enough” — for some interpretation of the term
“enough”.

When the context is clear, we will omit the length, and simply write “an
asymptotic (admission) set”.
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Remarks 2. (i) Note that a collection containing an admission set is an ad-
mission set, and that a collection containing an asymptotic set is an asymptotic
set.

(ii) It is also useful to note that if V has a winning strategy for Φ, and S has
a winning strategy for Σ, then playing these strategies against each other will
necessarily produce sequences in Φ ∩ Σ.

In fact, in such a case V has a winning strategy for Φ∩Σ. Player V’s strategy
is as follows; player V plays his winning strategy for Φ, while pretending that the
subspace dictated to him in each turn is the intersection of the subspace actually
chosen by S with the subspace arising from the winning strategy for Σ.

The following is simply formal negation.

Lemma 3. Let Σ ⊆ S(X)n
<. Then either Σ is an admission set , or Σc is an

asymptotic set . These options are mutually exclusive.

Tail subspaces of a Banach-space form a filter. This allows us to demonstrate
filter (cofilter) behaviour for admission (asymptotic) sets.

Lemma 4. (i) Let Σ1, . . . , Σk ⊆ S(X)n
< be admission sets. Then

⋂k
j=1 Σj is

also an admission set .
(ii) Let Φ1, . . . , Φk ⊆ S(X)n

<, such that
⋃k

j=1 Φj is asymptotic. Then, for some
1 ≤ j ≤ k, Φj is asymptotic.

Proof. (i) Suppose at any turn of the game player S has to choose [X]>m1 in
order to win for Σ1, [X]>m2 in order to win for Σ2, . . ., and [X]>mk

in order to
win for Σk. If player S chooses [X]>m, where m = max{m1,m2, . . . , mk}, the
vector sequence chosen by player V will have to be in

⋂k
j=1 Σj .

(ii) Suppose for all 1 ≤ j ≤ k, Φj is not asymptotic. Then Lemma 3 implies that
Φc

j are all admission sets. By part 1 of the proof,
⋂k

j=1 Φc
j is an admission set.

Therefore, using Lemma 3 again,
⋃k

j=1 Φj is not asymptotic, in contradiction. ¤

1.4. Asymptotic versions. The following notions come from [MMiT].

Definition 5. An n-dimensional Banach space F with a basis {fi}n
i=1 is called

an asymptotic space of a Banach-space X, if for every ε > 0 the set of all
sequences in S(X)n

<, which are (1 + ε)-equivalent to {fi}i, is an asymptotic set.
A space X̃ is an asymptotic version of X, if all the spaces [X̃]n are asymptotic

spaces of X.
We use {X}∞ to denote the collection of asymptotic versions of a space X,

and {X}n to denote the collection of its n-dimensional asymptotic spaces.

Remark 6. The existence of asymptotic versions and spaces for every Banach-
space X is elementary, as observed in [MMiT]. Spreading models make obvious
examples of asymptotic versions. Existence of some special asymptotic versions
is dealt with in [MMiT]. In our existence theorem below we will prove that we
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can extract close realizations of an asymptotic version out of any sequence of
increasingly long asymptotic sets.

1.5. König’s Unendlichkeitslemma. The following combinatorial lemma
comes from [Kö]. Its proof is an elementary exercise. A rooted tree is simply
a connected tree with some vertex labelled as root. The root allows us to con-
sider the level of vertices in the tree.

Lemma 7. A rooted tree has an infinite branch emanating from the root if

(i) there are vertices arbitrarily far from the root , and
(ii) the set of vertices with any fixed distance to the root is finite.

This Lemma will be used to allow us to find asymptotic versions not only inside
the whole space, but also inside asymptotic subsets. This in turn will be used to
show, that if the collections of sequences with a certain property is asymptotic,
an asymptotic version with the said property can be extracted.

2. Asymptotic Versions of Operators

Definition 8. Let T ∈ L(X). Define T̃ , an asymptotic version of T , to be
a formally diagonal operator between asymptotic versions Ỹ , Z̃ ∈ {X̃}∞, such
that for every n ∈ N and every ε > 0, the following set is asymptotic:

All sequences in S(X)n
<, which are (1+ ε)-equivalent to the basis of [Ỹ ]n, and

whose images under T are (1 + ε)-equivalent to the images of the basis of [Ỹ ]n
under T̃ .

A collection of such asymptotic sets, for arbitrarily small ε’s and arbitrarily
large n’s will be referred to as asymptotic sets realizing the asymptotic version T̃ .

The set of all asymptotic versions of an operator T will be denoted {T}∞.

Note that the asymptotic versions of the identity operator correspond simply to
asymptotic versions of the space.

We are about to prove the basic existence theorem for asymptotic versions of
operators. In order to formulate it, we need the following technical terminology.

Definition 9. A truncation (of length k) of a given collection, Σ ⊆ S(X)n
<, is

the collection of sequences of the leading k blocks from all sequences in Σ.

A truncation of an asymptotic set is obviously asymptotic.

Theorem 10 (The existence theorem). Let X be a space with a shrinking
basis. For every operator T ∈ L(X) and every sequence {Φn}∞n=1 of increasingly
long asymptotic sets, there exists T̃ ∈ {T}∞ realized by truncated subsets of
the Φn’s.

Before we prove the theorem, let us isolate the part of the proof which requires
a shrinking basis.
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Lemma 11. Let X be a space with a shrinking basis, and let T ∈ L(X). Let Σ

be an admission set . The collection of all sequences, which T maps ε-close to
sequences from Σ, is also an admission set .

Proof. As a first step we have to verify that, if a block is supported far enough,
its image under T will be — up to an ε/2-perturbation— the first block of some
sequence from Σ. This sounds reasonable, recalling that Σ is an admission set,
and so any block which is supported sufficiently far can play the first vector of
a sequence from Σ.

To verify, let [X]>n1 be the first step in the winning strategy of player S
for Σ. We know that all blocks x1 supported far enough have ‖Pn1(T (x1))‖ <

ε/2. Indeed, if this weren’t the case, we would have ‖Pn1(T (xk
1))‖ ≥ ε/2 for a

sequence {xk
1}∞k=1 of normalised vectors supported increasingly far (and hence

weakly null). This would imply that one of the bounded functionals P{ei}(T (x)),
1 ≤ i ≤ n1, does not go to zero when applied to a sequence of weakly null
vectors—a contradiction. Therefore, as long as x1 is supported far enough,
T (x1) fits (up to ε/2) as the first vector from a sequence in Σ. The first step is
accomplished.

Let now [X]>n2 be the second step in the winning strategy of player S for
Σ, given that player V has just chosen the appropriate perturbation of T (x1).
The above reasoning shows that if x2 is supported far enough, it’s image under
T will be supported (up to an ε/4 perturbation) after n2, that is, far enough
to fit as the second vector of a sequence from Σ, which begins with our slight
perturbation of T (x1).

Repeating this argument we see, that if a sequence of vectors is sufficiently
spread out (each vector is supported sufficiently far with respect to its predeces-
sors), the image of that sequence will be a sequence of essentially consecutive
vectors, ε-close to a sequence from Σ. We have thus proved that our collection
is indeed an admission collection, and we’re through. ¤

Remark 12. In the proof we will apply the last Lemma to the collection of
close realizations of asymptotic spaces in X. The paper [MMiT] explains that
the collection Σn,ε(X) of all block sequences of length n, which are (1 + ε)-
equivalent to asymptotic spaces, is indeed an admission set (we will point out a
proof for this claim in Remark 13 below).

Proof of the existence theorem. The proof will split into three parts.
First we have to make sure that we can restrict T to operate between asymp-
totic spaces. To do this we will extract from the Φn’s asymptotic subsets of
block sequences, whose normalised images under T are closely equivalent to as-
ymptotic spaces of X (this is where we use the last Lemma and the shrinking
property). Then we will use a compactness argument and Lemma 4 to extract
asymptotic subsets of block sequences, where the norm of linear combinations,
the normalised image under T and the action of T are almost fixed. Finally we
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will pipe such asymptotic sets of different lengths together by means of Lemma 7,
to realize an asymptotic version of T .

First step: For every δ > 0 and for every asymptotic set Ψ of length n, there
is an asymptotic subset, Ψ′, of sequences whose normalised images under T are
(1 + δ)-equivalent to elements of {X}n.

Proof of first step: We want to show that the following subset of Ψ is asymptotic:

The intersection of Ψ with the collection of block sequences which T maps
(up to δ/2) into the admission collection Σn, δ/2(X) from Remark 12.

Ψ is already an asymptotic set. By the Lemma 11, the sequences mapped close
to Σn, δ/2(X) form an admission set. Remark 2 says that their intersection must
indeed be an asymptotic set.

Second step: Let M be the compactum of n-dimensional spaces with a normalised
basis and a basic constant not worse than that of X (the metric on this space is
given by equivalence of bases). Consider a finite covering {Vi}i of M . Consider
a finite covering {Ik}k of the cube [0, ‖T‖]n. For every asymptotic set Φ of
length n there is an asymptotic subset, Φ′, of block-sequences with the following
additional properties:

(i) The sequences in Φ′ are contained in some fixed Vi0 .
(ii) The normalised images under T of sequences from Φ′ are contained in some

fixed Wj0 .
(iii) For all {xi}n

i=1 ∈ Φ′, the sequences {‖T (xi)‖}n
i=1 are contained in some

fixed Ik0 .

Proof of second step: This is an easy application of Lemma 4 and the fact that
the covering is finite. Our covering induces a covering of M × M × [0, ‖T‖]n.
Each cell of this covering contains a subset of Φ of the form

Φi,j,k =

{
{xi}n

i=1 : {xi}n
i=1 ∈ Vi,

{
T (xi)
‖T (xi)‖

}n

i=1

∈ Wj , {‖T (xi)‖}n
i=1 ∈ Ik

}
.

By Lemma 4 one of those collections must be an asymptotic set.

Third step: For every operator T ∈ L(X) and every collection {Φn}∞n=1 of as-
ymptotic sets of increasing lengths, there exists a formally diagonal operator
T̃ ∈ {T}∞, realized by truncated subsets of the Φn’s.

Proof of third step: Fix a positive sequence converging to zero, {εn}n. Next
choose inductively open finite coverings as in step 2 above with cells of diameter
less than εn. Our aim is that the cells of the coverings correspond to the vertices
of a tree; we want a cell from the (n− 1)-th covering to “split” into cells of the
n-th covcering. To achieve that, we consider the projection from the n-order
space to the (n− 1)-order space that takes (x1, . . . , xn; y1, . . . , yn;λ1, . . . , λn) to
(x1, . . . , xn−1; y1, . . . , yn−1; λ1, . . . , λn−1). We require that this projection maps
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the covering of the n-order space to a refinement of the covering of the (n− 1)-
order space.

If we choose ε1 large enough (say ε1 = ‖T‖), The cells of such coverings do
form an infinite rooted tree in an obvious way.

Take the collection {Φn}n of asymptotic sets. Fix k ≤ n. Applying step 2
to the k-truncation of Φn, we get that there’s a vertex (i.e. a covering cell)
which contains an asymptotic subset of the k-truncation of Φn. Note that if a
certain vertex contains such an asymptotic subset, so must all the predecessors
of that vertex (a truncation of an asymptotic set is an asymptotic set). This fact
means that the vertices containing such asymptotic sets form a connected rooted
subtree. Since k and n were arbitrary, our rooted subtree intersects every level
of the original tree. We therefore have that our subtree satisfies both properties
of Lemma 7, and must have an infinite branch.

Let {Φ′m}m be the truncated asymptotic subsets contained in the vertices
of such an infinite branch. By step 1, we may assume that T sends sequences
from Φ′m to increasingly good realizations of asymptotic spaces of X. Thus, for
every m, the truncated asymptotic subsets {Φ′m}m of {Φn}n have the following
properties:

(i) The sequences of blocks from {Φ′m}m are (1 + εm)-equivalent to the basis of
[Y ]m for some fixed Y ∈ {X}∞.

(ii) The normalised images under T of all sequences in {Φ′m}m are (1 + εm)-
equivalent to the basis of [Z]m for some fixed Z ∈ {X}∞.

(iii) For any (xi)i ∈ {Φ′m}m, the sequence ‖T (xi)‖i is fixed up to εm.

Hence, the result of this process is a sequence of asymptotic sets realizing a
formally diagonal asymptotic version of T . ¤
Remark 13. Note that since we may start with any collection of asymptotic
sets with increasing lengths, we may choose to extract our asymptotic version of
T from asymptotic sets realizing a given asymptotic version of X. We thus have
for any operator T ∈ L(X) and for any X̃ ∈ {X}∞ an asymptotic version of T

whose domain is X̃.
The proof of the existence theorem also implies that for every positive ε and

natural n the collection Σn,ε(X) (introduced in Remark 12 and used in the proof
of step 1) is indeed an admission set.

If this were not the case, by Lemma 3 the complement of Σn,ε(X) would be an
asymptotic set, and by its own definition it could not contain sequences (1 + ε)-
equivalent to any n-dimensional asymptotic space. Then, using the proof of the
existence theorem for the identity operator (this does not require the first step
of the proof or the assumption that Σn,ε(X) is an admission set), we extract
asymptotic subsets realizing some fixed space. This space must (by definition)
be asymptotic —a contradiction.

The same fact was proved in [MMiT, 1.5], by a different compactness argu-
ment.
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3. Asymptotic Versions of Operator Ideals

3.1. Compact operators.

Proposition 14. If T is compact then {T}∞ = {0}. If T is not compact then
{T}∞ contains a non-compact operator .

Proof. If T is compact, take asymptotic sets, {Φn}n, realizing some asymptotic
version of the operator. Let V play his winning strategy for Φn, and let S play
tail subspaces [X]>n with n such that ‖T‖[X]>n

< ε.
The block-sequence resulting from this game will still be an approximate real-

ization of the above asymptotic version. This shows that any asymptotic version
of T can be approximated arbitrarily well by operators with norm smaller than
any positive ε. Therefore the only asymptotic version of T is zero.

If T is not compact, there is an ε > 0 such that the set

Φ1 = {x ∈ S(X)1< : ‖T (x)‖ ≥ ε}
is asymptotic (of length 1). For any n the collection Φn of sequences of n

successive elements from Φ1 is obviously asymptotic.
Using the existence theorem, extract from Φn asymptotic subsets realizing

some asymptotic version of T . The norm of this asymptotic version will not be
smaller than ε on any element of the basis of its domain, and will therefore be
non-compact. ¤

Asymptotic versions induce a seminorm on operators, through the formula:

|||T ||| = sup ‖T̃‖
where the supremum is taken over all asymptotic versions of T and the double-
bar norm is the usual operator norm.

It is interesting to note that this gives a way of looking at the Calkin algebras
L(X)/K(X).

Proposition 15. Suppose X is a Banach space with a shrinking basis, where
the norm of all tail projections is exactly 1 (the last property can be achieved
by renorming , see [LTz]). Then the norm of the image of an operator T in the
Calkin algebra is equal to |||T |||.
Proof. One direction is clear. If K is a compact operator on X, the norm of
T + K is at least the supremum of norms of asymptotic versions of T + K. The
latter, by the proof of Proposition 14, are the same as asymptotic versions of T .

For the other direction we will show that for every T there exist compact
operators K such that the norm of T + K is almost achieved by asymptotic
versions of T + K, which, again, are the same as asymptotic versions of T .

We will perturb T by a compact operator K, such that the set Φ of normalised
blocks mapped by T +K to vectors of norm greater than ‖T +K‖−ε will become
an asymptotic set of length 1. We can then extract an asymptotic version of
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T + K from asymptotic sets containing only sequences of elements in Φ. Such
asymptotic versions will almost achieve the norm of T + K, as required.

Take λ to be (up to ε) the largest such that

{x ∈ S(X)1< : ‖T (x)‖ ≥ λ}
is asymptotic. By this we mean that the set

{x ∈ S(X)1< : ‖T (x)‖ ≥ λ + ε}
does not have elements in some tail subspace [X]>m. Consider T ′ = T −T ◦Pm,
which is a compact perturbation of T . By our assumption on the basis we have
‖T ′‖ ≤ λ + ε, and the set

{x ∈ S(X)1< : ‖T ′(x)‖ ≥ λ}
is still asymptotic. The proof is now complete. ¤

3.2. Uniformly singular and asymptotically uniformly singular opera-
tors.

Definition 16. An operator T on a sequence space X is asymptotically uni-
formly singular if for every ε there exist n(ε, T ) and an admission set Σn of length
n, such that any sequence in Σn contains a normalised vector, which T send ε-
close to zero. Informally we will say, that T has an almost kernel in any sequence
from Σn. T is called uniformly singular if it satisfies the above definition with
Σn = S(X)n

<.

In other words, an operator T is asymptotically uniformly singular, if , when
restricted to the span of a sequence from Σn, T−1 is either not defined or has
norm larger than 1/ε.

An operator ideal close to the ideal of uniformly singular operators was defined
in [Mi], and called σ0. The difference is that the original definition referred to
all n dimensional subspaces, rather than just block subspaces, as we read here.

Proposition 17. Operators on a Banach-space X, which are asymptotically
uniformly singular with respect to a given basis, form a Banach space with the
usual operator norm, and a two sided ideal of L(X).

Proof. Let T be asymptotically uniformly singular, and let S be bounded. ST

is obviously asymptotically uniformly singular. Indeed, n(ε, ST ) ≤ n(ε/‖S‖, T ),
and the admission sets for ST are the same as those for T .

To see that TS is asymptotically uniformly singular we use Lemma 11, and
find admission sets Σ′, whose normalised image under S are essentially contained
in the admission sets Σ used in the definition of asymptotic uniform singular-
ity for the operator T . TS will take some normalised block from the span of
any sequence from Σ′ to a vector with arbitrarily small norm. Indeed, S takes
(essentially) Σ′ to Σ, where T has an “almost kernel”.
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To show that the sum of two asymptotically uniformly singular operators is
also asymptotically uniformly singular, we need to use the following claim:

If T is asymptotically uniformly singular, then for every ε and every k there
exists an N(k, ε, T ), and an admission set Σ of length N , such that every
sequence from Σ has a k-dimensional block subspace on which T has norm
less than ε.

This claim is standardly proved by taking concatenations of the asymptotic sets
from the definition of asymptotic uniform singularity for T . It is easier to think
here of the uniformly singular case. Suppose T sends some normalised vector
from any nε-dimensional block subspace into an ε-neighbourhood of zero. Then
in any

∑k
i=1 nεi

-dimensional block subspace there is a k-dimensional block sub-
space, on which the norm of T is at most C

∑k
i=1 εi (where C is the basic constant

of X).
To complete the proof of the proposition, fix ε > 0 and consider asymptoti-

cally uniformly singular operators, T and S. From the definition of asymptotic
uniform singularity produce an admission set Σ, of length n(ε/2, S), such that
S takes some normalised block in the span of any Σ-admissible sequence to a
vector with norm less than ε/2. Take the admission set Ψ of length N(n, ε/2, T )
from the above claim. It is possible to extract an admission subset Ψ′ ⊆ Ψ,
such that any n consecutive blocks of a sequence in Ψ′ are also in Σ (similarly
to Remark 2).

We therefore have that in any block sequence in Ψ′ there is an n-dimensional
block subspace where T has norm less than ε/2. This subspace must be essen-
tially the span of a sequence from Σ, so it contains a normalised vector, whose
image under S has norm less than ε/2. This means that T + S sends this vector
ε-close to zero, and hence T + S is asymptotically uniformly singular.

The fact that asymptotically uniformly singular operators form a closed sub-
space of L(X) is straightforward. ¤

Remarks 18. (i) Every asymptotically uniformly singular operator T is actually
uniformly singular on some block subspace.

Indeed, From Gowers’ combinatorial lemma (in [G], see also [W1]) it follows
that there is a block subspace Y , where Σn(ε,T ) = S(Y )n(ε,T )

< .
In a diagonal subspace we can find an n for every ε, such that any sequence

of the form en < x1 < . . . < xn has a normalised block whose image under T

has norm less than ε.
It is easy to see that on this block subspace T is uniformly singular; indeed,

every sequence of n blocks contains a sequence of [n/2] blocks supported after
the [n/2]-th basic element.

(ii) It is not true, however, that the ideals of asymptotically uniformly singular
and uniformly singular operators coincide.
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Consider the following example: Let X be the `2 sum of increasingly long `n
2 ’s,

and let Y be their `3 sum. The formal identity from X to Y is not uniformly
singular, but is asymptotically uniformly singular.

(iii) It is easy to extend Proposition 17 and show that asymptotically uniformly
singular operators form a two sided operator ideal with the operator norm, when
restricting our attention to the category of Banach spaces with shrinking bases.
Uniformly singular operators will only form a left-sided ideal in the (shrinking)
basis context. This is because a bounded operator multiplied to the right of a
uniformly singular operator does not have to preserve blocks.

(iv) It is worth noting that in the Gowers-Maurey space (from [GM]), all opera-
tors are in fact uniformly singular perturbations of a scalar operator (this follows
from Lemma 22 and Lemma 3 in [GM]). This point is even more interesting in
light of Corollary 21 below, and the Remark which follows it.

The following proposition claims a strong dichotomy in the asymptotic struc-
ture of operators: either it contains an isomorphism, or it is composed only of
uniformly singular operators.

Proposition 19. If T is an asymptotically uniformly singular operator then all
operators in {T}∞ are uniformly singular . If T is not asymptotically uniformly
singular , {T}∞ contains an isomorphism.

Proof. Let T be asymptotically uniformly singular. Take asymptotic sets Φn

realizing an asymptotic version of T . Let player V play the winning strategy
for Φn, while S plays the winning strategy for the admission sets Σn from the
definition of asymptotic uniform singularity for T . The resulting vector sequences
must approximately realize the above asymptotic version, but must also contain
an “almost kernel” for T .

Keeping in mind that a restriction of an asymptotic version to a block subspace
is still an asymptotic version, we conclude that T has an “almost kernel” on every
block subspace of the appropriate dimension. Therefore any asymptotic version
of T is uniformly singular.

Suppose T is not asymptotically uniformly singular. Then for some ε > 0
the sets Φn of all sequences in S(X)n

<, on which T is an isomorphism with
‖T−1‖ ≤ 1/ε, are asymptotic. Indeed, if they weren’t, by Lemma 3, for some ε

and for every n, Φc
n would be admission sets, and then T would be asymptoti-

cally uniformly singular, in contradiction. Using the existence theorem, extract
from Φn asymptotic subsets Φ′n, which realize an asymptotic version of T . This
asymptotic version is an isomorphism. ¤

Remark 20. Note that the proof shows that if T is asymptotically uniformly
singular, all its asymptotic versions will be uniformly singular operators with the
same n(ε) as T .
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We offer here an application of the theory developed above. Recall that an
asymptotic `p space is a space, all whose asymptotic versions are isomorphic
to `p.

Corollary 21. Every asymptotically uniformly singular operator from an as-
ymptotic `p space X to itself is compact .

Proof. Consider the set AUS(X) ⊂ L(X) of asymptotically uniformly singu-
lar operators. The asymptotic versions of these operators, by Proposition 19
above, are all uniformly singular operators in L(`p). In particular they are all
asymptotically uniformly singular, and therefore belong to some proper closed
two-sided ideal. It is well known [GoMaF] that the only proper closed two sided
operator ideal in L(`p) is the ideal of compact operators, but let us sketch a very
simple proof for this particular context:

All asymptotic versions of T are diagonal uniformly singular operators in
L(`p). It is clear then, that given any ε > 0, only finitely many entries on the
diagonal are larger than ε; otherwise, restricting to the span of the basic elements
corresponding to the entries larger than ε we get an isomorphism. Therefore the
entries on the diagonal go to zero, and the operator is compact.

We can now complete the proof of the corollary, using Proposition 14 once
more.

AUS(X) = {T ∈ L(X) : {T}∞ ⊆ US(`p)}
= {T ∈ L(X) : {T}∞ ⊆ K(`p)} = K(X).

where K(Z) is the set of all compact operators on Z, and US(Z) is the set of all
uniformly singular operators on Z. ¤

Remark 22. Note that, by this corollary, if an asymptotic-`p space with a
shrinking basis has the property of the Gowers-Maurey space from the last point
of Remark 18, then all bounded linear operators on this space will be compact
perturbations of scalar operators. Whether such a space exists is an important
open question.

3.3. A general theorem. We conclude with a theorem which explains that
the above instances form part of a more general phenomenon. When referring
to an operator ideal we invoke the categorical algebraic definition from [P]. An
injective operator ideal J has the property that if T : X → Y is in J , then the
same operator with a revised range, T : X → Im(T ), is also in J . The following
theorem states that the “asymptotic preimage” in L(X) of an injective ideal is
itself an ideal in the algebra L(X). The preimage may be trivial, but previous
examples show this needn’t be the case.

Theorem 23. Let J be an injective operator ideal , and let X be a space with
a shrinking basis. The set of operators J ′ = {T ∈ L(X) : {T}∞ ⊆ J} is an
operator ideal in L(X).
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Proof. If we multiply an operator S ∈ J ′ with an operator T ∈ L(X), an as-
ymptotic version of the product will always be a product of asymptotic versions.

Indeed, take the asymptotic sets realizing an asymptotic version, R̃, of R = ST

(or R = TS). Extract by the existence theorem asymptotic subsets, which realize
an asymptotic version T̃ of T . Recall that the set of sequences which approxi-
mately realize asymptotic versions of S is an admission set (consult Remark 13).
Thus Lemma 11 and the proof of the existence theorem allow to extract asymp-
totic subsets of sequences whose normalised images under T realize an asymptotic
version S̃ of S. The product of these asymptotic versions, S̃T̃ ∈ J , is realized
by the same asymptotic subsets as well. But these asymptotic subsets must still
realize R̃. Therefore R̃ ∈ J , and R must be in J ′.

Let T and S be in J ′. Let R = S + T , and find asymptotic sets realizing
R̃, an asymptotic version of R. Extract asymptotic subsets realizing asymptotic
versions of S and T , S̃ and T̃ respectively. Note that we cannot say that R̃ =
S̃ + T̃ ; in fact S̃ and T̃ may even have different ranges. However, we trivially
have ∥∥R̃(x)

∥∥ ≤
∥∥S̃(x)

∥∥ +
∥∥T̃ (x)

∥∥. (3.1)

This is enough in order to prove R̃ ∈ J . Indeed, we can write

R̃ = P ◦ (i1 ◦ S̃ + i2 ◦ T̃ ),

where

R̃ : X̃ → W̃ , S̃ : X̃ → Ỹ , T̃ : X̃ → Z̃,

i1 : Ỹ → Ỹ ⊕ Z̃, i2 : Z̃ → Ỹ ⊕ Z̃,

i1(y) = (y, 0), i2(z) = (0, z),

and P : Im(i1◦S̃+i2◦T̃ ) → W̃ is defined by the equation P
(
(i1◦S̃+i2◦T̃ )(x)

)
=

R̃(x), and extended by continuity. Inequality (3.1) assures that P is well defined
and continuous.

Now T̃ and S̃ are in J , so i1 ◦ S̃ + i2 ◦ T̃ is also in J . By injectivity, we are
allowed to modify the range as we compose with P , and still maintain that the
result R̃ is in J . Thus R ∈ J ′, and we conclude that J ′ is an ideal in L(X). ¤
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Metric Entropy of the Grassmann Manifold

ALAIN PAJOR

Abstract. The knowledge of the metric entropy of precompact subsets of
operators on finite dimensional Euclidean space is important in particular
in the probabilistic methods developped by E. D. Gluskin and S. Szarek
for constructing certain random Banach spaces. We give a new argument
for estimating the metric entropy of some subsets such as the Grassmann
manifold equipped with natural metrics. Here, the Grassmann manifold is
thought of as the set of orthogonal projection of given rank.

1. Introduction and Notation

Let A be a precompact subset of a metric space (X, τ). An ε-net of A is a
subset Λ of X such that any point x of A can be approximated by a point y of
Λ such that τ(x, y) < ε. The smallest cardinality of an ε-net of A is called the
covering number of A and is denoted by N(A, τ, ε). The metric entropy (shortly
the entropy) is the function log N(A, τ, . ).

When X is a d-dimensional normed space equipped with the metric associated
to its norm ‖ . ‖, we will denote by N(A, ‖ . ‖, ε) the covering number of a subset
A of X and by B(X) the unit ball of X. The metric entropy of a ball A = rB(X)
of radius r is computed by volumic method (see [MS] or [P]): for ε ∈]0, r],

(r

ε

)d

≤ N(rB(X), ‖ . ‖, ε) ≤
(
3
r

ε

)d

. (1)

The space Rn is equipped with its canonical Euclidean structure and denoted
by `n

2 . Its unit ball is denoted by Bn
2 , the Euclidean norm by | . | and the scalar

product by ( . , . ). For any linear operator T between two Euclidean spaces and
any p, 1 ≤ p ≤ ∞, let

σp(T ) =

(∑

i≥1

|si(T )|p
)1/p

Part of this work was done while the author visited MSRI. The author thanks the Institute
for its hospitality.
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where si(T ), i = 1, . . . denote the singular values of T . In particular, σ1 is the
nuclear norm, σ2 is the Hilbert-Schmidt norm and σ∞ the operator norm. The
Schatten trace class of linear mapping on the n-dimensional Euclidean space
equipped with the norm σp is denoted by Sn

p . More generally, we consider a
unitarily invariant norm τ on L(`n

2 ); it satisfies τ(USV ) = τ(S) for any S ∈ L(`n
2 )

and any isometries U, V on `n
2 . It is associated to a 1-symmetric norm on Rn

and τ is the norm of the n-tuple of singular values. For any Euclidean subspaces
E, F of `n

2 , τ induces a unitarily invariant norm on L(E,F ) still denoted by τ .
Let Gn,k be the Grassmann manifold of the k-dimensional subspaces of Rn.

For any subspace E ∈ Gn,k we denote by PE the orthogonal projection onto E.
We will denote by σp the metric induced on Gn,k by the norm σp, when Gn,k is
considered as a subset of Sn

p . Similarly, we denote by τ the metric induced onto
Gn,k by the norm τ .

We are mainly interested in estimating N(B(Sn
1 ), σp, ε). The computation

of N(Gn,k, σp, ε) was done in [S1] and is the basic tool in [S2] for solving the
finite dimensional basis problem (see also [G1], [G2] and [S3]). For computing the
metric entropy of a d-dimensional manifold, we first look for an atlas, a collection
of charts (Ui, ϕi)1≤i≤N and estimate N . The situation is particularly simple if
for each of the charts, ϕi is a bi-Lipschitz correspondence with a d-dimensional
ball. Locally, the entropy is computed by volumic method. To estimate the
number N of charts in the atlas, we look at the Grassmann manifold in L(Rn)
with the right metric. Such an embedding that does not reflect the dimension
of the manifold cannot give directly the right order of magnitude of the entropy,
but as we will see, it gives an estimate of the cardinality N of a “good” atlas.
The two arguments are combined to give the right order of magnitude for the
entropy of Gn,k. We did not try to give explicit numerical constant and the same
letter may be used to denote different constants.

2. Basic Inequalities

Let G be a Gaussian random d-dimensional vector, with mean 0 and the
identity as covariance matrix. The following result is the geometric formulation
of Sudakov’s minoration (See [P]).

Lemma 1. There exists a positive constant c such that for any integer d ≥ 1,
any subset A of Rd and for every ε > 0, we have

ε
√

log N(A, | . |, ε) ≤ cE sup
t∈A

(G, t). (2)

Lemma 2. There exists a positive constant c such that for any integer n ≥ 1,
for any p such that 1 ≤ p ≤ ∞ and for every ε > 0, we have

log N(B(Sn
p ), σ2, ε) ≤ c

n3−2/p

ε2
. (3)
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Proof. Let A be a subset of the Euclidean space Sn
2 equipped with its scalar

product given by the trace. Applying the inequality (2) where G is a stan-
dard Gaussian matrix whose entries are independent N(0, 1) Gaussian random
variables, we get that

ε
√

log N(A, σ2, ε) ≤ cE sup
T∈A

trace(GT ).

Let q such that 1 ≤ q ≤ ∞ and 1
p + 1

q = 1. By the trace duality,

|trace(GT )| ≤ σq(G)σp(T ) ≤ σq(G),

for any T ∈ B(Sn
p ). Now it is well known that

Eσq(G) ≤ n1/qEσ∞(G) ≤ αn1/q
√

n, (4)

for some universal constant α (see [MP], Proposition 1.5.). Therefore

√
log N(B(Sn

p ), σ2, ε) ≤ cαn1/q
√

n
1
ε
,

which gives the estimate (3). ¤

The next inequality is in some sense dual to (2). Again G is a Gaussian d-
dimensional random vector.

Lemma 3 (see [PT]). There exists a positive constant c such that for any integer
d ≥ 1, any norm ‖ . ‖ on Rd and for every ε > 0, we have

ε
√

log N(Bd
2 , ‖ . ‖, ε) ≤ cE‖G‖. (5)

Lemma 4. There exists a positive constant c such that for any integer n ≥ 1
and for any q such that 1 ≤ q ≤ ∞, we have

log N(B(Sn
2 ), σq, ε) ≤ c

n1+2/q

ε2
(6)

for every ε > 0.

Proof. The proof follows from the formulae (4) and (5) applied with the norm
σq. ¤

Proposition 5. There exists a positive constant c such that for any integer
n ≥ 1, for any p, q such that 1 ≤ p ≤ ∞, 2 ≤ q ≤ ∞ and for every ε > 0, we
have

log N(B(Sn
p ), σq, ε) ≤ c

n(2−1/p−1/q)q′

εq′ , (7)

where 1/q + 1/q′ = 1.
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Proof. We observe that

N(B(Sn
p ), σq, ε) ≤ N

(
B(Sn

p ), σ2,
ε

θ

)
N(B(Sn

2 ), σq, θ).

Therefore inequalities (3) and (6) give us

log N(B(Sn
p ), σq, ε) ≤ c

(
n3−2/pθ2

ε2
+

n1+2/q

θ2

)
.

Optimizing with θ2 = εn−1+1/p+1/q we arrive at

log N(B(Sn
p ), σq, ε) ≤ 2c

n2−1/p+1/q

ε
. (8)

In particular for q = ∞, we get

log N(B(Sn
p ), σ∞, ε) ≤ 2c

n2−1/p

ε
. (9)

Let now 2 ≤ q ≤ ∞, λ = 2
q , so that 0 ≤ λ ≤ 1 and 1

q = λ 1
2 + (1 − λ) 1

∞ . By
Hölder’s inequality, for every x, y > 0, we have

N(B(Sn
p ), σq, 2xλy1−λ) ≤ N(B(Sn

p ), σ2, x)N(B(Sn
p ), σ∞, y).

This relation and inequalities (3) and (9) yield

log N(B(Sn
p ), σq, ε) ≤ 8c

(
n3−2/p

z2/λ
+

n2−1/p

(ε/z)1/1−λ

)
, z > 0

and the optimal choice z = (q − 2)(q−2)/q(q−1) ε1/(q−1) n(1−1/p)(q−2)/q(q−1) gives
the estimate (7). ¤

Remarks. 1) Estimates (7) and (8) are relevant when p ≤ 2 ≤ q, their accuracy
depends on the range of ε, particularly with respect to 1/n(1/p−1/q).

2) Note that when p = 1, inequality (7) becomes

log N(B(Sn
1 ), σq, ε) ≤ c

n

εq′ .

3) All the computation of entropy above, could have be done by the same method
for the trace classes of operators between two different finite dimensional Eu-
clidean spaces. One can use Chevet inequality [C] to get the relation corre-
sponding to (4).

3. Metric Entropy of the Grassmann Manifold

We consider now the Grassmann manifold Gn,k as a subset of Sn
q , which

means that Gn,k is equipped with the metric σq(E,F ) = σq(PE − PF ). In view
of evaluating the cardinality of a “good” atlas of the Grassmann manifold, we
begin with a first estimate for its entropy.
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Proposition 6. There exists a positive constant c such that for any integers
1 ≤ k ≤ n and for every ε > 0, we have

log N(Gn,k , σ∞, ε) ≤ c
d

ε
, (10)

where d = k(n− k).

Proof. We may suppose that k ≤ n − k. Since for any rank k orthogonal
projection σ1(P ) = k, inequality (7) with p = 1 gives by homogeneity,

log N(Gn,k , σ∞, ε) ≤ log N(B(Sn
1 ), σ∞, εk−1)

≤ c
nk

ε
≤ 2c

d

ε
. ¤

Let E, F ∈ Gn,k and U ∈ On such that U(F ) = E, then clearly

(PF⊥PE)∗ = (PF⊥UPF U∗)∗ = UPF U∗PF⊥ = UPF PE⊥U∗.

Therefore PF⊥PE and PF PE⊥ have the same singular values. Moreover, since
PE − PF = PF⊥PE − PF PE⊥ is an orthogonal decomposition, for any unitarily
invariant norm τ we have τ(PF⊥PE) = τ(PF PE⊥) and

τ(PF⊥PE) ≤ τ(E, F ) ≤ 2τ(PF⊥PE) .

Denote by PF |E the restriction over E of the orthogonal projection onto F

and consider its polar decomposition

PF |E =
k∑

i=1

siei ⊗ fi, si ≥ 0, (ei, fj) = δijsi, 1 ≤ i, j ≤ k,

with (ei)1≤i≤k an orthonormal basis of E and (fi)1≤i≤k an orthonormal basis of
F . Let e′i = (−siei + fi)/

√
1− s2

i and f ′i = (−ei + sifi)/
√

1− s2
i when i is such

that si 6= 1. The families (e′i) and (f ′i) are respectively orthonormal systems in
E⊥ and F⊥ and we have the following polar decomposition:

PE − PF = PF PE⊥ − PEPF⊥ =
∑

si 6=1

√
1− s2

i e′i ⊗ fi +
∑

si 6=1

√
1− s2

i ei ⊗ f ′i .

Consequently, for 1 ≤ q ≤ ∞

σq(E,F ) = (σq(PF⊥|E))q + σq(PF |E⊥)q)1/q =

(
2

k∑

i=1

(1− s2
i )

q/2

)1/q

.

Note that the Riemannian metric is given by σg(E,F ) =
(∑k

i=1 arccos2 si

)1/2

and therefore
σ2(E, F ) ≤

√
2σg(E, F ) ≤ π

2
σ2(E, F ).

Let E be a k-dimensional Euclidean subspace of Rn. For any 0 < ρ < 1, let

Vρ(E) = {F ∈ Gn,k : σ∞(E, F ) ≤ ρ}.
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Let us recall a standard chart: (Vρ(E), ϕE) where ϕE : Vρ(E) −→ L(E, E⊥) is
defined by

ϕE(F ) = PE⊥|F ◦ (PE|F )−1.

In other words, F is the graph of u = ϕE(F ) and F = {x + u(x) : x ∈ E}. With
this notation, we have:

Lemma 7. Let 0 < ρ < 1, E,F, G ∈ Gn,k and F, G ∈ Vρ(E), let u = ϕE(F ) and
v = ϕE(G), let τ be a unitarily invariant norm on L(`n

2 ), then we have

ϕE(Vρ(E)) =

{
w ∈ L(E, E⊥) : σ∞(w) ≤ ρ√

1− ρ2

}
, (11)

2−1τ(F, G) ≤ τ(u− v) ≤ 21/2

1− ρ2
τ(F, G). (12)

Proof. Let H ∈ Vρ(E) and w = ϕE(H). The relation (11) follows immediately
from

σ∞(PE⊥PH) = σ∞(E,H) = sup
|x|=1

|w(x)|/
√

1 + |w(x)|2 = σ∞(w)/
√

1 + σ∞(w)2.

Recall that F = {x + u(x) : x ∈ E} and G = {x + v(x) : x ∈ E}. To prove the
second relation, let x, y ∈ E such that PG(x + u(x)) = y + v(y), then

|PG⊥(x + u(x))| = |x− y + u(x)− v(y)| ≥ |x− y|.
Therefore

|u(x)−v(x)|2 = |(x+u(x))−(x+v(x))|2
= |PG⊥(x+u(x))|2 + |(y−x)+v(y−x)|2
≤ (2+σ∞(v)2)|PG⊥(x+u(x))|2,

and for every x in E we have

|PG⊥(x + u(x))| ≤ |u(x)− v(x)| ≤ (2 + σ∞(v)2)1/2|PG⊥(x + u(x))|.
The left-hand side inequality means that

|PG⊥PF (z)| ≤ |(u− v)(PEz)| for any z ∈ F.

It is well known that if S, T ∈ L(`n
2 ) satisfy |Sx| ≤ |Tx| for every x then τ(S) ≤

τ(T ). Hence
τ(PG⊥PF ) ≤ τ(u− v).

Applying the same observation to the operators S = (u− v)PE and

T = (2 + σ∞(v)2)1/2PG⊥PF (PE + uPE)

and using the right-hand side of the same inequality above, one gets

τ(u− v) ≤ (2 + σ∞(v)2)1/2(1 + σ∞(u)2)1/2τ(PG⊥PF ).

We conclude using (11) and the relation between τ(PG⊥PF ) and τ(E,F ). ¤
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We now give a new proof of a result of Szarek.

Proposition 8 (see [S2]). For any integers 1 ≤ k ≤ n such that k ≤ n− k, for
any q such that 1 ≤ q ≤ ∞ and for every ε > 0, we have

( c

ε

)d

≤ N(Gn,k, σq, εk
1/q) ≤

(
C

ε

)d

, (13)

where we set d = k(n− k) and c, C > 0 are universal constants.

Proof. The relation (11) of lemma 7 shows that if we fix ρ, say ρ = 1/2, then
ϕE is a bi-Lipschitz correspondence from the “ball” V1/2(E) onto the ball of
L(E,E⊥) of radius 1/

√
3 (in the operator norm) and from (12), the Lipschitz

constants are universal. Therefore the metric entropy of V1/2(E) for the metric
σ∞ is equivalent to the entropy of a d-dimensional ball of radius 1/

√
3 for its

own metric. From (1) we get

(c1

ε

)d

≤ N(V1/2(E), σ∞, ε) ≤
(c2

ε

)d

,

for some positive universal constants c1 and c2. From inequality (10) of Propo-
sition 6, there is an atlas (V1/2(Ei), ϕEi)1≤i≤N with

log N ≤ log N(Gn,k, σ∞, 1/2) ≤ 2c d.

Since for a fixed k-dimensional subspace E,

N(Gn,k, σ∞, ε) ≤ N(Gn,k, σ∞, 1/2)N(V1/2(E), σ∞, ε),

we get

(c1

ε

)d

≤ N(Gn,k, σ∞, ε) ≤
(

c2e
2c

ε

)d

. (14)

The computation of σq( . ) on Gn,k shows that (2k)−1/qσq(E, F ) is an in-
creasing function of q ∈ [1,∞) if E, F ∈ Gn,k and so the same is true about
log N(Gn,k , σq, ε(2k)1/q). Therefore the upper bound in (13) is a consequence
of (14).

To get a lower bound of the entropy, it is sufficient to look at only one chart,
say (V1/2(E), ϕE) and for the nuclear norm. Using lemma 7 with q = 1, we
reduce the problem to a minoration, for the nuclear metric, of the entropy of
the unit ball of L(E, E⊥) with the operator norm. Now we join the method of
[S2]; a lower bound for the covering number is obtained by evaluating the ratio
of the volume of the operator norm unit ball of L(E, E⊥) and the volume of the
nuclear norm unit ball. This concludes the proof. ¤
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Curvature of Nonlocal Markov Generators

MICHAEL SCHMUCKENSCHLÄGER

Abstract. Bakry’s curvature-dimension condition will be extended to cer-
tain nonlocal Markov generators. In particular this gives rise to a possible
notion of curvature for graphs.

1. Definition of Curvature

Let (Ω, µ) be a probability space and L a self-adjoint negative but not neces-
sarily bounded operator on L2(µ) given by

Lf(x) :=
∫

(f(y)− f(x))K(x, y)µ(dy) (1)

where K is a non negative symmetric kernel. Obviously L remains unchanged if
we change K on the diagonal. By Pt = etL we denote the continuous contraction
semigroup on L2(µ) with generator L. We will assume that Pt is ergodic and that
there exists an algebra A ⊆ ⋂

n domLn of bounded functions which is a form core
of L. Then the Beurling–Deny condition implies that Pt is a symmetric Markov
semigroup, i.e., Pt preserves positivity and extends to a continuous contraction
semigroup on Lp(µ) for all 1 ≤ p < ∞. We will also assume that A is stable
under Pt. On A×A define

Γ(f, g) := 1
2 (L(fg)− fLg − gLf),

Γ2(f, g) := 1
2 (LΓ(f, g)− Γ(f, Lg)− Γ(g, Lf)).

Following D. Bakry and M. Emery [BE, B] we define the curvature of L at the
point x ∈ Ω by

R(L)(x) := sup
{
r ∈ R : Γ2(f, f)(x) ≥ rΓ(f, f)(x) for all f ∈ A

}
,

and say that the curvature of L is bounded from below by R if R(L)(x) ≥ R for
all x ∈ Ω, i.e., Γ2(f, f) ≥ RΓ(f, f) for all f ∈ A. By the definition of R it is clear
that R(λL) = λR(L) for any λ > 0. Let us say a a word about the motivation
for this definition. Assume L is the Laplacian on a Riemannian manifold, then

189
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Γ(f, f) = ‖grad f‖2 and Γ2(f, f) = Ric (grad f, grad f) + ‖Hf‖2, where Ric
denotes the Ricci curvature and Hf the Hessian of f . Thus R(L) coincides with
the biggest lower bound for the Ricci curvature.

Given Γ we can define a metric dΓ on Ω by

dΓ(x, y) := sup
{|f(x)− f(y)| : Γ(f, f) ≤ 1

}
.

If L is the Laplacian on a Riemannian manifold this is just the metric induced
by the Riemannian metric.

From now on we will assume that for all y ∈ Ω the function x 7→
√

K(x, y)
belongs to the algebra A. In case L is given by (1) we obtain, by putting
∇yf(x) := f(y)− f(x) and d(x) :=

∫
K(x, y) µ(dy),

Γ(f, g)(x) = 1
2

∫
∇yf(x)∇yg(x)K(x, y)µ(dy),

Γ2(f, f)(x) = 1
4

∫
∇yf(x)2

(∫
K(x, z)K(y, z)µ(dz)+K(x, y)(3d(y)−d(x))

)
µ(dy)

− 1
2

∫ ∫
∇yf(x)∇zf(x)K(x, y)(2K(y, z)−K(x, z))µ(dy)µ(dz)

For simplicity of notation let us write 〈f〉 for the mean
∫

f dµ and 〈f, g〉 := 〈fg〉.
Suppose that the curvature of L is bounded from below by R > 0, then

〈(Lf)2〉 = 〈Γ2(f, f)〉 ≥ R〈Γ(f, f)〉,

and by Proposition 6.3 in [B] this is equivalent to the spectral gap inequality
〈f2〉 − 〈f〉2 ≤ R−1〈Γ(f, f)〉. Thus R ≤ λ1, where λ1 is the spectral gap of −L.

Now we are going to check that Ledoux’s proof [L1] of the concentration of
measure phenomenon on compact Riemannian manifolds still works in the above
setting.

1. (Bakry) If f ∈ A and if the curvature of L is bounded from below by R > 0,
then by differentiation of the function F (s) := PsΓ(Pt−sf, Pt−sf) it is easy to
see that F ′ ≥ 2RF and hence, for all f satisfying Γ(f, f) ≤ 1,

Γ(Ptf, Ptf) ≤ e−2RtPtΓ(f, f) ≤ e−2Rt. (2)

2. For f ∈ A and λ ≥ 0 we have

〈Γ(f, eλf )〉 ≤ λ〈eλf ,Γ(f, f)〉. (3)

This follows from the elementary inequality (ey − ex)/(y − x) ≤ 1
2 (ey + ex).

3. (Ledoux) For λ > 0, f ∈ A such that Γ(f, f) ≤ 1 and 〈f〉 = 0 define
F (t) := 〈eλPtf 〉, then

−F ′(t) = −λ〈LPtf, eλPtf 〉 = λ〈Γ(Ptf, eλPtf )〉
≤ λ〈λePtf , Γ(Ptf, Ptf)〉 ≤ λ2e−2Rt〈eλPtf 〉 = λ2e−2RtF (t),
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where we first used (3) and then (2). Thus (log F )′(t) ≤ −λ2e−2Rt and since
F (∞) = 1 we conclude that F (0) ≤ eλ2/2R, which implies the deviation inequal-
ity

µ(f > ε) ≤ e−
1
2 Rε2

. (4)

If Ω is a finite graph with counting measure µ we define

Lf(x) :=
∑
y∼x

(f(y)− f(x)).

y ∼ x meaning that y and x are connected by an edge. Suppose that f is 1-
Lipschitz with respect to the graph distance, then Γ(f, f)(x) ≤ d(x)/2, where
d(x) is the degree of the vertex x. Also, in this case Γ2(f, f)(x) only depends on
points whose graph distance to x is at most 2. In this respect the curvature is a
local quantity.

Suppose L1 and L2 are generators of type (1) on L2(Ω1, µ1) and L2(Ω1, µ1)
respectively. Let P 1

t and P 2
t be the corresponding contraction semigroups on

L2(Ω1, µ1) and L2(Ω1, µ1). Then L := L1 ⊗ 1 + 1 ⊗ L2 is the generator of
Pt(f ⊗ g) := P 1

t f ⊗ P 2
t g and

ΓL(f ⊗ g, f ⊗ g) = f2 ⊗ ΓL2(g, g) + ΓL1(f, f)⊗ g2,

ΓL
2 (f ⊗ g, f ⊗ g) = f2 ⊗ ΓL2

2 (g, g) + ΓL1
2 (f, f)⊗ g2 + 2ΓL1(f, f)⊗ ΓL2(g, g).

For simplicity we assume L1 = · · · = Ln; we will also drop the superscripts. By
induction we obtain, for F =

⊗n
j=1 fj ,

Γ(F, F ) =
∑

j

f2
1 ⊗· · ·⊗f2

j−1⊗Γ(fj , fj)⊗f2
j+1⊗· · ·⊗f2

n

Γ2(F, F ) =
∑

j

f2
1 ⊗· · ·⊗f2

j−1⊗Γ2(fj , fj)⊗f2
j+1⊗· · ·⊗f2

n

+2
∑

i<j

f2
1 ⊗· · ·⊗f2

i−1⊗Γ(fi, fi)⊗f2
i+1⊗· · ·⊗f2

j−1

⊗Γ(fj , fj)⊗f2
j+1⊗· · ·⊗f2

n.

Let x = (x1, . . . , xn) ∈ Ωn; put x̂j = (x1, . . . , xj−1, xj+1, . . . , xn) and define
Fbxj

: Ω → R by Fbxj
(xj) = F (x), then the terms involving Γ in the second sum

can be written as
∫ ∫

(Fbxi
(yi)− Fbxi

(xi))2(Fbxj
(yj)− Fbxj

(xj))2K(xi, yi)K(xj , yj) µ(dyi) µ(dyj).

For x ∈ Ωn and y ∈ Ω, we define ∇j
yF (x) := Fbxj

(y)−Fbxj
(xj); then the preceding

expression equals
∫ ∫ (

∇i
yi
∇j

yj
F (x)

)2

K(xi, yi)K(xj , yj) µ(dyi)µ(dyj).
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Hence, for all F ∈ ⊗n
j=1 A,

Γ(F, F )(x) =
∑

j

Γ(Fbxj
, Fbxj

)(xj),

Γ2(F, F )(x) =
∑

j

Γ2(Fbxj
, Fbxj

)(xj)

+ 2
∑

i<j

∫ ∫ (
∇i

yi
∇j

yj
F (x)

)2

K(xi, yi)K(xj , yj)µ(dyi) µ(dyj).

We thus have the following analogue to manifolds:

Theorem 1.1. Suppose the curvatures of L1, . . . , Ln are bounded from below by
R1, . . . , Rn. Then the curvature of

L1 ⊗ 1⊗ · · · ⊗ 1 + · · ·+ 1⊗ · · · ⊗ 1⊗ Ln.

is bounded from below by minj Rj .

Finally let us note a somewhat more convenient formula for Γ2: For each y ∈ Ω
define Xy : A → A by Xyf(x) =

√
K(x, y)(f(y)− f(x)).

Proposition 1.2. For all f, g ∈ A we have

Γ(f, g) = 1
2

∫
XyfXyg µ(dy),

Γ2(f, f) = 1
2

∫
Γ(Xyf, Xyf) + Xyf [L, Xy]f µ(dy),

where [L,X] denotes the commutator LX −XL.

Proof. The first formula is just the definition of Xy. As for the second we note
that

1
2LΓ(f, f) = 1

4

∫
L(Xyf)2 µ(dy) = 1

2

∫
Γ(Xyf,Xyf) + XyfLXyf µ(dy)

and thus the formula follows by the definition of Γ2. ¤

2. Curvature of Graphs

Let us consider the trivial example K(x, y) = 1. In this case

Γ(f, f)(x) = 1
2

∫
∇yf(x)2 µ(dy),

Γ2(f, f)(x) = 1
4

(
3

∫
∇yf(x)2 µ(dy)− 2

(∫
∇yf(x)µ(dy)

)2)
.

Choosing R = 1
2 the inequality Γ2(f, f) ≥ RΓ(f, f) is thus equivalent to

∫
∇yf(x)2 µ(dy) ≥

( ∫
∇yf(x)2 µ(dy)

)2

,
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i.e., the curvature of L is bounded from below by 1
2 . If Ω is a complete graph

of order n then we obtain a slightly larger lower bound for the curvature: R =
1/2+1/n. In this case the deviation inequality can be obtained much more easily:
following M. Ledoux [L2] and using the elementary inequality (ex−ey)/(x−y) ≤
1
2 (ex + ey), we get, for all f ∈ A,

〈fef 〉 − 〈ef 〉 log〈ef 〉 ≤ 1
2

∫ ∫
(f(x)− f(y))(ef(x) − ef(y))µ(dx) µ(dy)

≤ 1
4

∫ ∫
(f(x)− f(y))2(ef(x) + ef(y))µ(dx) µ(dy)

= 〈ef ,Γ(f, f)〉, (5)

which implies (see [L2]) that µ(f − 〈f〉 > ε) ≤ e−ε2/4 provided Γ(f, f) ≤ 1. The
latter condition implies that f is bounded: if 〈f〉 = 0, then |f | ≤

√
2− 〈f2〉.

Ledoux’s point is not this deviation inequality but rather the fact that (5) ten-
sorizes easily. In our context this is reflected by the fact that if the curvature of
L is bounded from below by R, then so is the curvature of L⊗ 1 + 1⊗L. In the
particular case of the cube Ω = {−1,+1} and the normalized Haar measure µ1

we get by 4 and Theorem 1.1:

Corollary 2.1. Let f : ΩN → R be a 1-Lipschitz function with respect to the
graph distance. If 〈f〉 = 0, then µN (f > ε) ≤ e−2ε2/N , where µN is the product
probability .

Proof. Since
∫

(∇yf(x))2 µ1(dy) ≤ 1/2 we get Γ(f, f) ≤ N/4. ¤

More generally:

Corollary 2.2. Let Ω be a complete graph of order n with normalized counting
measure µ1 and ΩN the product graph with the product measure µN . Suppose
f : ΩN → R is a 1-Lipschitz function with respect to the graph distance such that
〈f〉 = 0, then

µN (f > ε) ≤ exp
(
− n + 2

2N(n− 1)
ε2

)
.

Now suppose Ω = {0, 1, . . . , n − 1} is a finite graph of order n. Any function
f : Ω → R can be thought of as a vector f = (f0, . . . , fn−1) ∈ Rn. By µ we
denote the counting measure on Ω and by µ0 the normalized counting measure.
For any function f : Ω → R we will also write 〈f〉 for the mean of f with respect
to µ0. Define (Lf)j =

∑
i(fi − fj)Ki,j , where Ki,j is 1 if and only if i ∼ j and

put xi := fi − f0 and di :=
∑

l Ki,l, the degree of the vertex i. Then we obtain

Γ(f, f)0 = 1
2

n−1∑

i=1

x2
i Ki,0
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and

Γ2(f, f)0 = 1
4

n−1∑

i=1

x2
i

(∑

l

Kl,0Ki,l + Ki,0(3di − d0 + 2)
)

−
∑

1≤i<j≤n−1

xixj(Ki,j(Ki,0 + Kj,0)−Ki,0Kj,0).

Define symmetric matrices A = (ai,j) and G = (gi,j), 1 ≤ i, j ≤ n− 1 by

ai,j =

{
1
2 (

∑
l Kl,0Kl,i) + 1

2Ki,0(3di − d0 + 2) if i = j,

−Ki,j(Ki,0 + Kj,0) + Ki,0K0,j if i 6= j,

and gi,i = Ki,0 and 0 off the diagonal. Then the curvature R0 at 0 is bounded
from below by

sup{r ∈ R : A− rG ≥ 0}.
In this case we conclude by (4) that for all 1-Lipschitz functions f : Ω → R

µ0(f − 〈f〉 > ε) ≤ e−(R/d)ε2
(6)

where R = inf Ri and d = max di.

The off-diagonal entries of A can take on the values 0, 1 or −1 only:

ai,j =




−1 if i ∼ j and (i ∼ 0 or j ∼ 0),

1 if i 6∼ j and j ∼ 0 and i ∼ 0,
0 otherwise.

For ε > 0 let Bε(i) be the ball {j ∈ Ω : d(i, j) ≤ ε}. Let I = B1(0) \ {0} be the
set of vertices, which are connected with 0 and put J = B2(0) \ B1(0). Then,
for i, j ∈ I with i 6= j, we get

ai,i = 1
2 (c(3)

i,0 + 3di − d0 + 2) and ai,j =
{−1 if i ∼ j,

+1 if i 6∼ j,

where c
(3)
i,0 is the number of 3-cycles containing both 0 and i. If i 6= j, i, j ∈ J ,

then
ai,i = 1

2p
(2)
i,0 and ai,j = 0

where p
(2)
i,0 is the number of paths of length 2 joining 0 and i. Finally, if i ∈ I

and j ∈ J , then

ai,j =
{−1 if i ∼ j,

0 if i 6∼ j.

By restricting the vertices to I×I, J×J , I×J and J×I, we get four submatrices
AII , AJJ , AIJ and AJI = At

IJ :

A =
(

AII AIJ

AJI AJJ

)
.
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Thus the smallest eigenvalue of AII is a lower bound for the curvature at 0.
Since c

(3)
i,0 ≤ di, we conclude that

R0 ≤ inf {2dj − d0/2 + 1 : j ∼ 0}.

Thus the lower bound of the curvature cannot be positive if there exist two
connected points i and j such that di ≥ 4dj + 2. Another more or less obvious
upper bound for R involves the diameter D of Ω:

D := sup
{|fi − fj | : i, j ∈ Ω, f ∈ Lip1(Ω)

}
.

Since for all ε > 0 there exists f ∈ Lip1(Ω) such that µ0(|f − c| > (D/2− ε)) ≥
1/n for all c ∈ [0, D], we obtain, by (6), R ≤ 4d log(2n)/D2 .

Now we turn to a more homogeneous situation: we will assume that for all
i, j ∈ Ω there exists an isomorphism hi,j from B2(i) onto B2(j) such that hi,j(i) =
j. If follows that each vertex has the same degree d and a lower bound R

for the curvature at any point is also a lower bound for the curvature of L.
Therefore we will call these graphs, graphs of constant curvature. This situation
in particular occurs if there is an underlying group structure that determines
the graph: Let I = {g1, . . . , gd} ⊆ G \ {e} be a symmetric subset of a finite
group G with neutral element e. Suppose further that B1(e) = I ∪{e} generates
G, i.e.,

⋃
n B1(e)n = G. Two points x, y ∈ G are connected if there exists a

gj ∈ I such that y = gjx. Obviously the map hx,y : B2(x) → B2(y) defined by
hx,y(z) := zx−1y is an isomorphism.

Proposition 2.3. Let ∇j be the operator ∇jf(x) := f(gjx) − f(x). Then the
following statements are equivalent .

1. The graph distance is a bi-invariant metric.
2. For all g, h ∈ I, ghg−1 ∈ I.
3. For all j the operator ∇j commutes with L.

The Ricci curvature of a Lie group with bi-invariant Riemannian metric is always
non negative. The following proposition is the analogue of this fact for finite
discrete groups.

Proposition 2.4. Let G be a finite group, I = {g1, . . . , gd} a symmetric subset
of G \ {e} such that condition 2 of Proposition 2.3 holds. Then R is a lower
bound for the curvature of G if and only if , for all f : G → R,

∑

j,k

(∇j∇kf)2 ≥ 2R
∑

j

(∇jf)2.

In particular the curvature of such groups is always non negative.

Proof. By Proposition 2.3 the commutators vanish and thus the assertion
follows from Proposition 1.2. ¤
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A bi-invariant metric on a finite group need not necessarily evolve from a
graph structure: The Hilbert–Schmidt metric

dHS(π1, π2) :=
1
2

√
(π1 − π2)(π1 − π2)∗

is a bi-invariant metric on the symmetric group Πn and B1(e) \ {e} is the set of
all transpositions, but the metric d determined by B1(e) \ {e} is different from
dHS .

It’s very likely that the curvature of (Πn, d) is bounded from below by 2.
However, this is too small to recover Maurey’s deviation inequality for Πn; see
[M] or [MS].

For n ≥ 2 let Ω = {e1, e2, . . . , en,−en, . . . ,−e1} be the set of extreme points
of the unit ball of `n

1 . Two points are connected if they are connected by a 1
dimensional face of the unit ball. In this case A is a (2n−1) × (2n−1) matrix
whose diagonal is given by {3(n−1), . . . , 3(n−1), (n−1)}. The off diagonal en-
tries ai,j are 1 if i + j = 2n−1 and −1 otherwise. The curvature of this graph is
bounded from below by n.

The curvature of the icosahedron is bounded from below by (11− 3
√

5)/2.
The curvature of the dodecahedron is bounded from below by 0.
For n ≥ 5 the curvature of the additive group Zn with I = {1, n−1} is

bounded from below by 0.
Let ({1, . . . , n}, d) be a finite metric space. Putting K(i, j) := 1/d(i, j)2, then

dΓ = d. Thus the curvature can be defined for any finite metric space.
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An Extremal Property of the Regular Simplex

MICHAEL SCHMUCKENSCHLÄGER

Abstract. If C is a convex body in Rn such that the ellipsoid of minimal
volume containing C—the Löwner ellipsoid—is the euclidean ball Bn

2 , then
the mean width of C is no smaller than the mean width of a regular simplex
inscribed in Bn

2 .

1. Introduction and Notation

Suppose that C is a convex body in Rn such that 0 is an interior point of C,
then the mean width w(C) is defined by

w(C) : =
∫

Sn−1

(
sup
y∈C

〈x, y〉 − inf
y∈C

〈x, y〉
)

σ(dx)

= 2
∫

Sn−1
sup
y∈C

|〈x, y〉|σ(dx) = 2cn

∫

Rn

sup
y∈C

|〈x, y〉| γn(dx)

where cn is a constant depending only on the dimension, σ the normalized Haar
measure on the sphere Sn−1 and γn the n-dimensional standard gaussian mea-
sure. Denoting by C∗ the polar of C with respect to 0 and by ‖.‖C the gauge of
C, we obtain the well known formula

w(C) = 2cn

∫

Rn

‖x‖C∗ γn(dx) =: 2cn`(C∗).

The euclidean ball Bn
2 is the Löwner ellipsoid of C if and only if B2

n is the John
ellipsoid of C∗ i.e., the ellipsoid of maximal volume contained in C∗. Hence, in
order to prove that the regular simplex has minimal mean width, it is enough
to prove that for all convex bodies K whose John ellipsoid is the euclidean ball,
we necessarily have `(K) ≥ `(T ), i.e., the `-norm of K is bounded from below
by the `-norm of the regular simplex T .

The proof of this inequality will follows closely Keith Ball’s proof in [B1],
where it is shown that for any convex body K there exists an affine image K̃

of K for which the isoperimetric quotient Voln−1(∂K̃)/Voln(K̃)
n−1

n is no larger

199
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than the isoperimetric quotient of a regular simplex. Franck Barthe [B] proved a
reversed inequality: among convex bodies whose Löwner ellipsoid is the euclidean
ball the regular simplex has maximal `-norm.

2. The Proof

The first ingredient of the proof is a well-known theorem of F. John [J]:

Theorem 2.1. Let K be a convex body in Rn. Then the euclidean ball B2
n is the

John ellipsoid of K if and only if there exist unit vectors uj ∈ ∂K, 1 ≤ j ≤ m

and positive numbers cj such that

(i)
∑m

j=1 cjuj ⊗ uj = idRn and
(ii)

∑m
j=1 cjuj = 0.

The second is an inequality due to Brascamp and Lieb [BL]. We state this in-
equality in its normalized form, as it was introduced by Ball in [B2].

Theorem 2.2. Let uj , 1 ≤ j ≤ m, be a sequence of unit vectors in Rn and cj

positive numbers such that
∑m

j=1 cjuj ⊗ uj = idRn . Then, for all nonnegative
integrable functions fj : R → R,

∫

Rn

m∏

j=1

fj(〈x, uj〉)cj dx ≤
m∏

j=1

(∫
fj

)cj

.

Equality holds if , for example, the fj’s are identical gaussians or the uj’s form
an orthonormal basis.

By John’s theorem there exist unit vectors uj ∈ ∂K and positive numbers cj

such that
m∑

j=1

cjuj ⊗ uj = idRn and
m∑

j=1

cjuj = 0.

Putting vj :=
(√

n
n+1 uj ,− 1√

n+1

) ∈ Rn+1 and dj = n+1
n cj it is easily checked

that
m∑

j=1

djvj ⊗ vj = idRn+1 and
m∑

j=1

djvj = −√n + 1 Prn+1 (1)

The first identity implies
∑

dj〈z, vj〉2 = ‖z‖22 and
∑

dj = n + 1.
For α ∈ R let µ be the measure on R with density

1√
2π

exp(αt
√

n + 1− t2/2).
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Then by (1) we obtain

γn ⊗ µ
(⋂

[vj ≤ 0]
)

=
∫ ∫ m∏

j=1

I(−∞,0](〈z, vj〉) γn(dx) eαt
√

n+1 γ1(dt)

=
∫

Rn+1
I(−∞,0](〈z, vj〉)dj exp

(
− 1

2

m∑

j=1

dj〈z, vj〉2
)

×
(

1√
2π

)n+1

exp
(
− α

m∑

j=1

dj〈z, vj〉
)

dz

Putting f(s) = 1√
2π

e−s2/2−αsI(−∞,0](s) we conclude by the Brascamp–Lieb in-
equality that

γn ⊗ µ
(⋂

[vj ≤ 0]
)

=
∫ m∏

j=1

f(〈z, vj〉)dj dz

≤
(∫

f(s) ds
)P dj

=
(∫

f(s) ds
)n+1

,

and equality holds if the vectors vj form an orthonormal basis in Rn+1 i.e., if
the vectors uj span a regular simplex. Thus, denoting by u0

j , 1 ≤ j ≤ n + 1,
the contact points of a regular simplex T and the euclidean ball and by v0

j the
corresponding unit vectors in Rn+1, the above inequality states that

γn ⊗ µ
(⋂

[vj ≤ 0]
)
≤ γn ⊗ µ

(⋂
[v0

j ≤ 0]
)
. (2)

On the other hand
⋂

[vj ≤ 0] =
{

z = (x, t) ∈ Rn × R : t ≥ 0, x ∈ t√
n
K̃

}
,

where K̃ :=
⋂

[uj ≤ 1] ⊇ K. Hence we get, by Fubini’s theorem,

γn ⊗ µ
(⋂

[vj ≤ 0]
)

= 1√
2π

∫ ∞

0

γn

(
t√
n
K̃

)
eαt

√
n+1−t2/2 dt.

Now, since K ⊆ K̃, this implies by (2),

1√
2π

∫ ∞

0

γn

(
t√
n
K

)
eλt−t2/2 dt ≤ 1√

2π

∫ ∞

0

γn

(
t√
n
T

)
eλt−t2/2 dt,

and therefore

1√
2π

∫ ∞

0

γn

(
‖.‖K > t√

n

)
eλt−t2/2 dt ≥ 1√

2π

∫ ∞

0

γn

(
‖.‖T > t√

n

)
eλt−t2/2 dt.

Multiplying both sides by e−λ2/2 and integrating over λ ∈ R we obtain, by
Fubini’s theorem,

∫ ∞

0

γn

(
‖.‖K > t√

n

)
dt ≥

∫ ∞

0

γn

(
‖.‖T > t√

n

)
dt
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from which we readily deduce that `(K) ≥ `(T ). More generally we get, for each
non negative function ϕ,
∫ ∞

0

γn

(
‖.‖K > t√

n

) ∫

R
ϕ(t− x)e−x2/2 dx dt

≥
∫ ∞

0

γn

(
‖.‖T > t√

n

) ∫

R
ϕ(t− x)e−x2/2 dx dt.

Remark. If we restrict the problem to convex and symmetric bodies, then we
get an inequality for the distribution function (see [SS]): For all convex symmetric
bodies B in Rn whose John ellipsoid is the euclidean ball we have, for all t > 0,

γn(‖.‖B > t) ≥ γn(‖.‖∞ > t).
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Floating Body, Illumination Body,
and Polytopal Approximation

CARSTEN SCHÜTT

Abstract. Let K be a convex body in Rd and Kt its floating bodies. There
is a polytope that satisfies Kt ⊂ Pn ⊂ K and has at most n vertices, where

n ≤ e16d vold(K \Kt)

t vold(Bd
2 )

.

Let Kt be the illumination bodies of K and Qn a polytope that contains
K and has at most n (d−1)-dimensional faces. Then

vold(Kt \K) ≤ cd4 vold(Qn \K),

where

n ≤ c

dt
vold(Kt \K).

1. Introduction

We investigate the approximation of a convex body K in Rd by a polytope. We
measure the approximation by the symmetric difference metric. The symmetric
difference metric between two convex bodies K and C is

dS(C, K) = vold((C \K) ∪ (K \ C)).

We study in particular two questions: How well can a convex body K be ap-
proximated by a polytope Pn that is contained in K and has at most n vertices
and how well can K be approximated by a polytope Qn that contains K and has
at most n (d−1)-dimensional faces. Macbeath [Mac] showed that the Euclidean
Ball Bd

2 is an extremal case: The approximation for any other convex body is
better. We have for the Euclidean ball

c1 d vold(Bd
2 )n−

2
d−1 ≤ dS(Pn, Bd

2 ) ≤ c2 d vold(Bd
2 )n−

2
d−1 , (1.1)

1991 Mathematics Subject Classification. 52A22.
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provided that n ≥ (c3 d)(d−1)/2. The right hand inequality was first established
by Bronshtein and Ivanov [BI] and Dudley [D1,D2]. Gordon, Meyer, and Reisner
[GMR1,GMR2] gave a constructive proof for the same inequality. Müller [Mü]
showed that random approximation gives the same estimate. Gordon, Reisner,
and Schütt [GRS] established the left hand inequality. Gruber [Gr2] obtained
an asymptotic formula. If a convex body K in Rd has a C2-boundary with
everywhere positive curvature, then

inf {dS(K, Pn) | Pn ⊂ K and Pn has at most n vertices}

is asymptotically the same as

1
2deld−1

(∫

∂K

κ(x)
1

d+1 dµ(x)
) d+1

d−1 ( 1
n

) 2
d−1

,

where deld−1 is a constant that is connected with Delone triangulations. In this
paper we are not concerned with asymptotic estimates, but with uniform.

Int(M) denotes the interior of a set M . H(x, ξ) denotes the hyperplane that
contains x and is orthogonal to ξ. H+(x, ξ) denotes the halfspace that contains
the vector x − ξ, and H−(x, ξ) the halfspace containing x + ξ. ei, i = 1, . . . , d

denotes the unit vector basis in Rd. [A,B] is the convex hull of the sets A and
B. The convex floating body Kt of a convex body K is the intersection of all
halfspaces whose defining hyperplanes cut off a set of volume t from K.

The illumination body Kt of a convex body K is [W]

{x ∈ Rd | vold([x,K] \K) ≤ t }.

Kt is a convex body. It is enough to show this for polytopes. Let Fi denote the
faces of a polytope P , ξi the outer normal and xi an element of Fi. Then

vold([x, P ] \ P ) =
1
d

n∑

i=1

max{0, 〈ξi, x− xi〉} vold−1(Fi).

The right-hand side is a convex function.

2. The Floating Body

Theorem 2.1. Let K be a convex body in Rd. Then, for every t satisfying
0 ≤ t ≤ 1

4e−5 vold(K), there exist n ∈ N with

n ≤ e16d vold(K \Kt)
t vold(Bd

2 )

and a polytope Pn that has n vertices and such that

Kt ⊂ Pn ⊂ K.
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We want to see what kind of asymptotic estimate we get for bodies with smooth
boundary from Theorem 2.1. We have [SW]

vold(K \Kt) ∼ t
2

d+1
1
2

(
d + 1

vold−1(Bd−1
2 )

) 2
d+1

∫

∂K

κ(x)
1

d+1 dµ(x)

∼ t
2

d+1 d

∫

∂K

κ(x)
1

d+1 dµ(x).

Since

n ∼ d
d
2
1
t

vold(K \Kt),

we get

vold(K \Kt) ∼ d

(
d

d
2

1
n

vold(K \Kt)
) 2

d+1
∫

∂K

κ(x)
1

d+1 dµ(x),

vold(K \Kt)
d−1
d+1 ∼ d2n−

2
d+1

∫

∂K

κ(x)
1

d+1 dµ(x).

Thus we get

vold(K \ Pn) ≤ vold(K \Kt) ∼ d2n−
2

d−1

(∫

∂K

κ(x)
1

d+1 dµ(x)
) d+1

d−1

.

When K is the Euclidean ball we get

vold(Bd
2 \ Pn) ≤ cd2n−

2
d−1 vold(Bd

2 ),

where c is an absolute constant. If one compares this to the optimal result (1.1)
one sees that there is an additional factor d.

The volume difference vold(P )−vold(Pt) for a polytope P is of a much smaller
order than for a convex body with smooth boundary. In fact, we have [S] that it
is of the order t |ln t|d−1. In [S] this has been used to get estimates for approxi-
mation of convex bodies by polytopes.

The same result as in Theorem 2.1 holds if we fix the number of (d-1)-
dimensional faces instead of the number of vertices. This follows from the same
proof as for Theorem 2.1 and also from the economic cap covering for floating
bodies [BL, Theorem 6]. I. Bárány showed us a proof for Theorem 2.1 using the
economic cap covering. The constants are not as good as in Theorem 2.1.

The following lemmata are not new. They have usually been formulated for
symmetric, convex bodies [B,H,MP]. Lemma 2.2 is due to Grünbaum [Grü].

Lemma 2.2. Let K be a convex body in Rd and let H(cg(K), ξ) be the hyperplane
passing through the center of gravity cg(K) of K and being orthogonal to ξ. Then
we have, for all ξ ∈ ∂Bd

2 :

(i) (1− 1
d+1 )d vold(K) ≤ vold(K ∩H+(cg(K), ξ)) ≤ (1− (1− 1

d+1 )d) vold(K).
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(ii) For all hyperplanes H in Rd that are parallel to H(cg(K), ξ),
(
1− 1

d + 1

)d−1

vold−1(K ∩H) ≤ vold−1(K ∩H(cg(K), ξ)).

The sequence (1 − 1
d+1 )d, d = 2, 3, . . . is monotonely decreasing. Indeed, by

Bernoulli’s inequality we have 1 − 1
d ≤ (1 − 1

d2 )d, or d−1
d ≤ (d2−1

d2 )d. Therefore
we get ( d

d+1 )d≤ (d−1
d )d−1, which implies (1− 1

d+1 )d ≤ (1− 1
d )d−1.

Therefore we get for the inequalities (i)

1
e

vold(K) ≤ vold(K ∩H+(cg(K), ξ)) ≤ (1− 1
e
) vold(K). (2.1)

By the preceding calculations, (1 + 1
d )d is a monotonely increasing sequence.

Thus (1 + 1
d )d−1 < e. For (ii) we get

vold−1(K ∩H) ≤ e vold−1(K ∩H(cg(K), ξ)). (2.2)

Proof. (i) We can reduce the inequality to the case that K is a cone with a
Euclidean ball of dimension d − 1 as base. To see this we perform a Schwarz
symmetrization parallel to H(cg(K), ξ) and denote the symmetrized body by
S(K). The Schwarz symmetrization replaces a section parallel to H(cg(K), ξ)
by a (d−1)-dimensional Euclidean sphere of the same (d−1)-dimensional volume.
This does not change the volume of K and K ∩H+(cg(K), ξ) and the center of
gravity cg(K) is still an element of H(cg(K), ξ). Now we consider the cone

[z, S(K) ∩H(cg(K), ξ)]

such that

vold([z, S(K) ∩H(cg(K), ξ)]) = vold(K ∩H−(cg(K), ξ))

and such that z lies on the axis of symmetry of S(K) and in H−(cg(K), ξ). See
Figure 1.

The set

K̃ = (K ∩H+(cg(K), ξ)) ∪ [z, S(K) ∩H(cg(K), ξ)]

is a convex set such that vold(K) = vold(K̃) and such that the center of gravity
cg(K̃) of K̃ is contained in [z, S(K) ∩H(cg(K), ξ)]. Thus

vold(K̃ ∩H+(cg(K̃), ξ)) ≥ vold(K̃ ∩H+(cg(K), ξ)) = vold(K ∩H+(cg(K), ξ)).

We apply a similar argument to the set S(K)∩H+(cg(K), ξ) and show that we
may assume that S(K) is a cone with z as its vertex. Thus we may assume that

K =
[
(0, . . . , 0, 1),

{
(x1, . . . , xd−1, 0) | ∑d−1

i=1 |xi|2 ≤ 1
}]

and ξ = (0, . . . , 0, 1).

Then

vold(K) =
1
d

vold−1(Bd−1
2 )
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S(K)

z

H(cg(K), ξ)

Figure 1.

and

1
vold(K)

∫

K

xd dxd = d

∫ 1

0

t(1− t)d−1 dt = d

∫ 1

0

(1− s)sd−1 ds =
1

d + 1
.

We obtain

vold(K ∩H−(cg(K), (0, . . . , 0, 1)) =
(
1− 1

d + 1

)d

vold(K).

(ii) Let H be a hyperplane parallel to H(cg(K), ξ) and such that vold−1(K∩H) >

vold−1(K ∩ H(cg(K), ξ)). Otherwise there is nothing to prove. We apply a
Schwarz symmetrization parallel to H(cg(K), ξ) to K. The symmetrized body
is denoted by S(K). Let z be the element of the axis of symmetry of S(K) such
that

[z, S(K) ∩H] ∩H(cg(K), ξ) = S(K) ∩H(cg(K), ξ).

Since vold−1(K ∩ H) > vold−1(K ∩ H(cg(K), ξ)) there is such a z. We may
assume that H+(cg(K), ξ) is the half-space containing z. Then

[z, S(K) ∩H] ∩H−(cg(K), ξ) ⊂ S(K) ∩H−(cg(K), ξ),

[z, S(K) ∩H] ∩H+(cg(K), ξ) ⊃ S(K) ∩H+(cg(K), ξ).

Therefore

cg([z, S(K) ∩H]) ∈ H+(cg(K), ξ).
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Therefore, if hcg denotes the distance of z to H(cg(K), ξ) and h the distance of
z to H, we get as in the proof of (i) that

hcg ≥ h
(
1− 1

d + 1

)
.

Thus we get

vold−1(K ∩H(cg(K), ξ)) = vold−1(S(K) ∩H(cg(K), ξ))

≥ (1− 1
d + 1

)d−1 vold−1(S(K) ∩H)

= (1− 1
d + 1

)d−1 vold−1(K ∩H). ¤

Lemma 2.3. Let K be a convex body in Rd and let Θ(ξ) be the infimum of all
positive numbers t such that

vold−1(K ∩H(cg(K), ξ)) ≥ e vold−1(K ∩H(cg(K) + tξ, ξ)).

Then
1

2e3
vold(K) ≤ Θ(ξ) vold−1(K ∩H(cg(K), ξ)) ≤ e vold(K).

Proof. The right hand inequality follows from Fubini’s theorem and Brunn–
Minkowski’s theorem. Now we verify the left hand inequality. We consider first
the case in which, for all t such that t > Θ(ξ),

K ∩H(cg(K) + tξ, ξ) = ∅.

Then, by (2.1) and (2.2),

1
e

vold(K) ≤ vold(K ∩H+(cg(K), ξ))

=
∫ Θ(ξ)

0

vold−1(K ∩H(cg(K) + tξ, ξ)) dt

≤ e Θ(ξ) vold−1(K ∩H(cg(K), ξ)).

If, for some t such that t > Θ(ξ), we have K ∩H(cg(K) + tξ, ξ) 6= ∅, then, by
continuity,

vold−1(K ∩H(cg(K), ξ)) = e vold−1(K ∩H(cg(K) + Θ(ξ)ξ, ξ)).

We perform a Schwarz symmetrization parallel to H(cg(K), ξ). We consider the
cone

[z, S(K) ∩H(cg(K), ξ)]

such that z is an element of the axis of symmetry of S(K) and such that

[z, S(K) ∩H(cg(K), ξ)] ∩H(cg(K) + Θ(ξ)ξ, ξ) = S(K) ∩H(cg(K) + Θ(ξ)ξ, ξ).
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S(K)

z

H(cg(K), ξ)

H(cg(K) + Θ(ξ)ξ, ξ)

Figure 2.

Let H+(cg(K), ξ) and H+(cg(K)+Θ(ξ)ξ, ξ) be the half-spaces that contain z.
Then, by convexity,

[z, S(K) ∩H(cg(K), ξ)] ∩H+(cg(K) + Θ(ξ)ξ, ξ)

⊃ S(K) ∩H+(cg(K) + Θ(ξ)ξ, ξ). (2.3)

We get by (2.1)

1
e

vold(K) ≤ vold(K ∩H+(cg(K), ξ))

= vold(K ∩H+(cg(K), ξ) ∩H−(cg(K) + Θ(ξ)ξ, ξ))

+ vold(K ∩H+(cg(K) + Θ(ξ)ξ, ξ))

= vold(S(K) ∩H+(cg(K), ξ) ∩H−(cg(K) + Θ(ξ)ξ, ξ))

+ vold(S(K) ∩H+(cg(K) + Θ(ξ)ξ, ξ)).

By the hypothesis of the lemma we have, for all s with 0 ≤ s ≤ Θ(ξ),

vold−1(K ∩H(cg(K), ξ)) ≤ e vold−1(K ∩H(cg(K) + sξ, ξ)).

Using this and (2.2) we estimate the first summand. The second summand is
estimated by using (2.3). Thus the above expression is not greater than

e2 vold([z, S(K) ∩H(cg(K), ξ)] ∩H−(cg(K) + Θ(ξ)ξ, ξ))

+vold([z, S(K) ∩H(cg(K), ξ)] ∩H+(cg(K) + Θ(ξ)ξ, ξ)).
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This is the volume of a cone with the base S(K)∩H(cg(K), ξ). By an elementary
computation for the volume of a cone we get that the latter expression is smaller
than

2e2 vold([z, S(K) ∩H(cg(K), ξ)] ∩H−(cg(K) + Θ(ξ)ξ, ξ)).

Since in a cone the base has the greatest surface area, the above expression is
smaller than

2e2Θ(ξ) vold−1(K ∩H(cg(K), ξ)). ¤

Lemma 2.4. Let K be a convex body in Rd. Then there is a linear transform T

with det(T ) = 1 so that , for all ξ ∈ ∂Bd
2 ,

∫

T (K)

|〈x, ξ〉|2 dx =
1
d

∫

T (K)

d∑

i=1

|〈x, ei〉|2 dx.

We say that a convex body is in an isotropic position if the linear transform T

in Lemma 2.4 can be chosen to be the identity. See [B,H].

Proof. We claim that there is a orthogonal transform U such that, for all
i, j = 1, . . . , d with i 6= j,

∫

U(K)

〈x, ei〉〈x, ej〉 dx = 0.

Clearly, the matrix
(∫

K

〈x, ei〉〈x, ej〉 dx

)d

i,j=1

is symmetric. Therefore there is an orthogonal d× d-matrix U so that

U

(∫

K

〈x, ei〉〈x, ej〉 dx

)d

i,j=1

U t

is a diagonal matrix. We have

U

(∫

K

〈x, ei〉〈x, ej〉 dx

)d

i,j=1

U t =

(∫

K

d∑

i,j=1

ul,i〈x, ei〉〈x, ej〉uk,j dx

)d

l,k=1

=

(∫

K

〈x,U t(el)〉〈x,U t(ek)〉 dx

)d

l,k=1

=

(∫

U(K)

〈y, el〉〈y, ek〉 dy

)d

l,k=1

.

So the latter matrix is a diagonal matrix. All the diagonal elements are strictly
positive. This argument is repeated with a diagonal matrix so that the diagonal
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elements turn out to be equal. Therefore there is a matrix T with det T = 1
such that

∫

T (K)

〈x, ei〉〈x, ej〉 dx =





0 if i 6= j,

1
d

∫

T (K)

d∑

j=1

|〈x, ej〉|2 dx if i = j.

From this the lemma follows. ¤

Lemma 2.5. Let K be a convex body in Rd that is in an isotropic position and
whose center of gravity is at the origin. Then, for all ξ ∈ ∂Bd

2 ,

1
24e10

vold(K)3 ≤ vold−1(K ∩H(cg(K), ξ))2
1
d

∫

K

d∑

i=1

|〈x, ei〉|2 dx

≤ 6 e3 vold(K)3.

Proof. By Lemma 2.4 we have, for all ξ ∈ ∂Bd
2 ,

1
d

∫

K

d∑

i=1

|〈x, ei〉|2 dx =
∫

K

|〈x, ξ〉|2 dx.

By Fubini’s theorem, this equals

∫ ∞

−∞
t2 vold−1(K ∩H(tξ, ξ)) dt ≥

∫ Θ(ξ)

0

t2 vold−1(K ∩H(tξ, ξ)) dt,

where Θ(ξ) is as defined in Lemma 2.3. By the definition of Θ(ξ) the above
expression is greater than

1
e

vold−1(K ∩H(cg(K), ξ))
∫ Θ(ξ)

0

t2 dt ≥ 1
3e

Θ(ξ)3 vold−1(K ∩H(cg(K), ξ)).

By Lemma 2.3 this is greater than

1
24e10

vold(K)3

vold−1(K ∩H(cg(K), ξ))2
.

Now we show the right hand inequality. By Lemma 2.4 we have

1
d

∫

K

d∑

i=1

|〈x, ei〉|2 dx =
∫

K

|〈x, ξ〉|2 dx =
∫ ∞

−∞
t2 vold−1(K ∩H(tξ, ξ)) dt

=
∫ Θ(ξ)

0

t2 vold−1(K ∩H(tξ, ξ)) dt +
∫ ∞

Θ(ξ)

t2 vold−1(K ∩H(tξ, ξ)) dt

+
∫ 0

Θ(−ξ)

t2 vold−1(K ∩H(tξ, ξ)) dt +
∫ Θ(−ξ)

−∞
t2 vold−1(K ∩H(tξ, ξ)) dt.
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By (2.2) this is not greater than

e

3
Θ(ξ)3 vold−1(K ∩H(cg(K), ξ)) +

∫ ∞

Θ(ξ)

t2 vold−1(K ∩H(tξ, ξ)) dt

+
e

3
Θ(−ξ)3 vold−1(K ∩H(cg(K), ξ)) +

∫ Θ(−ξ)

−∞
t2 vold−1(K ∩H(tξ, ξ)) dt.

The integrals can be estimated by

2 Θ(ξ)3 vold−1(K ∩H(cg(K), ξ)) and 2 Θ(−ξ)3 vold−1(K ∩H(cg(K), ξ)),

respectively. We treat here only the case ξ; the case −ξ is treated in the same
way. If the integral equals 0, there is nothing to show. If the integral does not
equal 0, we have

vold−1(K ∩H(cg(K), ξ)) = e vold−1(K ∩H(cg(K) + Θ(ξ)ξ, ξ)).

We consider the Schwarz symmetrization S(K) of K with respect to the plane
H(cg(K), ξ). We consider the cone C that is generated by the Euclidean spheres
S(K) ∩H(cg(K), ξ) and S(K) ∩H(cg(K) + Θ(ξ)ξ, ξ). We

S(K) ∩H+(cg(K) + Θ(ξ)ξ, ξ) ⊂ C

and the height of C equals
Θ(ξ)

1− e−
1

d−1
.

Since (1 + 1
d−1 )d−1 < e, we have 1− e−

1
d−1 > 1

d . Thus the height of the cone C

is less than d Θ(ξ). Thus, for all t with Θ(ξ) ≤ t ≤ d Θ(ξ),

vold−1(K ∩H(cg(K) + tξ, ξ)) ≤
(
1− t

dΘ(ξ)

)d−1

vold−1(K ∩H(cg(K), ξ)).

Now we get
∫ ∞

Θ(ξ)

t2 vold−1(K ∩H(tξ, ξ)) dt

≤
∫ d Θ(ξ)

Θ(ξ)

t2 (1− t

dΘ(ξ)
)d−1 vold−1(K ∩H(cg(K), ξ)) dt

≤ vold−1(K ∩H(cg(K), ξ))(d Θ(ξ))3
∫ 1

0

s2(1− s)d−1 ds

= vold−1(K ∩H(cg(K), ξ))(d Θ(ξ))3
2

d(d + 1)(d + 2)

≤ 2 vold−1(K ∩H(cg(K), ξ))Θ(ξ)3.

Therefore

1
d

∫

K

d∑

i=1

|〈x, ei〉|2 dx ≤
(

e

3
+ 2

)
(Θ(ξ)3 + Θ(−ξ)3) vold−1(K ∩H(cg(K), ξ)).
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Now we apply Lemma 2.3 and get

2(
e

3
+ 2)e3 vold(K)3

vold−1(K ∩H(cg(K), ξ))2
. ¤

Lemma 2.6. Let K be a convex body in Rd such that the origin is an element
of K. Then

1
d

∫

K

d∑

i=1

|〈x, ei〉|2 dx ≥ d
2
d

d + 2
vold−1(∂Bd

2 )−
2
d vold(K)

d+2
d .

Proof. Let r(ξ) be the distance of the origin to the boundary of K in direction
ξ. By passing to spherical coordinates we get

1
d

∫

K

d∑

i=1

|〈x, ei〉|2 dx =
1
d

∫

∂Bd
2

∫ r(ξ)

0

ρd+1 dρ dξ =
1

d(d + 2)

∫

∂Bd
2

r(ξ)d+2 dξ

By Hölder’s inequality, this expression is greater than

vold−1(∂Bd
2 )

d(d + 2)

(
1

vold−1(∂Bd
2 )

∫

∂Bd
2

r(ξ)d dξ

) d+2
d

=
d

2
d

d + 2
vold−1(∂Bd

2 )−
2
d vold(K)

d+2
d . ¤

The following lemma can be found in [MP]. It is formulated there for the case
of symmetric convex bodies.

Lemma 2.7. Let K be a convex body in Rd such that the origin coincides with
the center of gravity of K and such that K is in an isotropic position. Then

Bd
2 (cg(K),

1
24e5

√
π

vold(K)
1
d ) ⊂ K 1

4e4 vold(K).

An affine transform can put a convex body into this position.

Proof. As in Lemma 2.3, let Θ(ξ) be the infimum of all numbers t such that

vold−1(K ∩H(cg(K), ξ)) ≥ e vold−1(K ∩H(cg(K) + tξ, ξ)).

By Lemma 2.3,

Θ(ξ) ≥ 1
2e3

vold(K)
vold−1(K ∩H(cg(K), ξ))

.

By Lemma 2.5 we get

Θ(ξ) ≥ 1
2e3

√
6e

3
2

(
1

vold(K)
1
d

∫

K

d∑

i=1

|〈x, ei〉|2 dx

) 1
2

.

We have

vold(Bd
2 ) =

π
d
2

Γ(d
2 + 1)

≤ π(d−1)/2(2e)
d
2

d
d+1
2

,
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and thus

vold(Bd
2 )

1
d ≤

√
2πe

d
.

Therefore, by Lemma 2.6,

Θ(ξ) ≥ 1
2e3

√
6e

3
2

d
1
d√

d + 2

(
vold(K)

vold−1(∂Bd
2 )

) 1
d

≥ 1
12e5

√
π

vold(K)
1
d .

On the other hand,

vold(K ∩H−(cg(K) + 1
2Θ(ξ)ξ, ξ)) ≥

∫ Θ(ξ)

1
2Θ(ξ)

vold−1(K ∩H(cg(K) + tξ, ξ)) dt,

where H−(cg(K)+ 1
2Θ(ξ)ξ, ξ) is the half-space not containing the origin. By the

definition of Θ(ξ) this expression is greater than

Θ(ξ)
2e

vold−1(K ∩H(cg(K), ξ)).

By Lemma 2.3 we get that this is greater than

1
4e4

vold(K).

Therefore, every hyperplane that has distance

1
24e5

√
π

vold(K)
1
d

from the center of gravity cuts off a set of volume greater than 1
4e4 vold(K). ¤

Proof of Theorem 2.1. We are choosing the vertices x1, . . . , xn ∈ ∂K of the
polytope Pn. N(xk) denotes the normal to ∂K at xk. x1 is chosen arbitrarily.
Having chosen x1, . . . , xk−1 we choose xk such that

{x1, . . . , xk−1} ∩ Int(K ∩H−(xk −∆kN(xk), N(xk)) = ∅,

where ∆k is determined by

vold(K ∩H−(xk −∆kN(xk), N(xk))) = t.

If the normal at xk is not unique it suffices that just one of the normals satisfies
the condition. It could be that the hyperplane H(xk −∆kN(xk), N(xk)) is not
tangential to the floating body Kt, but this does not affect the computation. We
claim that this process terminates for some n with

n ≤ e16d vold(K \Kt)
t vold(Bd

2 )
. (2.4)

This claim proves the theorem: If we cannot choose another xn+1, then there
is no cap of volume t that does not contain an element of the polytope Pn =
[x1, . . . , xn]. By the theorem of Hahn–Banach we get Kt ⊂ Pn. We show now
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xk

K

Kt

H(xk −∆kN(xk), N(xk))

Figure 3.

the claim. We assume that we manage to choose points x1, . . . , xn where n is to
big that (2.4) does not hold. We put

Sn = K ∩H−(xn −∆nN(xn), N(xn)) (2.5)

and

Sk = K ∩
(

n⋂

i=k+1

H+(xi −∆iN(xi), N(xi))

)
∩H−(xk −∆kN(xk), N(xk))

for k = 1, . . . , n− 1. For k 6= l, we have

vold(Sk ∩ Sl) = 0.

Let k < l < n. Then

Sk ∩Sl = K ∩
(

n⋂

i=k+1

H+(xi−∆iN(xi), N(xi))

)
∩H−(xk−∆kN(xk), N(xk))

∩K ∩
(

n⋂

i=l+1

H+(xi−∆iN(xi), N(xi))

)
∩H−(xl−∆lN(xl), N(xl))

⊂ H+(xl−∆lN(xl), N(xl))∩H−(xl−∆lN(xl), N(xl))

= H(xl−∆lN(xl), N(xl)).

Thus we have

vold(Sk ∩ Sl) ≤ vold(H(xl −∆lN(xl), N(xl))) = 0. (2.6)
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The case k < l = n is shown in the same way. We have, for k = 1, . . . , n− 1,

Sk = K ∩
(

n⋂

i=k+1

H+(xi −∆iN(xi), N(xi))

)
∩H−(xk −∆kN(xk), N(xk))

⊃ [xk,Kt] ∩H−(xk −∆kN(xk), N(xk))

⊃ [xk, (K ∩H−(xk − ∆̃kN(xk), N(xk))t] ∩H−(xk −∆kN(xk), N(xk)),

where ∆̃k is determined by

vold(K ∩H−(xk − ∆̃kN(xk), N(xk))) = 4e4t.

By Lemma 2.7 there is an ellipsoid E contained in

(K ∩H−(xk − ∆̃kN(xk), N(xk)))t

whose center is cg(K ∩H−(xk − ∆̃kN(xk), N(xk))) and that has volume

vold(E) =
4e4

(24e5
√

π)d
t vold(Bd

2 )

Since (K∩H−(xk−∆̃kN(xk), N(xk)))t is contained in Kt, E is contained in Kt.
Thus

Sk ⊃ [xk, E ] ∩H−(xk −∆kN(xk), N(xk)).

We claim now that [xk, E ] ∩H−(xk −∆kN(xk), N(xk)) contains an ellipsoid Ẽ
such that

vold(Ẽ) =
4e4

(24e5
√

π)d

1
(4e5)d

t vold(Bd
2 ),

and consequently

vold(Sk) ≥ 4e4

(24e5
√

π)d

1
(4e5)d

t vold(Bd
2 ) =

4e4

(96e10
√

π)d
t vold(Bd

2 ). (2.7)

For this we have to see that ∆̃k ≤ 4e5 ∆k. By the assumption t ≤ 1
4e−5 vold(K)

we get

vold(K ∩H−(xk − ∆̃kN(xk), N(xk))) ≤ 1
e

vold(K).

Therefore, by (2.1), cg(K) ∈ H+(xk−∆̃kN(xk), N(xk)). We consider two cases.
If

vold−1(K ∩H(xk− ∆̃kN(xk), N(xk))) ≤ vold−1(K ∩H(xk−∆kN(xk), N(xk))),

the theorem of Brunn–Minkowski implies that, for all s in the range ∆k ≤ s ≤
∆̃k, we have

vold−1(K ∩H(cg(K), N(xk))) ≤ vold−1(K ∩H(xk − ∆̃kN(xk), N(xk)))

≤ vold−1(K ∩H(xk − sN(xk), N(xk))). (2.8)
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We get, by (2.2),

∆k ≥ t

e vold−1(K ∩H(cg(K), N(xk)))
.

By (2.8),

(∆̃k−∆k) vold−1(K∩H(cg(K), N(xk)))

≤ vold(K∩H−(xk−∆̃kN(xk), N(xk)))−vold(K∩H−(xk−∆kN(xk), N(xk))).

This implies

∆̃k −∆k ≤ (4e4 − 1)t
vold−1(K ∩H(cg(K), N(xk)))

.

Therefore

∆̃k ≤ (4e4 − 1)t
vold−1(K ∩H(cg(K), N(xk)))

+ ∆k ≤ 4e5 ∆k.

If

vold−1(K ∩H(xk−∆kN(xk), N(xk))) ≤ vold−1(K ∩H(xk− ∆̃kN(xk), N(xk))),

the theorem of Brunn–Minkowski implies that, for all u in the range 0 ≤ u ≤ ∆k,
and all s in the range ∆k ≤ s ≤ ∆̃k, we have

vold−1(K ∩H(xk − uN(xk), N(xk))) ≤ vold−1(K ∩H(xk −∆kN(xk), N(xk)))

≤ vold−1(K ∩H(xk − sN(xk), N(xk))).

We get

∆k ≥ t

vold−1(K ∩H(xk −∆kN(xk), N(xk)))

and

∆̃k −∆k ≤ (4e4 − 1)t
vold−1(K ∩H(xk −∆kN(xk), N(xk)))

.

Therefore

∆̃k ≤ (4e4 − 1)t
vold−1(K ∩H(xk −∆kN(xk), N(xk)))

+ ∆k ≤ 4e4∆k.

We have verified (2.7). From (2.6) and (2.7) we get

vold(K \Kt) ≥ vold(
n⋃

k=1

Sk) =
n∑

k=1

vold(Sk) ≥ n
4e4

(96e10
√

π)d
t vold(Bd

2 ).

Thus we get the desired equation (2.4):

vold(K \Kt) ≥ e−16dn t vold(Bd
2 ). ¤
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3. The Illumination Body

Theorem 3.1. Let K be a convex body in Rd such that

1
c1

Bd
2 ⊂ K ⊂ c2B

d
2 .

Let 0 ≤ t ≤ (5c1c2)−d−1 vold(K) and let n ∈ N be such that

(
128
7

π)(d−1)/2 ≤ n ≤ 1
32 edt

vold(Kt \K).

Then we have, for every polytope Pn that contains K and has at most n (d−1)-
dimensional faces,

vold(Kt \K) ≤ 107 d2(c1c2)2+
1

d−1 vold(Pn \K).

We want to see what this result means for bodies with a smooth boundary. We
have the asymptotic formula [W]

lim
t→0

vold(Kt)− vold(K)

t
2

d+1
=

1
2

(
d(d + 1)

vold−1(Bd−1
2 )

) 2
d+1

∫

∂K

κ(x)
1

d+1 dµ(x).

Thus

vold(Kt)− vold(K) ∼ t
2

d+1 d

∫

∂K

κ(x)
1

d+1 dµ(x).

And by the theorem we have

n ∼ 1
dt

vold(Kt \K).

Thus

vold(Kt)− vold(K) ∼ d
( 1

dn
vold(Kt \K)

) 2
d+1

∫

∂K

κ(x)
1

d+1 dµ(x),

or

vold(Kt \K)
d−1
d+1 ∼ d

( 1
dn

) 2
d+1

∫

∂K

κ(x)
1

d+1 dµ(x),

vold(Kt \K) ∼ d
( 1

n

) 2
d−1

(∫

∂K

κ(x)
1

d+1 dµ(x)
) d+1

d−1

.

By Theorem 3.1 we now get

vold(Pn \K) & 1
d

( 1
c1c2

)1+ d
d+1

( 1
n

) 2
d−1

(∫

∂K

κ(x)
1

d+1 dµ(x)
) d+1

d−1

.

By a theorem of F. John [J] we have c1c2 ≤ d.
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The following lemma is due to Bronshtein and Ivanov [BI] and Dudley [D1,
D2]. It can also be found in [GRS].

Lemma 3.2. For all dimensions d, d ≥ 2, and all natural numbers n, n ≥ 2d,
there is a polytope Qn that has n vertices and is contained in the Euclidean ball
Bd

2 such that

dH(Qn, Bd
2 ) ≤ 16

7

(
vold−1(∂Bd

2 )
vold−1(Bd−1

2 )

) 2
d−1

n−
2

d−1 .

We have

vold−1(∂Bd
2 ) = d vold(Bd

2 ) = d
π

d
2

Γ(d
2 + 1)

= d
√

π
Γ(d−1

2 + 1)
Γ(d

2 + 1)
vold−1(Bd−1

2 ) ≤ d
√

π vold−1(Bd−1
2 ). (3.1)

Since d
2

d−1 ≤ 4 and (1− t)d ≥ 1− dt, (3.1) yields

dH(Bd
2 , Qn) ≤ 16

7

(
d
√

π

n

) 2
d−1

≤ 64
7

π n−
2

d−1 . (3.2)

Proof of Theorem 3.1. We denote the (d−1)-dimensional faces of Pn by Fi,
for i = 1, . . . , n, and the cones generated by the origin and a face Fi by Ci, for
i = 1, . . . , n. Take xi ∈ Fi and let ξi, with ‖ξi‖2 = 1, be orthogonal to Fi and
pointing to the outside of Pn. Then H(xi, ξi) is the hyperplane containing Fi

and H+(xi, ξi) the halfspace containing Pn. See Figure 4.
We may assume that the hyperplanes H(xi, ξi), i = 1, . . . , n, are supporting

hyperplanes of K. Otherwise we can choose a polytope of lesser volume. Let ∆i

be the height of the set
Kt ∩H−(xi, ξi) ∩ Ci,

that is, the smallest number s such that

Kt ∩H−(xi, ξi) ∩ Ci ⊂ H+(xi + sξi, ξi).

Let zi be a point in ∂Kt ∩ Ci where the height ∆i is attained. We may assume
that Bd

2 ⊂ K ⊂ cBd
2 where c = c1c2. Also we may assume that

Pn ⊂ 2cBd
2 (3.3)

if we allow twice as many faces. This follows from (3.2): There is a polytope
Qk such that 1

2Bd
2 ⊂ Qk ⊂ Bd

2 and the number of vertices k is smaller than
( 128

7 π)(d−1)/2. Thus Q∗k satisfies Bd
2 ⊂ Q∗k ⊂ 2Bd

2 and has at most ( 128
7 π)(d−1)/2

(d−1)-dimensional faces. As the new polytope Pn we choose the intersection
of cQ∗k with the original polytope Pn. Since we have by assumption that n is
greater than ( 128

7 π)(d−1)/2 the new polytope has at most

1
16 edt

vold(Kt \K). (3.4)
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0

Ci

Pn

K

Kt

∆i

zi

H(xi, ξi)

Figure 4.

(d− 1)-dimensional faces.
We show first that for t with 0 ≤ t ≤ (5cd)−d−1 vold(K) and all i, i = 1, . . . , n

we have

∆i ≤ 1
d

(3.5)

Assume that there is a face Fi with ∆i > 1
d . Consider the smallest infinite

cone Di having zi as vertex and containing K. Since H(xi, ξi) is a supporting
hyperplane to K and K ⊂ c Bd

2 we have

K ⊂ Di ∩H+(xi, ξi) ∩H−(xi − 2cξi, ξi)

and

Di ∩H−(xi, ξ) = [zi,K] ∩H−(xi, ξ)

We have

t = vold([zi,K] \K) ≥ vold([zi,K] ∩H−(xi, ξi)) = vold(Di ∩H−(xi, ξi)) =

1
d
∆i vold−1(Di ∩H(xi, ξi)) ≥ 1

d2
vold−1(Di ∩H(xi, ξi))

Thus

vold−1(Di ∩H(xi, ξi)) ≤ d2t (3.6)
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Since (3.5) does not hold we have

vold−1(Di ∩H(xi − 2cξi, ξi)) = (
2c + ∆i

∆i
)d−1 vold−1(Di ∩H(xi, ξi))

≤ (2cd + 1)d−1 vold−1(Di ∩H(xi, ξi)).

By (3.6) we get

vold−1(Di ∩H(xi − 2cξi, ξi)) ≤ (2cd + 1)d−1d2t ≤ (3cd)d−1d2t.

Thus
vold(K) ≤ vold(Di ∩H+(xi, ξi) ∩H−(xi − 2cξi, ξi))

≤ 2c(3cd)d−1d2t ≤ (3cd)d+1t,

and we conclude that
t ≥ (3cd)−d−1 vold(K).

This is a contradiction to the assumption on t in the hypothesis of the theorem.
Thus we have shown (3.5). We consider now two cases: All those heights ∆i that
are smaller than 2dt/vold−1(Fi) and those that are greater. We may assume that
∆i, i = 1, . . . , k are smaller than 2dt/vold−1(Fi) and ∆i, i = k + 1, . . . , n are
strictly greater. We have

vold((Kt \ Pn) ∩ Ci) =
∫ ∆i

0

vold−1((Kt \ Pn) ∩ Ci ∩H(xi + sξi, ξi)) ds.

Since Bd
2 ⊂ K ⊂ Pn we get

vold((Kt \Pn)∩Ci) ≤
∫ ∆i

0

vold−1(Fi)(1 + s)d−1 ds ≤ ∆i(1 + ∆i)d−1 vold−1(Fi).

By (3.5) we get

vold((Kt \ Pn) ∩ Ci) ≤ ∆i

(
1 +

1
d

)d−1

vold−1(Fi).

For i = 1, . . . , k we get

vold((Kt \ Pn) ∩ Ci) ≤ 2dt

vold−1(Fi)

(
1 +

1
d

)d−1

vold−1(Fi) ≤ 2edt.

Thus

vold

(
(Kt \ Pn) ∩

k⋃

i=1

Ci

)
≤ 2kedt ≤ 2nedt.

By (3.4) we get

vold

(
(Kt \ Pn) ∩

k⋃

i=1

Ci

)
≤ 1

8 vold(Kt \K). (3.7)

Now we consider the other faces. For i = k + 1, . . . , n, we have

∆i ≥ 2dt

vold−1(Fi)
. (3.8)
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We show that, for i = k + 1, . . . , n, we have

∆i ≤ 5c

(
5c vold−1(Fi)
2d vold(K)

) 1
d−1

. (3.9)

Suppose that there is a face Fi so that (3.9) does not hold. Then

t = vold([zi,K]\K) ≥ vold([zi,K]∩H−(xi, ξi)) =
∆i

d
vold−1([zi,K]∩H(xi, ξi)).

Therefore we get, by (3.8),

vold−1([zi,K] ∩H(xi, ξi)) ≤ dt

∆i
≤ 1

2
vold−1(Fi). (3.10)

Since K ⊆ Bd
2 we have

K ⊂ Di ∩H+(xi, ξi) ∩H−(xi − 2cξi, ξi).

Thus
vold(K) ≤ vold(Di ∩H−(xi − 2cξi, ξi)).

The cone Di ∩H−(xi − 2cξi, ξi) has a height equal to 2c + ∆i. Therefore

vold(K) ≤ 1
d
(2c + ∆i)

(2c + ∆i

∆i

)d−1

vold−1(Di ∩H(xi, ξi)).

By (3.5) we have ∆i ≤ 1. Therefore we get

vold(K) ≤ 3c

d

( 3c

∆i

)d−1

vold−1(Di ∩H(xi, ξi))

=
3c

d

( 3c

∆i

)d−1

vold−1([zi,K] ∩H(xi, ξi)).

By (3.10) we get

vold(K) ≤ 3c

2d

( 3c

∆i

)d−1

vold−1(Fi),

which implies (3.9).
Let yi be the unique point

yi = [0, zi] ∩H(xi, ξi).

We want to make sure that yi ∈ Fi∩ [zi,K]. This holds since zi ∈ Ci∩H−(xi, ξi)
and ∆i > 0. Since yi ∈ Fi we have

vold−1(Fi) =
vold−1(Bd−1

2 )
vold−2(∂Bd−1

2 )

∫

∂Bd−1
2

ri(η)d−1 dµ(η),

where ri(η) is the distance of yi to the boundary ∂Fi in direction η, η ∈ ∂Bd−1
2 ,

and, since yi ∈ Fi ∩ [zi,K], we have

vold−1(Fi ∩ [zi,K]) =
vold−1(Bd−1

2 )
vold−2(∂Bd−1

2 )

∫

∂Bd−1
2

ρi(η)d−1 dµ(η),
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where ρi(η) is the distance of yi to the boundary ∂(Fi ∩ [zi,K]). Consider the
set

Ai = {η | (1− 1
4d )ri(η) ≤ ρi(η) }.

We show that

1
4 vold−1(Fi) ≤ vold−1(Bd−1

2 )
vold−2(∂Bd−1

2 )

∫

Ac
i

ri(η)d−1 − ρi(η)d−1 dµ(η) (3.11)

We have

vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫

Ai

ri(η)d−1 − ρi(η)d−1 dµ(η)

≤ vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫

Ai

ri(η)d−1(1− (1− 1
4d )d−1) dµ(η)

≤ 1
4

vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫

Ai

ri(η)d−1 dµ(η) ≤ 1
4 vold−1(Fi).

Therefore

vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫

Ac
i

ri(η)d−1 − ρi(η)d−1 dµ(η)

≥ vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫

∂Bd−1
2

ri(η)d−1 − ρi(η)d−1 dµ(η)

− vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫

Ai

ri(η)d−1 − ρi(η)d−1 dµ(η)

≥ vold−1(Fi)− vold−1(Fi ∩ [zi,K])− 1
4 vold−1(Fi).

By (3.10) this is greater than 1
4 vold−1(Fi). This implies

1
4 vold−1(Fi) ≤ vold−1(Bd−1

2 )
vold−2(∂Bd−1

2 )

∫

Ac
i

ri(η)d−1 − ρi(η)d−1 dµ(η).

Thus we have established (3.11).
We shall show that

vold((Kt \ Pn) ∩ Ci) ≤ 106 ed2c2+ 1
d−1 vold((Pn \K) ∩ Ci). (3.12)

We have
vold(Dc

i ∩H+(xi, ξi) ∩ Ci) ≤ vold((Pn \K) ∩ Ci).

Compare Figure 5. Therefore, if we want to verify (3.12) it is enough to show
that

vold((Kt \ Pn) ∩ Ci) ≤ 106 ed2c2+ 1
d−1 vold(Dc

i ∩H+(xi, ξi) ∩ Ci).

We may assume that yi and zi are orthogonal to H(xi, ξi). This is accomplished
by a linear, volume preserving map: Any vector orthogonal to ξi is mapped onto
itself and yi is mapped to 〈ξi, yi〉ξi. See Figure 6.
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0

Fi

yi

yi + ri(η)η

zi

∆i

αi

δi

βi

Figure 5.

Fi

0

yi

yi + ri(η)η

zi

∆i

αi

δi

βi

yi + ρ(η)η

Figure 6.
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Let wi(η) ∈ Dc
i ∩ H+(xi, ξi) ∩ Ci such that wi(η) is an element of the 2-

dimensional subspace containing 0, yi, and yi + η. Let δi(η) be the distance of
wi(η) to the plane H(xi, ξi). Then

1
d

vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫

Ac
i

(ri(η)d−1 − ρi(η)d−1)δi(η) dµ(η)

≤ vold(Dc
i ∩H+(xi, ξi) ∩ Ci).

Thus, in order to verify (3.12), it suffices to show that

vold((Kt \ Pn) ∩ Ci)

≤ 106 ed2c2+ 1
d−1

1
d

vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫

Ac
i

(ri(η)d−1 − ρi(η)d−1)δi(η) dµ(η). (3.13)

In order to do this we shall show that for all i = k+1, . . . , n and all η ∈ Ac
i there

is wi(η) such that the distance δi(η) of wi from H(xi, ξi) satisfies

∆i

δi
≤

{ 32dc if 0 ≤ αi ≤ π
4 ,

160 dc2

ri

(
5c vold−1(Fi)
2d vold(K)

) 1
d−1

if π
4 ≤ αi ≤ π

2 .
(3.14)

The angles αi(η) and βi(η) are given in Figure 6. We have for all η ∈ Ac
i

δi =(ri − ρi)
sin(αi) sin(βi)

sin(π − αi − βi)
,

∆i =ρi tan αi,

(3.15)

with 0 ≤ αi, βi ≤ π
2 . Thus we get

∆i

δi
≤ ρi

ri − ρi

sin(π − αi − βi)
cos(αi) sin(βi)

≤ ρi

(ri − ρi) cos(αi) sin(βi)
.

By (3.11) we have ρi ≤ (1− 1
4d )ri. Therefore

∆i

δi
≤ 4d

cos(αi) sin(βi)
.

Since Bd
2 ⊂ K ⊂ Pn ⊂ 2c Bd

2 we have tan βi ≥ 1
4c : Here we have to take into

account that we applied a transform to K mapping yi to 〈ξi, yi〉ξi. That leaves
the distance of Fi to the origin unchanged and ri(η) is less than 4c. If βi ≥ π

4

we have sin βi ≥ 1√
2
. If βi ≤ π

4 then 1
4c ≤ tan βi = sin βi

cos βi
≤ √

2 sin βi. Therefore
we get

∆i

δi
≤ 16

√
2 dc

cos αi
.

Therefore we get, for all 0 ≤ αi ≤ π
4 ,

∆i

δi
≤ 32dc.
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By (3.9) and (3.15) we get

∆i

δi
≤ 1

ri − ρi

sin(π − αi − βi)
sin(αi) sin(βi)

5c

(
5c vold−1(Fi)
2d vold(K)

) 1
d−1

.

We proceed as in the estimate above and obtain

∆i

δi
≤ 16

√
2 dc

ri

5c

sin(αi)

(
5c vold−1(Fi)
2d vold(K)

) 1
d−1

.

Thus we get for π
4 ≤ αi ≤ π

2

∆i

δi
≤ 32 dc

ri
5c

(
5c vold−1(Fi)
2d vold(K)

) 1
d−1

.

We verify now (3.13). By the definition of Ai we get

vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫

Ac
i

(ri(η)d−1 − ρi(η)d−1)δi(η) dµ(η)

≥ (1− e−
1
8 )

vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫

Ac
i

ri(η)d−1δi dµ(η).

We get by (3.14) that the last expression is greater than

1
320dc

∆i
vold−1(Bd−1

2 )
vold−2(∂Bd−1

2 )

×
(∫

Ac
i

αi≤π
4

rd−1
i dµ +

1
5c

(
2d vold(K)

5c vold−1(Fi)

) 1
d−1

∫
Ac

i
αi> π

4

rd
i dµ

)
.

By (3.11) we get that either

vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫
Ac

i
αi≤π

4

rd−1
i dµ ≥ 1

8 vold−1(Fi)

or
vold−1(Bd−1

2 )
vold−2(∂Bd−1

2 )

∫
Ac

i
αi> π

4

rd−1
i dµ ≥ 1

8 vold−1(Fi).

In the first case we get for the above estimate

vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫

Ac
i

(ri(η)d−1 − ρi(η)d−1)δi(η) dµ(η)

≥ ∆i

2560dc
vold−1(Fi) ≥ 1

2560edc
vold((Kt \ Pn) ∩ Ci).

The last inequality is obtained by using (3.5): Since Bd
2 ⊂ K we have, for all

hyperplanes H that are parallel to Fi,

vold−1(Kt ∩H ∩ Ci) ≤ (1 + ∆i)d−1 vold−1(Fi).
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By (3.5) we get vold−1(Kt ∩H ∩Ci) ≤ e vold−1(Fi). In the second case we have

vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫

Ac
i

(ri(η)d−1 − ρi(η)d−1)δi(η) dµ(η)

≥ 1
5c

(
2d vold(K)

5c vold−1(Fi)

) 1
d−1 1

320dc
∆i

vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫
Ac

i
αi> π

4

rd
i dµ

≥ 1
5c

(
2d vold(K)

5c vold−1(Fi)

) 1
d−1 1

320dc
∆i

vold−1(Bd−1
2 )

(vold−2(∂Bd−1
2 ))

d
d−1

(∫
Ac

i
αi> π

4

rd−1
i dµ

) d
d−1

≥ 1
5c

(
2d vold(K)

5c vold−1(Fi)

) 1
d−1 ∆i

320dc
vold−1(Bd−1

2 )−
1

d−1 ( 1
8 vold−1(Fi))

d
d−1

=
1
5c

(
d vold(K)

20c vold−1(Bd−1
2 )

) 1
d−1 ∆i

2560dc
vold−1(Fi)

≥ 1
5c

(
d vold(K)

20c vold−1(Bd−1
2 )

) 1
d−1 1

2560edc
vold((Kt \ Pn) ∩ Ci).

Since Bd
2 ⊂ K we get

vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫

Ac
i

(ri(η)d−1 − ρi(η)d−1)δi(η) dµ(η)

≥ 1
5c

(
d vold(Bd

2 )
20c vold−1(Bd−1

2 )

) 1
d−1 1

2560edc
vold((Kt \ Pn) ∩ Ci)

≥ 1
5c

(
1

20c

) 1
d−1 1

2560edc
vold((Kt \ Pn) ∩ Ci)

≥ (106 edc2+ 1
d−1 )−1 vold((Kt \ Pn) ∩ Ci).

The second case gives a weaker estimate. Therefore we get for both cases

vold((Kt \ Pn) ∩ Ci)

≤ 106 edc2+ 1
d−1

vold−1(Bd−1
2 )

vold−2(∂Bd−1
2 )

∫

Ac
i

(ri(η)d−1 − ρi(η)d−1)δi dµ(η).

Thus we have verified (3.13) and thereby also (3.12). By (3.12) we get

vold

(
(Kt \Pn)∩

n⋃

i=k+1

Ci

)
≤ 106 ed2c2+ 1

d−1 vold

(( n⋃

i=k+1

Ci

)
∩(Pn \K)

)

≤ 106 ed2c2+ 1
d−1 vold((Pn \K)). (3.16)
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If the assertion of the theorem does not hold we have

vold((Pn \K)) ≤ vold(Kt \K)

107 ed2c2+ 1
d−1

. (3.17)

Thus we get

vold

(
(Kt \ Pn) ∩

n⋃

i=k+1

Ci

)
≤ 1

10 vold(Kt \K).

Together with (3.7) we obtain

vold(Kt \ Pn) ≤ 1
4 vold(Kt \K) ≤ 1

4{vold(Kt \ Pn) + vold(Pn \K)}. (3.18)

By (3.17) we have

vold(Pn \K) ≤ vold(Kt \K)

107 ed2c2+ 1
d−1

≤ 1
2 vold(Kt \K) ≤ 1

2 vold(Kt \ Pn) + 1
2 vold(Pn \K).

This implies
vold(Pn \K) ≤ vold(Kt \ Pn).

Together with (3.18) we get now the contradiction

vold(Kt \ Pn) ≤ 1
2 vold(Kt \ Pn). ¤
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A Note on the M ∗-Limiting Convolution Body

ANTONIS TSOLOMITIS

Abstract. We introduce the mixed convolution bodies of two convex sym-
metric bodies. We prove that if the boundary of a body K is smooth enough
then as δ tends to 1 the δ-M∗-convolution body of K with itself tends to
a multiple of the Euclidean ball after proper normalization. On the other
hand we show that the δ-M∗-convolution body of the n-dimensional cube
is homothetic to the unit ball of `n

1 .

1. Introduction

Throughout this note K and L denote convex symmetric bodies in Rn. Our
notation will be the standard notation that can be found, for example, in [2] and
[4]. For 1 ≤ m ≤ n, Vm(K) denotes the m-th mixed volume of K (i.e., mixing
m copies of K with n−m copies of the Euclidean ball Bn of radius one in Rn).
Thus if m = n then Vn(K) = voln(K) and if m = 1 then V1(K) = w(K) the
mean width of K.

For 0 < δ < 1 we define the m-th mixed δ-convolution body of the convex
symmetric bodies K and L in Rn:

Definition. The m-th mixed δ-convolution body of K and L is defined to be
the set

Cm(δ; K, L) =
{
x ∈ Rn : Vm (K ∩ (x + L)) ≥ δVm(K)

}
.

It is a consequence of the Brunn–Minkowski inequality for mixed volumes that
these bodies are convex.

If we write h(u) for the support function of K in the direction u ∈ Sn−1, we
have

w(K) = 2M∗
K = 2

∫

Sn−1
h(u) dν(u), (1.1)

where ν is the Lebesgue measure of Rn restricted on Sn−1 and normalized so
that ν(Sn−1) = 1. In this note we study the limiting behavior of C1(δ; K, K)
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(which we will abbreviate with C1(δ)) as δ tends to 1 and K has a C2
+ boundary.

For simplicity we will call C1(δ) the δ-M∗-convolution body of K.
We are looking for suitable α ∈ R so that the limit

lim
δ→1−

C1(δ)
(1− δ)α

exists (convergence in the Hausdorff distance). In this case we call the limiting
body “the limiting M∗-convolution body of K”.

We prove that for a convex symmetric body K in Rn with C2
+ boundary the

limiting M∗-convolution body of K is homothetic to the Euclidean ball. We also
get a sharp estimate (sharp with respect to the dimension n) of the rate of the
convergence of the δ-M∗-convolution body of K to its limit. By C2

+ we mean
that the boundary of K is C2 and that the principal curvatures of bd(K) at
every point are all positive.

We also show that some smoothness condition on the boundary of K is nec-
essary for this result to be true, by proving that the limiting M∗-convolution
body of the n-dimensional cube is homothetic to the unit ball of `n

1 .

2. The Case Where the Boundary of K Is a C2
+ Manifold

Theorem 2.1. Let K be a convex symmetric body in Rn so that bd(K) is a C2
+

manifold . Then for all x ∈ Sn−1 we have
∣∣∣∣‖x‖C1(δ)

1−δ

− cn

M∗
K

∣∣∣∣ ≤ C
cn

M∗
K

(M∗
Kn(1− δ))2 , (2.1)

where cn =
∫
Sn−1

∣∣〈x, u〉∣∣ dν(u) ∼ 1/
√

n and C is a constant independent of the
dimension n. In particular ,

lim
δ→1−

C1(δ)
1− δ

=
M∗

K

cn
Bn.

Moreover the estimate (2.1) is sharp with respect to the dimension n.

By “sharp” with respect to the dimension n we mean that there are examples (for
instance the n-dimensional Euclidean ball) for which the inequality (2.1) holds
true if “≤” is replaced with “≥” and the constant C changes by a (universal)
constant factor.

Before we proceed with the proof we will need to collect some standard no-
tation which can be found in [4]. We write p : bd(K) → Sn−1 for the Gauss
map p(x) = N(x) where N(x) denotes the unit normal vector of bd(K) at
x. Wx denotes the Weingarten map, that is, the differential of p at the point
x ∈ bd(K). W−1 is the reverse Weingarten map and the eigenvalues of Wx and
W−1

u are respectively the principal curvatures and principal radii of curvatures
of the manifold bd(K) at x ∈ bd(K) and u ∈ Sn−1. We write ‖W‖ and ‖W−1‖
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for the quantities supx∈bd(K) ‖Wx‖ and supu∈Sn−1 ‖W−1
u ‖, respectively. These

quantities are finite since the manifold bd(K) is assumed to be C2
+.

For λ ∈ R and x ∈ Sn−1 we write Kλ for the set K ∩ (λx+K). p−1
λ : Sn−1 →

bd(Kλ) is the reverse Gauss map, that is, the affine hyperplane p−1
λ (u) + [u]⊥ is

tangent to Kλ at p−1
λ (u). The normal cone of Kλ at x is denoted by N(Kλ, x)

and similarly for K. The normal cone is a convex set (see [4]). Finally hλ will
denote the support function of Kλ.

Proof. Without loss of generality we may assume that both the bd(K) and
Sn−1 are equipped with an atlas whose charts are functions which are Lipschitz,
their inverses are Lipschitz and they all have the same Lipschitz constant c > 0.

Let x ∈ Sn−1 and λ = 1/‖x‖C1(δ); hence λx ∈ bd (C1(δ)) and

M∗
Kλ

= δM∗
K .

We estimate now M∗
Kλ

. Let u ∈ Sn−1. We need to compare hλ(u) and h(u). Set
Yλ = bd(K) ∩ bd(λx + K).

Case 1. p−1
λ (u) /∈ Yλ.

In this case it is easy to see that

hλ(u) = h(u)− |〈λx, u〉|.
Case 2. p−1

λ (u) ∈ Yλ.
Let yλ = p−1

λ (u) and y′λ = yλ−λx ∈ bd(K). The set N(Kλ, yλ)∩Sn−1 defines
a curve γ which we assume to be parametrized on [0, 1] with γ(0) = N(K, yλ)
and γ(1) = N(K, y′λ). We use the inverse of the Gauss map p to map the curve
γ to a curve γ̃ on bd(K) by setting γ̃ = p−1γ. The end points of γ̃ are yλ (label
it with A) and y′λ (label it with B). Since u ∈ γ we conclude that the point
p−1(u) belongs to the curve γ̃ (label this point by Γ). Thus we get

0 ≤ h(u)− hλ(u) = |〈 ~AΓ, u〉|.
It is not difficult to see that the cosine of the angle of the vectors ~AΓ and u is
less than the largest principal curvature of bd(K) at Γ times | ~AΓ|, the length of
the vector ~AΓ. Consequently we can write

0 ≤ h(u)− hλ(u) ≤ ‖W‖ | ~AΓ|2.
In addition we have

| ~AΓ| ≤ length
(
γ̃|ΓA

) ≤ length
(
γ̃|BA

)
=

∫ 1

0

|dtγ̃| dt =
∫ 1

0

|dtp
−1γ| dt

≤ ‖W−1‖length(γ) ≤ 2
π
‖W−1‖ |p(yλ)− p(y′λ)|,

where | ¦ | is the standard Euclidean norm. Without loss of generality we can
assume that the points yλ and y′λ belong to the same chart at yλ. Let ϕ be the
chart mapping Rn−1 to a neighborhood of yλ on bd(K) and ψ the chart mapping
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Rn−1 on Sn−1. We assume, as we may, that the graph of γ is contained in the
range of the chart ψ. It is now clear from the above series of inequalities that

| ~AΓ| ≤ c0‖W−1‖ |ψ−1pϕ(t)− ψ−1pϕ(s)|,
where t and s are points in Rn−1 such that ϕ(t) = yλ and ϕ(s) = y′λ and c0 > 0
is a universal constant. Now the mean value theorem for curves gives

| ~AΓ| ≤ C‖W−1‖‖W‖ |t− s| ≤ C‖W−1‖‖W‖ |yλ − y′λ| = C‖W−1‖‖W‖λ,

where C may denote a different constant every time it appears. Thus we have

0 ≤ h(u)− hλ(u) ≤ C‖W‖ (‖W−1‖‖W‖)2
λ2.

Consequently,
∫

Sn−1\pλ(Yλ)

(h(u)− |〈λx, u〉|) dν(u) +
∫

pλ(Yλ)

(
h(u)− Cλ2

)
dν(u)

≤ M∗
Kλ

= δM∗
K ≤

∫

Sn−1\pλ(Yλ)

(h(u)− |〈λx, u〉|) dν(u) +
∫

pλ(Yλ)

h(u) dν(u),

where C now depends on ‖W‖ and ‖W−1‖.
Rearranging and using cn for the quantity

∫
Sn−1 |〈x, u〉| dν(u) and the fact

that λ = 1/‖x‖C1(δ) we get
∣∣∣∣‖x‖C1(δ)

1−δ

− cn

M∗
K

∣∣∣∣ ≤
cn

M∗
K

(∫
pλ(Yλ)

|〈x, u〉| dν(u)

cn
+ Cλ

µ (pλ(Yλ))
cn

)
.

We observe now that for u ∈ pλ(Yλ), |〈x, u〉| ≤ length(γ)/2 ≤ ‖W‖λ. Using
this in the last inequality and the fact that pλ(Yλ) is a band around an equator
of Sn−1 of width at most length(γ)/2 we get

∣∣∣∣‖x‖C1(δ)
1−δ

− cn

M∗
K

∣∣∣∣ ≤
cn

M∗
K

Cnλ2 ≤ cn

M∗
K

Cn
(1− δ)2

‖x‖2C1(δ)
1−δ

.

Our final task is to get rid of the norm that appears on the right side of the
latter inequality. Set

T =
‖x‖C1(δ)/1−δ

cn/M∗
K

.

We have shown that

T 2|T − 1| ≤ C
M∗

K

cn
n(1− δ)2.

If T ≥ 1 then we can just drop the factor T 2 and we are done. If T < 1 we write
T 2 |T − 1| as (1− (1− T ))2 (1− T ) and we consider the function

f(x) = (1− x)2x : (−∞, 1
3 ) → R.



A NOTE ON THE M∗-LIMITING CONVOLUTION BODY 235

This function is strictly increasing thus invertible on its range, that is, f−1 is
well defined and increasing in (−∞, 4

27 ). Consequently, if

C
M∗

K

cn
n(1− δ)2 ≤ 4

27
, (2.2)

we conclude that

0 ≤ 1− T ≤ f−1

(
C

M∗
K

cn
n(1− δ)2

)
≤ C

M∗
K

cn
n(1− δ)2.

The last inequality is true since the derivative of f−1 at zero is 1. Observe also
that the convergence is “essentially realized” after (2.2) is satisfied. ¤

We now proceed to show that some smoothness conditions on the boundary of
K are necessary, by proving that the limiting M∗-convolution body of the n-
dimensional cube is homothetic to the unit ball of `n

1 . In fact we show that the
δ-M∗-convolution body of the cube is already homothetic to the unit ball of `n

1 .

Example 2.2. Let P = [−1, 1]n. Then for 0 < δ < 1 we have

C1(P ) =
C1(δ; P, P )

1− δ
= n3/2 voln−1(Sn−1)B`n

1
.

Proof. Let x =
∑n

j=1 xjej where xj ≥ 0 for all j = 1, 2, . . . , n and ej is the
standard basis of Rn. Let λ > 0 be such that λx ∈ bd (C1(δ)). Then

P ∩ (λx + P ) =

{
y ∈ Rn : y =

n∑

j=1

yiei,−1 + λxi ≤ yi ≤ 1

}
.

The vertices of Pλ = P ∩ (λx+P ) are the points
∑n

j=1 αjej where αj is either 1
or −1+λx for all j. Without loss of generality we can assume that −1+λxj < 0
for all the indices j. Put signαj = αj/|αj | when αj 6= 0 and sign 0 = 0. Fix a
sequence of αj ’s so that the point v =

∑n
j=1 αjej is a vertex of Pλ. Clearly,

N (Pλ, v) = N

(
P,

n∑

j=1

(signαj)ej

)
.

If u ∈ Sn−1 ∩N(Pλ, v) then

hλ(u) = h(u)−
∣∣∣∣
〈 n∑

j=1

(αj − sign αj)ej , u

〉∣∣∣∣.

If sign αj = 1 then αj − sign αj = 0 otherwise αj − sign αj = λx.

Let A ⊆ {1, 2, . . . , n}. Consider the “A-orthant”

OA = {y ∈ Rn : 〈y, ej〉 < 0, if j ∈ A and 〈y, ej〉 ≥ 0 if j /∈ A}.
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Then OA = N
(
P,

∑n
j=1(signαj)ej

)
if and only if sign αj = 1 exactly for every

j /∈ A. Thus we get

hλ(u) = h(u)−
∣∣∣∣
〈∑

j∈A
λxjej , u

〉∣∣∣∣,

for all u ∈ OA ∩ Sn−1. Hence using the facts M∗
Pλ

= δM∗
P and λ = 1/‖x‖C1(δ)

we get

‖x‖C1(δ)
1−δ

= − 1
M∗

P

∑

A⊆{1,2,...,n}

∑

j∈A
xj

∫

OA∩Sn−1
〈ej , u〉 dν(u),

which gives the result since
∫

OA∩Sn−1
〈ej , u〉 dν(u) =

1
2n−1

∫

Sn−1
|〈e1, u〉| dν(u). ¤
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